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Given an n-dimensional compact Riemannian manifold (M, g) without
boundary, we consider the nonlocal equation

ezngfu +u=u” in (M,g),

where P, stands for the fractional Paneitz operator with principal symbol
(—A,), s€(0,1), pe(,2;—1) with 2} := ,12_—"28, n > 2s, represents the
critical Sobolev exponent and ¢ > 0 is a small real parameter. We construct
a family of positive solutions u,. that concentrate, as ¢ — 0 goes to zero,
near critical points of the mean curvature H for 0 < s < % and near critical
points of a reduced function involving the scalar curvature of the manifold M

for%5s<1.
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1. Introduction and preliminary results

Let s € (0, 1) and let (M, g) be an n-dimensional smooth compact Riemannian
manifold without boundary with n > 2s. We consider the nonlocal problem

(1-1) e¥Plu+u=u’, u>0in(M,g),

where P, is the fractional Paneltz operator whose principal symbol is exactly (=A,)*,
pe(, 2* 1) with 2} := P 2 is the critical Sobolev exponent and ¢ > 0 is a small
real parameter. In this paper we study concentration phenomena of solutions to
problem (1-1) as the parameter & goes to zero. We prove that such solutions exist
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and concentration occur near critical points of the mean curvature H for 0 < s < %
and near critical points of a reduced function involving the scalar curvature of the
manifold M for % <s<l.

In the local setting (i.e., s = 1), an analogue-type result has been obtained by

Micheletti and Pistoia [32]. They considered the following problem:
(1-2) —&?Agutu=u, u>0in(M,g),

where (M, g) is a smooth compact Riemannian manifold of dimension n > 2, A, is
the Laplace—Beltrami operator on M, p > 1 for n =2 and

n—+2

n —

l<p<2—-1= for n > 3.

They constructed a family of positive solutions which concentrate, for sufficiently
small values of ¢, near stable critical points of the scalar curvature S, of the metric g.
Precisely, if J; is the energy functional defined by

1 1
Je(u) = 8—,,/ |:|vg”|2 + %”2 - mu”ﬂ} dpg,
M

they proved that the following asymptotic expansion holds:
(1-3) Je(ug) = co — c162S4(§) + 0(e?),

where cg and c; are explicit constants. Since any critical point of J; is a solution to
problem (1-2), it turns out that is the scalar curvature function which is relevant
for point concentration in M for problem (1-2). On the other hand, consider the
following local singular perturbed Neumann problem:

9
(1-4) —PAutu=u’, u>0in Q, 8—” —0 on 9,
v

on a smooth bounded domain €2 in R", where ¢ is a small parameter, v denotes the
outward normal to 92, and the exponent p > 1. Lin, Ni and Takagi [30; 33; 34]
proved that equation (1-4) possesses a least-energy solution u, which concentrate
near maximum points of the mean curvature H of 9<2 for ¢ sufficiently small. As
above, the proof is based on an asymptotic expansion of the associated energy
functional. They showed that

(1-5) Je(ue) = 31 (w) — ce H(E) + o(e),
where ¢ > 0 is an explicit constant, w is the unique ground state solution of

Aw—w+w? =0, w>0 in R",
w(0) = max,crn w(y),

limyy|— 4o w(y) =0,
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and /[w] is the ground-state energy

1
I[w]:%/ |Vw|2dy+%/w2dy—m wPdy.
Rn Rn Rn

This time it turns out that the mean curvature of the boundary of €2 is relevant for
point concentration of problem (1-4).

The main objective of this paper is to extend the previous results to the nonlocal
setting. Before stating our main results we introduce some preliminary notations
and definitions, we refer to [5; 6; 8; 20; 26] for more precise details.

Given an n-dimensional smooth compact Riemannian manifold M = M" without
boundary, with n > 2 and let X = X "+1 be a smooth (n + 1)-dimensional manifold
whose boundary is M". A function p is said to be a defining function of the
boundary M" in X"+ if

(1-6) p>0inX""', p=0onM" and dp+#0 on M".

We say that gt is conformally compact if, there exists a defining function p,
such that the setting § = p?g™, the closure (X"*!, ) is compact. This induces
a conformal class of metrics g = gjry» on M" as defining functions vary. The
conformal manifold (M", [g]) is called the conformal infinity of (X"*!, gT).

A metric gV is said to be asymptotically hyperbolic if it is conformally compact
and the sectional curvature approaches —1 at infinity.

Given a conformally compact, asymptotically hyperbolic manifold (X"*!, g*)
and a representative g in [g] on the conformal infinity M, there is a uniquely
defining function p such that, on M x (0, §) in (X, g™1), has the normal form

gt =p2dp* +g,),

where g, is a one-parameter family of metrics on M satisfying g, ,, = g. Moreover,
gp has an asymptotic expansion which contains only even powers of p, at least
up to degree n. It is well known (see Mazzeo and Melrose [31], Graham and
Zworski [27]) that, given f € C*°(M) and z € C, the eigenvalue problem

(1-7) —Agtv—z(n—z)v=0 inX
has a solution of the form
(1-8) v=Fp"*+Gp*, F,GeC¥(X) and F—0=f

for all z € C unless z(n — z) belongs to the pure point spectrum of —A,+. Now, the
scattering operator on M is defined by

(1'9) S(Z)f = G|M,

which is a meromorphic family of pseudodifferential operator in {z €C; Re(z) > %}



4 IMENE BENDAHOU, ZIED KHEMIRI AND FETHI MAHMOUDI

We define the conformally covariant fractional powers of the Laplacian by

—22'sT(s) _
(1-10) P =P’[gt, g]:= F(1isf S(% +S) if s¢N,
’ (~1)*2%s1(s — D) Res,_g4, S(z) for s €N,

whose principal symbol is exactly (—Ag)*. Here Res,—y, S(2) is the residue at s
of S.
Notice that if (X, g™) is Poincaré—Einstein, we have for s = 1

1 n—2
Pgu = —Agl/t + T_])Rg(lxi),

(
which is nothing but the usual conformal Laplacian, and for s =2 we have

n—4
2

Plu=(—Ag)*u —divg((ci Ry — ca Ricy) du) + Qqu,

which is nothing but the Paneitz operator.
The operator P; = P* [gT, g] satisfy an important conformal covariance property
(see [8] and [27]). Indeed, for a conformal change of metric

g =Yg v >0,

we have that
PS[g+’ gv]¢ — v—(n+2s)/(n—23)PS[g+’ g](v¢)

for all smooth functions ¢ defined on M.
Finally, we define the fractional scalar curvature Q associated to the conformal
fractional Laplacian P, by

(1-11) Q== P, (1).
According to [8], it is natural to consider the following degenerate equation with

the weighted Neumann boundary condition:

T 1—2s _ . —
(1-12) { div(p' " VU)+ E(p)U =0 in (X, g),

U =0 on (M, g),

where g := p?g* is a compact metric on the closure X of X, g its restriction onto
M (g = glM) and

E(p):i=p~ " H(=Ag —2z(n =) p" 7,
with 2z :=n + 2s and

’

STT . . —2s0U
(1-13) BU = —ky }1_%,01 2‘%
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where v is the outward normal vector to M = 0X and

—_ T

(1-14) Ky 1= T s

Let Ext’(u) be the s-harmonic extension of u and denote it by U. Chang and
Gonzalez [8] proved that the generalized eigenvalue problem (1-7) on a noncompact
manifold (X"*!, g%) is equivalent to a linear degenerate elliptic problem on the
compact manifold (X", g) for g = p>g*. Moreover, they identify the fractional
Laplacian defined above with the normalized scattering operators and the one given
in the spirit of the Dirichlet-to-Neumann operator by Caffarelli and Silvestre in [6].
Precisely, they proved the following result, which will play a crucial role in this
paper and provides an alternative way to study problem (1-1).

Proposition 1.1 [8, Theorems 4.3 and 5.1]. Let (X"*!, g©) be a asymptotically
hyperbolic manifold with the conformal infinity (M", [g]) and p the geodesic defin-
ing function of g. Assume also that the trace H of the second fundamental form
mij = —(Vy,0i,9)g on M = 39X vanishes if s € (% 1). For a smooth function u
on M, if v is a solution of (1-7) and satisfies (1-8), then the function U := p*~"v
solves

(1-15) —div(p" " XVU)+ E(p)U =0 in(X,g) and U=u on(M,g),

where g == p*gt, E(p) := p~'7H(—=Ag+ — 2(n — 2))p" 7%, and 2z == n + 2s.

Moreover,

, BU 0, D\{3},
(1-16) P§<u>={§ Ly, Jre e O
U+ 5, Hu fors=3.

Here the operator 0, U denotes the weighted normal derivative defined in (1-13).

For rg > 0 sufficiently small, it also holds that

n—2s

4n

(1-17) E(p) = [Rzp'™* — (Rg+ +n(n+1)p~ "] on M x (0, ro).

Notice that the transformation law of the scalar curvature (see (1.1) in [20] and (2.3)
in [28]) implies that

(1-18) Ryt = —n(n+1)+npd, log(detg(p)) + p*Rz on M x (0, ro),
then, using the fact that

(1-19) 9 log(det g(p))jp=0 = Tr(g(0) ' 9,8 (p)) ,_y = —2H,
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the term E(p) in (1-17) becomes

n—2s

(1200 E(p)@) =—("52)0, log(det g(p))(0) p ™
=—("=22) 9, log(det g (o)) p=o(@) p™> + O(p' )

= (52 H@)p ™ +0(' ™)

for all z = (o, p) € M x (0, rp).
Observe that (1-18) yields

Re+ +n(n+1)=o0(1)

near M for all asymptotically hyperbolic manifolds, where o(1) is a quantity which
goes to 0 uniformly as p — 0. We assume that for % <s < 1, the scalar curvature Rg+
in X satisfies the following decay assumption

(1-21) Rg+ +n(n+1) =0(,02) as p — 0 uniformly on M.

Assumption (1-21) naturally appears to control extrinsic quantities such as the mean
curvature H or the second fundamental form 7w on M, on the other hand, it is an
intrinsic curvature condition of an asymptotically hyperbolic manifold, which is
independent of the choice of a representative of the class [g]. Consequently, we
have immediately from (1-21) (see, for instance, [11, Lemma 3.2]) that

_ -, _ 1-2n 2 1
(1-22) H=0 and R,[g]l= -1 7l + 2(n_l)R[g].
Before stating our main result, we define on M
(1-23) B(6) 1= g(d +diC} )Ry (§) + a1 C w12 (6),

where the constants d, 571 s C‘,%’S and (t’f,”s will be defined later in (4-7), (4-8) and (4-19)
respectively. Our main theorem reads as:

Theorem 1.2. Let (X"*!, gT) be an asymptotically hyperbolic manifold with the
conformal infinity (M", [g]) such that M = 0X. Assume that n > 2s + 2 and let
H be the trace of the second fundamental form of (M, g). Then there exists ey > 0
such that for any ¢ € (0, &g), problem (1-1) has a solution u, which concentrates at
a point & € M as ¢ goes to zero, where & is a critical point of H for 0 < s < %, and
is a critical point of the function E defined in (1-23), for % < s < 1 provided that
(1-21) holds.
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Observe that, solving our main equation (1-1) is equivalent to finding a positive
solution U to the problem

—div(p'"*VU)+ E(p)U =0 in (X, 2),
(1-24) e¥U =uP —u on (M, g),

Uly =u.
Up to a scaling in the second equation in the above problem (1-24), we are led to
study the following nonlocal equation

(1-25) (—Ag)'v+v=v", v>0in (M, g),

where M, = éM endowed with the scaled metric g, = é g. For ¢ > 0 sufficiently
small, we will construct an approximate solution to our problem whose leading
term is a solution of the limit equation

(1-26) (=AN’u4+u=u?, u>0in H*(R").

Precisely, we will look for a solution i, to problem (1-1) that concentrate at interior
points & of the manifold M which, at main order, looks like

(1-27) ue(x) ~ o 225,

where o is the solution of the limit problem (1-26).
We recall that, for s € (0, 1), the fractional Laplacian operator (—A)* is defined
at any point x € R" by

2u(x) —u(x+y)—ul(x—y)
|y|n+25

(1-28) (=A)'u(x) = Cn,s/ dy,

where ¢, ¢ is an explicit positive normalizing constant and H*(R") is the fractional
Sobolev space of order s on R”, defined by

u(x) —u(y)?

1-29 H'(R") :={u e L>(R"):
(-2 ) {u ) RoJRe X — yntE

dxdy < oo},

endowed with the norm

_ 2 1/2
(1-30) ||u||Hs(Rn>:=(/R|u<x)|2dx+/ Rde"y> :

|X _ y|n+2s

We refer to [18; 29; 40] for an introduction to the fractional Laplacian operator.

Concentration phenomenon for related nonlocal PDE:s in the euclidean space have
attracted lot of attention. For example, if we consider the fractional Schrodinger
equation

(1-31) (-A)’u+Vxu=f(x,u) in R"
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under suitable conditions on the potential V and the nonlinearity f, existence and
multiplicity results of spike layer solutions have been obtained (see, for instance,
Alves and Miyagaki [1], Alves, de Lima and Nébrega [2], Autuori and Pucci [3],
Felmer, Quaas and Tan [22], Cheng [12], Secchi [35], Davila, del Pino and Wei [16],
Dipierro, Palatucci and Valdinoci [19], Fall, Mahmoudi and Valdinoci [21], Bisci
and Rédulescu [4], Servadei and Valdinoci [36; 37], Shang and Zhang [38; 39],
Caponi and Pucci [7], Fiscella, Pucci and Saldi [23]). See also [9; 10; 36].

Some results have also been obtained for the fractional nonlinear Schrodinger
(NLS) equation in bounded domains under Dirichlet and Neumann boundary condi-
tions. We mention the result of Dévila et al. [17] who built a family of solutions that
concentrate at an interior point of the domain for a fractional NLS with zero Dirichlet
datum. The Neumann fractional NLS have been considered in [41]. See also [13]
where concentration phenomena for a perturbed fractional Yamabe problem has
been considered.

The rest of the paper is organized as follows. In Section 2, we first give some
properties of the limit profile and the linearized operator around it. Then, we give
the asymptotic expansion of the metric and we prove some preliminary results.
Finally, we construct the first ansatz of the approximate solution and its decay
properties. Section 3 is devoted to the finite dimensional reduction procedure. In
Section 4, we prove our main result using the asymptotic expansions of the finite
dimensional problem obtained in Sections 4A and 4B. Finally, in Appendix, we
prove Lemma 2.7.

2. Setting-up of the problem

2A. Uniqueness and nondegeneracy for the limit equation. In this subsection,
we recall some known results for the limit equation (1-26). Frank, Lenzmann
and Silvestre [25] proved uniqueness and nondegeneracy of ground state solutions
for (1-26) in arbitrary dimension n > 1 and any admissible exponent 1 < p < n42s

n—2s
We summarize the results of [24] and [25] in the following lemmas.

Lemma 2.1. Letn>1, s € (0,1)and p € (1, Z*_’—%;) Then there exists a unique
solution (up to translation) w € H*(R") of (1-26). Moreover, w is radial, positive,
strictly decreasing in |x| and satisfies

2-1) L<a)(x)<L for x e R"
1+|x|n+25 - - 1+|x|n+2s ’

with some constants Co > Cq1 > 0.

Lemma 2.2. Letn>1, s€(0,1)and p € (1, "+2s). Suppose that w is the solution

n—2s

of the limit problem (1-26). Then the linearized operator

Lo(@) := (=AY ¢+ ¢ — po’ ¢
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is nondegenerate. That is, its kernel is given by
(2-2) ker Lo = Span{d,, w, ..., 0y, w}.

The nondegeneracy implies that O is an isolated spectral point of Ly. More
precisely, for all ¢ € (ker Lo)™, one has

(2-3) ILo(D) |l L2y = cllPll 2 n)

for some positive constant c. By Lemma C.2 of [25], it holds that, for j =1, ..., n,
0y, @ has the decay estimate

(2-4) |0x; 0] < W

It is well known that when s = 1, the ground state solution of (1-26) decays
exponentially at infinity. However, when s € (0, 1), the corresponding ground
bound state solution decays polynomially like W when |x| — oo.

Let W denote the s-harmonic extension of w to [R{Tr], that is, W satisfies

. _ . 1
div!"»VW)=0 in R},

(2-5) AW =0 —w on R",
W=w on R”".

Next, we define foralli =1,...,n

(2-6) zi(x) =0yw(x), xeR"

and we set Z;(x,t) = Ext*(z;(x)), the s-harmonic extension of z;. It has been
proven in [15] that any bounded solution on R” x {0} of the linearized equation

o . 1
{dlv(t1 BVD) =0 in R},

(2'7) —1
0, ®=pwf~"®—-P on R"

is a linear combination of Z;.

2B. Preliminary results. We first give the asymptotic expansion of the metric of
an asymptotically hyperbolic manifold X near its boundary M. Next, we introduce
the functional setting and we give the first ansatz of the approximate solution and
its decay properties.

Asymptotic expansion of the metric g near the boundary. Let (X, g¥) be an asymp-
totically hyperbolic manifold with boundary (M, g) and let p be the geodesic
defining function, so that (X, ) is a compact manifold where g = p?g™. Assume
0e M and let x = (xq, ..., x,) € R" be normal coordinates on M at 0 and

(x’ xn+l) € Rn X (09 +OO)
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be the Fermi coordinates on X at 0. We set N =n + 1 and
(2-8) g =dx} +gi;(x, xy) dx; dx;,

so that gy = g. Here the indices i, j run from 1 to n and summations over repeated
indices is understood. We have the following asymptotic expansion of the metric g
near 0, see Lemmas 3.1 and 3.2 in [20] and Lemma 2.2 in [28]. Precisely, we have:

Lemma 2.3. For (x1,...,x,) € R" and xy = x,41 > 0 small, it holds that
(2-9) g =g" =8+ 2mijxn + § Rixjixa Xi + 271j kX XN

+ Brinmn Rinin)xy + O(1(x, xn)?)
and

(2-10) detg=detg=1—2Hxy+ (H*>— ||7|®> = Ryn) x5 —2H.; X Xn

— YRuxix; + O((x, xp)P),
(2-11) /detg =/detg =1— Hxy + J(H* — ||7|* — Ron)x% — H. xixn

— $Raxex + O( (x, xp)1).

Here r stands for the second fundamental form of M = 90X, H is its trace, R;; are
the components of the Ricci tensor, R;ji are the components of the Riemannian
tensor and Ryy = gif Rinjn. The indices i, j, k, and | run from 1 to n, summations
over repeated indices is understood and every tensors are computed at 0.

The functional setting. We define the space H (X, p 1-25) to be the weighted Sobolev
space endowed with the inner product

1
(2-12) (U, V)= —2,/p‘—25[(VU, VV)z + UV]dvol;
8}1— A X

and the corresponding norm

1/2
(2-13) U = ( /p1—25[|VU|§ + Uz]dvolg,> .
X

8n—25

Let LI be the Banach space LZ, (M) equipped the norm

1 1/q
(2-14) Uy = (8_’1/M|U|q dvolg) )

Itis clear that forany 1 <gq < ni”zs , the embedding of H'(X, p'=2)in LY(M) is

continuous and compact. Particularly, there exists a constant ¢ = c(s, n, X) such that

(2-15) [Ulg.e =cllUlls.

The next lemmas provide equivalent norms to the || - ||.-norm.
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Lemma 2.4. The norm

. 1 1-2 2 1 2 12
(2-16) U le.s = <8n_2S /Xp SlVU|ng01§+8—n/MU dvol,

is equivalent to the norm || - || defined in (2-13).

Lemma 2.5. Assume that the mean curvature H on M = 0 X vanishes for s € [% 1)
(which is the case when (1-21) holds) and there exists a constant C > 0 such that
the coercivity assumption

(2-17) : =2\ VU2 4+ E(p)U? ) d ol-+i U? dvol
en—2s Xp g P Volg & Iy Vol

/,OI_ZSUZ dvol;
D'

>

gn—2s
holds for arbitrary function U € H' (X, p'=%%). Then the norm
1 1-2 2 2 1 2 12
. VA
U |l == (mxsfx(p IVU|z + E(p)U )dvolg+8—n/MU dvolg)

is an equivalent norm to || - ||¢.

Proof. For the proof of the previous lemmas, we refer the reader to Lemmas 3.1

and 3.2 in [13]. O
We next define the trace operator

(2-18) i HY(X, p' %) > LP(M)

by i(U) = Uy = u. The operator i is well defined, continuous and, compact for

1<p< n%”zs The adjoint operator i * : LY — HY (X, pl_zs), where # = %+ 2n—s,

is a continuous map defined by the equation

—div(t!=VU)+ E(p)U =0 in (X, 3),
(2-19) XU =v—u on (M, g),
U=u on (M, g),

where U =i*(v) is bounded thanks to Lemma 2.5. The above properties are proved
in [13]. We summarize them in the next lemma.

Lemma 2.6 13, Lemma 3.3 and Corollary 3.4]. Assume n > 2s and p € (1, 43%).
Then the embedding i - H' (X, p' =) LP(M) is compact continuous map. The
adjoint operator i* : L?" — HY(X, p'=%), where p’ satisfying % = # — %, isa
continuous map. In other words, if v € LP/(M) such that U = i*(v) and u = i(U),

then there exists C = C(p) > 0 such that

(2-20) lullzrany = ClVIL (ary-
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2s

Furthermore, for n > 2s and for any fixed q € (1, 25), the adjoint map i* :

Li(M) — HY(X, p'=%) is compact.

n+
n—

By Lemma 2.6, we can rewrite problem (1-24) in the equivalent way
(2-21) U=i*(f(u)) and U=u>0 on M
for U e H' (X, p'=2) and f(u) :=u?.

Decay properties of approximate solutions. Recall that we want to find a solution U
to the problem

—div(p' " VU)+ E(p)U =0 in (X, ),

(2_22) { 25 qs
e= U =uf —u on (M, g).

Let rg be a small positive real number be as in (1-17), we choose r < r( a positive
number less than quarter of the injectivity radius of (M, g). We define x, to be a
smooth cut-off function such that y, =1 in (0, r) and O in (27, c0). Observe that,
any point z € X near the boundary M can be described as z = (€, p) for some
§€Mand,oe(0,oo).

Let W( -, -) be the s-harmonic extension of w, solution of the limit problem (1-26)
and define the scaled function W, (¢ > 0) by

(2-23) Wer,xp) = W(E,22), xeR", xy >0,
e ¢
Fix a point § € M, we define the functions W; ¢ on X by

Xr(d(z, ) We(expy ' (€), p) ifd(z,€) <2,

2-24) Wee(z) =Wee(E, p) =
( ) Wee(2) e6 (&, ) {0’ otherwise,

where exp is the exponential map on (M, g) and d( -, &) is the function defined
near the boundary of (X, g) by

d(z, 6 =d((E, p), £)* =du(, €)* + p?,

where dys (-, &) is the geodesic distance from & on (M, g).
We look for a solution of problem (1-24) of the form

(2-25) U=Wse+®,

where @ is a function defined on X whose H!(X, p!~2*)-norm is sufficiently small
and W, ¢ is the global approximation given in (2-24). Now, for § € M, ¢ > 0 and
i=1,...,n, we introduce the functions

1 (d (2. ) Ziexp; ' €). p) it d(z.§) <2,

i _ =i (f —
(2-26) Z, () =Z,£(§,p) = {O, otherwise,
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where Zi, i =1, ..., n, are defined by

(2-27) Zi(x, xn) = Z; (’; XN),

&

with Z; = Ext’(z;), the s-harmonic extension of the functions z; defined in (2-6).
Next, we introduce the subspace

(2-28) Kee:=Span{Z},,.... 2!}

and we let K jé be its orthogonal complement with respect to the inner product
(-, )e,**, that is,

(229) K. ={UeH'(X,p'™): (2, U)esx=0foralli=1,...,n}.
Furthermore, denote by
(2:30)  Tee:H'(X,p'™) > Kee and TI5:H'(X,p'™) - K,

the orthogonal projections onto K, ¢ and K sl,é‘ respectively.
The function U = W, ¢ + ® is a solution of (1-24) if and only if ® solves

(2-31) ML Wee + @ —i* (i (f e + D))} =0
(2-32) Mee{Wee +@—i*(i(fWer + @)} =

We end this section by the following result which concerns the decay property
of W, and the functions Z! defined in (2-26). We postpone its proof to Appendix.

Lemma 2.7. Assume that n > 2, fixany 0 < R < R, and set A(R Ry ‘= B+ \B
Then as € — 0 the following estimates hold true:

(2-33) / XV EIVWe 2 dx dxy = O ™),
RnJrl\BJr
OE" 12 for n>2s+1,
(2-34) / X E|I VWP dx dxy = { O(e?|Ing|)  for n=2s+1,
+
B, O@E)  forn <2s+1,
O 2n—4s 2 2’
(2-35) f ATEW2dx dxy = { (") Jorn g2t
Al k) O(e%|lng|) for n=2s+2.
Moreover, we have
(2-36) / xy BIVZiPdxdxy = O@E*™™%) fori=1,...,n
RZ:FI\B
(2-37) / X2 dxdxy = O fori=1,...,n,
A+

(R1,Ry)



14 IMENE BENDAHOU, ZIED KHEMIRI AND FETHI MAHMOUDI

and
O@E"272)  for n > 2s+2,
(2-38) / X B0, )P IVWe P dx dxy = { O(e¥|Ing|)  for n=2s 42,
Bg, O@E>%)  for n <2s +2.

3. The finite-dimensional reduction
In this section we will solve (2-31). Let us introduce the linear operator

Leg: (Keg)™ = (Keg)™
defined by

(3-1) Leg(®) =TI (@ —i*(i(f Wep)®))). @€ (Kep)™

Clearly, equation (2-31) is equivalent to

(3-2) Les(®) = Ne g (®) + Reg,
where
(3-3) Reg =TI [i*(i(f WVeg)) — We].

(3-4) Neg(®) =T [i*(i (f Wee + ) — fFWeg) — f/ Wep)@))]-
Our first task is to study the invertibility of L, ¢. This is given by the next lemma.

Lemma 3.1. Suppose that n > 2s. Then, there exists g9 > 0 and ¢ > 0 such that for
any & € M and for any ¢ € (0, &)

(3-5) [ Les(P)less >l Plle s
forall ® € (K.¢)*.

Proof. The proof is based on classical blow up argument. We argue by contradiction,
assuming that there exist sequences &, — 0, &, € M suchthat§,, > &, &, € KsJ,_n,Sm’
with [|®, ||, + = 1 such that

(3-6) Le, &, (Pm) =VYm and  [[Ymlls, « — 0.
We can write, by the above decomposition, that

(3-7) Py —i* (i (f We.£)Pm)) = Y + s
with & = Y5 (com 2L . € Ke g We claim that

(3-8) ||§m||sm,>k* — 0.
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Indeed, multiplying (3-7) by Zém’ g, forl =1, ..., n and integrating, taking into
account that ®,,, ¥,,, € K st,ém’ we get

n
1
k ) )
(3-9) k}_lﬁ(ckngm,gm, 2y g e == 5 /Mf/(Wsm,Sm)‘Dstm,gm dvol,.

A straightforward computations yield

(B-10) (25 . ZL . Ve,

- =2y .zk vzl | v EzF | Z dvol;
- n-2s"9 P 8 em.Em ¥ 8 em bm 15 EmsEm T em,Em VOg
Em X |
ey / 2t B AVOlg
1 m JM
=Ks/ x[lv—25|g(8mx’ EmXN)|?
Bt

r/em

(8" (emx, emxn) 3 (Zi (x, XN) X (X, EmxN))
0 (Z1(x, xN) x (EmX, EmxN))
+ 0N (Zk(x, xn) X (EmX EmxN)) On (Z1 (X, XN) X (EmX, EmXN)) | dxdxy
el [ EOIE e i
+

r/em

(Zi(x, xN) X (Emx, €mXN)) (Z1(x, XN) X (EmX, EmXN)) dx dXy

+/ Ié(ex,SXN)I%
B+

r/em

(Zi(x, xN) X (Emx, €mXN)) (Z1(x, XN) X (EmX, EmXN))
= o +o(1),

where c is a positive constant. Then, setting

Xr(Emy) qu(engm (emy)) if y € B(O, r/gm)7
0, otherwise,

D, (y) = {

it is easy to check that _
”q)m”Hl(R'}r“,x}\fz“) <C

for some positive constant C. Hence,
d, —~ @ in H'R, xy ),

and by the compactness of the trace operator we deduce that

2n

&, > @ in Lf’oc([R”) forany 1 <¢ < 5
n—=2szs
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Using this, together with the fact that ®,, € K ‘; &, We get

1
(3'11) __n/ f/(WsmsSm)cDm Zé‘ma%‘m dVOlg
EndMm

1 1-2s [ )
= —— Ky (o ViZ & ViPu+E()Z, ®,,) dvolg
X

Em

1
+ 7/ (1= ' We, 6,)) P 2, ¢, dvol
EmJIM

=/<S/ x}\,_ZSVZiVCT)dxde—i-/(l—f/(W))i)Zi dx+o(1)=o0(1).
R M

n+1
+

Combining (3-9)—(3-11), we deduce that (cg),, — O forany k =1, ..., n, and the
claim (3-8) is proved.
Now, we consider the functions ¢, defined by

Xr(EmY) p(expg, (emy)) 1if y € B(O,r/em),
0, otherwise

for any function ¢ € C§° (R"*1). We multiply (3-7) by ¢, we get

n
(Pons @) ess = (I (1 (F Wep ) @)y ), + <wm +Y ezt . <pm>
k=1

Em Kk

Since

n
<Wm+ZCkZ§m,s,,,,wm> = o(1),

k=1 Em ,*k

then, taking &,, — 0, we obtain
/ lxll\,_ZSVCTDV(pdxde:p/wp_léwdx—/éwdx
R:_+ n Rn

for any function ¢ € C3° (R™1). This clearly implies that ® is a weak solution
of (2-7).
Moreover,
||<D||H1(R1+17x11\72x) < 00,

so the Moser iteration argument works and it reveals that d is L°(R™)-bounded
(see the proof of Lemma 5.1 in [14]). This with (3-6), implies ® = 0 in R".
On the other hand, using the fact that

1 _ _ 1
_87/ ' We,, &,) 2 dvoly = —p/+ ngmg‘mq>,§1|g(sx, exy)|2 dx = o(1),
mJIM

r/em
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together with (3-7), one deduces that

Em ¥k

1 , .
1P 12, e = = / f'We, )2, dvolg+<wm+2ck2£‘m,gm,<1>m> =o(1),
m M k=1

which gives a contradiction with the fact that ||$,, ||, « = 1. This concludes the
proof of the desired result. U

We next prove the following estimate on R, .

Lemma 3.2. Assume that n > 2s + 2, there exists &g > 0 and ¢ > 0 such that for
any £ € M and for any ¢ € (0, &), we have

(3-12) | Reelle ss < ce”,
where y is given by

(3-13) y={%+§ if0<s <1,
1+¢ if3<s<l,

where ¢ can be taken sufficiently small.

Proof. We first introduce some notations. Given R > 0, we denote by Bg &, R)
and B, (&, R) the balls defined respectively by

(3-14) B (5, R):={z€X:d(z,§) <R} and B, (£, R) ={EeM:dyE, &) <R).
Next, we define by duality, the norm

IU1l = sup{(U, @) : | Ple,ss < 1}

forU e H'(X; p'=2%). Given ® € H'(X; p' %) with || ®| s .+« < I and set ¢ =i (P),
we clearly have

(3'15) (We,é, cD)s,** - (i(ng)a ¢>
1

1-2
= en—2s Ks/l;*(g 5 )IO S(VWS,S, vcb)g dVOlg
g > o 1

+— Weg =W/ ) ¢ dvol,
€7 J By (£,2r0) ’

: /
+ —K E(0)We @ dvol;
&2t o) . !

1 . 1_2 o
== gh=2s ks '/;3+($ 2r0)dlvg (10 s VWS,S) )] dVOlg
E )

=3
+ —xk E(0)We P dvol;.
gn=2" B (5.2r0) o ¢
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We set
1
(3-16) T) = ——— K / divz (o' "F VW, ¢) ® dvolg,
€ B (§,2r0)
1
(3-17) T = K/ E(p)We e ® dvolz.
gn=2"" B (5.2r0) o ¢

We first estimate 7;. Recalling the definition of W, ¢ given in (2-24) we can write

1
Ty = ———K / xr divz (p'"* VW) @ dvolg
€ B (§.2r0)

1 . —
g KS/13+(S 2ro)dwg(p1 “Vxr) We @ dvolg
gy )

2 1-2s
_WKS 1% V)(r VWS cI)dV01§
€ B (6.2r0)

Using the Taylor expansions of the metric given in Lemma 2.3, we get
1
Ii=———+k | divt""*VW,)ddxdt
en—2s [R'fl

_.l_

/tl_zs(’)(t—i—|(x,t)|2)|VW8||VCI>|dxdt

8n—25

1 ‘
+ _2,(9(82/ ,01_23|W8||CI>|dV01g>
e Bf (£.2r0)

1
- ﬁo(e/ 0 | W,| |®| dVOlg,)
e B (§,2r0)

1 2 1-2s
+——.0[¢ Jo |VWe||®|dvol; |.
& B (£.2r0)

Using the fact that W, solves (2-5), the estimates of Lemma 2.7 and Cauchy—
Schwarz inequality, we can easily deduce that

71| = O(e' %)

for some ¢ > 0 which can be chosen small enough.
Now, to estimate the second term 7, we argue as in the proof of Lemma 4.1
in [13].

. F0r0<s<%,

1
Ks E,ITZS/BJrE(P)Wa,S P dvg
z

we can choose ¢ > 0 small enough so that s 4+ ¢; < % We obtain

|z =

| pvctioldvols

8

8n72s
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| 12, 172
1-25=2(s+¢1) 2 i —14201 g2 _
C<8n—2s fng VW; e dvolg) (8n—2s /ng P dvolg>

1
c 8;1—23‘ B

with &3 = 3 — (s + &) > 0.

e For % < s < 1and H =0, we can choose ¢, > 0 small enough so that s + ¢ < 1.
Arguing as above, we get by (1-20) that

IA

A

1/2
t1—23—2(s+{1)W82(Z) dZ> — 0(81—(54{1)) — 0(8%4‘{3),

+
2rg

1
(3-18) KSWLE(;))WS,SMUE‘
8
< P W e @] dvg
— gn—2s Bt ’ 8
1 g 2542829412 V2 25-202 3,2 2
1-2s42¢ _ 1-25-2¢ _
SC(gn_zs ./B.+p W e dvg> (8,1_23 /mp P dvg>
. g 12 g
< c( > f tl—zf+242W§(z)dz) = 0(e'T0).
8}1— A B;_
0
Combining the above estimates, the desired result follows at once. U

Finally and in order to solve (2-31), it is important to study the linear operator L ¢
defined in (3-1). To this aim, we let ¥ = L, ¢ (®), we have that

S —i*(i(f/ Wee)®) =W+ ckzk, in X

(3-19) )
(@, 25,)=0 forall k=1,...,n

for some constants ¢!, ..., " € R. In the next proposition, we prove that for
a fixed ¥ € (Ks’g)l there are a unique function ® € (K‘,;,g)l and an (n)-tuple
(c;, ..., c}) € R" satisfying the linear problem (3-19). Precisely, we prove the
following result.

Proposition 3.3. Givenn > 2s, £ € M and ¢ > 0 a small parameter. Then, for any
v e (Kg,g)L, there exists a unique solution (P, (c;, ..., c)) to the equation (3-19)
such that the estimate (3-5) holds.

Proof. The existence of a unique solution follows directly from Lemma 2.6 and the
Fredholm alternative for compact operator. ([

A consequence of the above proposition is the following result.

Proposition 3.4. Under the assumption of Proposition 3.3, equation (2-31) pos-
sesses a unique solution ® = @, ¢ € (Kg,g)L such that

(3-20) ||(I>£’§ ”a** <ce’,
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with a positive constant ¢ and where y is defined in (3-13).

Proof. The proof is based on a contraction mapping theorem. Indeed, let us define
the operator T ¢ : (Ks,g)L — (Kg,g)L by

(3-21) Tos(®) = (Le)” (Nek () + Reg).

Using Lemma 3.2, a straightforward computations show that 7 ¢ is a contraction
map from the ball

(3-22) Bi={® € (Keg)" : [ @lle,ux < Ce”)
into itself, for some large constant C > 0. Hence, T; ¢ possesses a unique fixed

point ®, ¢ € B, which is a solution to (3-2), or equivalently to (2-31). ([

4. Asymptotic expansion of the finite-dimensional functional

The goal is to solve (2-32). Let J, : H' (X, =) - R be defined by

1
Jo(U):= /X(pl_25|VU|§—|—E(,o)U2) dvolg—i-g—n/M%Uz—F(U) dvol,

2gn—2s Ks
where u, = max(u,0) and F(u) := ﬁuf’ﬁl so that F'(u) = f(u). It is well
known that any critical point of J, is solution to problem (1-1).

Next, we introduce the reduced functional J; : M — R defined by

(4-1) Je(€) = JWeg + Pes), E€M,

where W, ¢ is the global approximate solution given in (2-24) and @ ¢ is a small
perturbation defined in (2-25). Applying a finite dimensional reduction procedure,
we prove the following result

Lemma 4.1. The reduced energy functional Jy is continuously differentiable. More-
over, if & is a critical point of Jg, then Wy g, + ®¢ ¢, is a positive solution to
problem (1-1) or equivalently to problem (2-32).

Proof. Given & € M, we define the linear operator, #(&, ) : H' (X, p'=>) - R by
4-2) HE U) i=U+T [Wee — ik (i (fWee +1)))]
for U € H' (X, p'=%). We clearly have
oH e
HE @) =0 and  —o(E, DU =U - My [i2(i(f Wee + ) U))]-
On the other hand, using Lemma 2.6, we deduce that

i(f' Wee+ ®ep)U) € LY(M)
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for some ¢ € (1, 2 with

n—=2as

: oH v :
UeH (X, p!™) and —(§, @eg): HI(X, p!™2) > HI(X, p'™*)

is a Fredholm operator of index 0. Moreover, using (3-12) one can easily check that
it is also injective. Therefore %(S, ®d, ) is invertible and by the implicit function
theorem, we deduce that the mapping

EeM ®, e H(X, p'™%)

is C'. This proves that J; is of class C!. It then remains to prove that J;/ &) =0

implies that
JWe g+ P ) =0.

Let & € M and define
§=&(y) =expg,(v), ye€BO,r)CTeM

with r > 0. A straightforward computations yield

0 ~
—J
yr e €xPe, )

0 0
=J Weeon+Peen)) | —W +—&
s( &,6(y) &E())) [ I &,6(y) vk &E(y)]

o 3 3
= <Wa,s(y>+<baf(y>—l*(’(f We e+ Pee()). (aWa,S(yﬁa—ykq’s,s(y)» :
E,%%k

On the other hand, by (3-19), there exist some constants cé, 1 <[ < n, such that

n
Wetn + Peeyy =i (i (f Wez) + Pecr)) = D b2 4.
=1

Therefore

n

d - 9 B
4-3 —J = E Nzl =Wty +—@
4-3) o ¢ (expg, () 2 cs< £ED) Gy et T Dy EEO)

&, %%

Assuming now that &y is a critical point of J;. That is,

0 ~
(4-4) (a—yng(expgo(y)))‘yzozo forall k=1,...,n.

Evaluating (4-3) at y = 0 and assuming ¢ sufficiently small, we immediately get
from Lemma 4.8 that ¢/, =0 forall/ =1,...,n.
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To prove that W ¢(y) + P g(y) 1s positive, we argue as in [13, Proof of Proposi-
tion 5.1]. In fact, given any W € H'(X, p'=%) we have

1
8n72s

/(Pl—zs (V(Wg,g(y) + q)g,g(y)), Vllj)g + E(,O)(Wg,g(y) + ¢€’$(y))\lj) dVOlg
X
1
+ g_n/ Wkt + Pee(y) W dvol,
M

p -1
=— | Wee+ CDg,g(y))f: W dvoly.
en M

Then, choosing W = (W ¢(y) + P g(y))— into the above identity and using (2-17)
we immediately get that W, g(y) + @ £(y) is nonnegative in X. The fact that it is
positive follows from the inequality

”WS,S(y) + ch,f;‘(y)”s,** = ||W8,é§(y)||s,>k* - ||q)8,§(y)||s,** > C+ 0(8)/) >0

and that (2-22) is a uniformly elliptic equation in divergence form away from the
boundary M. (]

4A. C'-estimates of the energy. This section is devoted to the expansion of the
energy functional J; in powers of . The first important result is the following one.

Lemma 4.2. Assume that n > 2s + 2, for ¢ > 0 sufficiently small, we suppose that
H=0ifse [% 1) (which is the case when (1-21) holds). We have the validity of
the following expansion for the function J,
45 J:W.e)—C
{—sdzH(g)+o(g) if0<s <32,
58’ [(d+diC )Re&) +di CF Il |P©)] +o(e?) if <5 <1,
uniformly with respect to & as € goes to zero. Here Ry is the scalar curvature

of (M, g), m is the second fundamental form on M, the constants C , d s c?l and c?z
are defined respectively by

(4-6) C:= (zxéf VEIVW P dxdxy+L /a) dx— iI/wP+1dx),
Ri n n
@-7) d:= (2'(‘/';{" Ilvzsx1|VW|2dxde+%/Rxla) dx—pi]/”q{nxlszJrldx),
I
(4-8) dy =k, / ay EWidxdxy,
Rt

(4-9) c?y:Cisics/ TBEIVWrdxdxy.
Rn

+
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Here W = Ext’ (w) is the s-harmonic extension of o to R’f]s harmonic of w defined

in Section 2.

Proof. We recall that

1
JeWeg) i= W"“f( EIVWeel; + E(0)WE ) dvolg
X

1
ol SWZ e — FWeg) dvoly.

According to Lemma 2.3 and 4.4 and for 0 < s < 5, we obtain that

23

(4-10)

S / p'TF VW g2 dvolg
X

= %KS/W 125131 (e, exy) & W W+ (I W) (ex, exn)|2 dx dxy

2rg/e

=%/<S/ E VEIVWdx dxy
RVI

—gxs[%H/ SEIVWdxdxy — n,,/ fov—Zsaiwadexde]
R+ R

%xS/ N ZIVW P dxdxy — C) SHKS/ xy BIVW[*dx dxy
R+ RO+

+o(e).
Also, in view of (1-20) and for 0 < s < 2, we get
@-11) En) = (152 ) Hp >
for x; > 0 small. So
@-12) s 2 ) dvolg
81+23 :
= [ Een Whlger. sl dxdu
BZtO/e
-2 i
=5Hxs<n s>/ x;,%Wzdx dxy + o(e%)
4 Rn+1

=C! Sé‘HKS/ xy FIVW [ dx dxy +o(e).
, el
Using the fact that xy =0 on M, we get

1 _ 1
(4-13) ﬁAWiS dVOlg = %/2 /a)2|g(8x, 8XN)|2 dx = %/Rf()z dx +0(8),
) &€
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and
(4-14) —;/W”Hdvol =L [ Wt ger, eyl
(p+Den £ p+1Us,,
1
- Wp+1dx+o )
p+1 (©).

According to (4-10), (4-12), (4-13) and (4-14), then for 0 < s < 5 1 , we get

1
JS(Ws,g) - (%Ks/ 1= 2Y|VVV| dx dXN =+ = /Aa)2 dx — —— /wp+1 d.X)
Ri n p+1 R~

:—CiSSHKS/ Xy E|IVW I dx dxy + o(e).
R

+

In the above estimates, the constants C , i =0, 1, 2, are defined by

n,s>

0o . 2n—s)—1 1 . n—=2s 2 . 0 1
Cn,s = T’ Cn,s = 24 and Cn,s = Cn,s - Cn,s‘

Now, we deal with the case where % <s < 1. By Lemmas 2.3 and 2.5, using the

result of Lemma 7.2 in [26], we get

1
28n72s

=35 / XA 215 (ex, exy) i W, W+ (O W)?113 (ex, exy) | dx dxy
B+

2rg/e

:%KS/ Hxll\,_ZSIVledxde+8KSJT,~J-/ +lx}v—zﬂaiwajwczgcde
RY R

+

(4-15) Ky / p'TF VW g2 dvolg
X

+82Ksnij,k/ N xka Wo;Wdxdxy
Rn

"
Lelkg| IR v B x| VW[ dx d
— 68 K| gRa | xy Txen|VWITdx dxy
R

i
- Rikjl/ lx}v*“xkx,aiwaj Wdx de}
R
+ 8 KS(37TZ/17T/1J +RINJN)/ 2s8 Wa de d)CN

L2 () +RNN)/ 219 W 2 dx dxy
+o0(e?)

:%xsf N EIVW R dx dxy — e Kstkf xll\,_z“'xlzIVW|2dxde
Rn-H nJr
~0 2 1-25 1572
~AERACY, I P R +CL P [ W2 d ey
Rn

+

+O(8 ).



SPIKE SOLUTIONS IN A COMPACT RIEMANNIAN MANIFOLD 25

Using the fact that x5 =0 on M, we get

(4-16) 2, dvol, = %/ w23 (ex, exy)|? dx
Bory e
= %/a) dx — —82Rkk/ xiw® dx +o(s?),
n R)l
and
4-17) — W e dvol,
@D =67 1)en / o
1
———— | o"Mg(ex, exn)|? dx
p+1Jg
2rp/e
1
= il 182Rkk/ xiwP T dx +o(e?).
p n

Here 5'2’5 and é‘,ﬁ’s are the constants defined by
(4-18) ¢ = (w)(l—s), cl =41 -2,
’ n

Then according to (4-15), (4-16) and (4-17), we get

1
J (Waé) (ZKS/ . 2S|VW| dx d)CN+ /dex R — wP-H dX)
R:_ n p+1 Rn

= _%ngkk(g)[éxsf x}v x| VW2 dx dxy
RYI

+
f a)zdx——/ xiwP ! dx}

— 67 [CL (I 1P + Raw) + G I 1716) / v Wdx dxy
Ry
+0(82).

Substituting the second identity in (1-22) into the above, we obtain

1
JeOWeg) — (%xsf VWP dx dxy + /wZ dx — —— | wpt! dx)
[Rf'F n p +1 R"

- —ésszk(S)[%KS/ X E X VW dx dxy
Ry
+3 / w dx——/ xlwp+ldx:|
~ 1alCL P+ Rul(®) [ xk W dx dny
, "

+o(s ),
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where
~0

. C . . .
(4-19) Co, = 2 ”_’51) and C, :=C,, —Cx ..

Recalling the definitions of the constants C.d,d, and d, given respectively in (4-6),
(4-7), (4-8) and (4-9), the proof follows at once. U

Lemma 4.3. Given ¢ > 0 sufficiently small, we have
(4-20) Je(§) 1= J:Weg + Peg) = J.(Weg) +O(e),

uniformly with respect to § € M as € goes to zero, where J, WV, ¢) is defined in (4-5)
and vy is defined in (3-13).

Proof. The proof is based on a Taylor expansion in the neighborhood of W, ¢ and the
fact that ®, ¢ is orthogonal to the space K, ¢. Then a straightforward computations
yield

7 1
Je(€) = JeWeg) = Wee + Pee, e ) e nn — s_"/M(F(WS"E F D) — FWep))
1
= _n/ (f Wes + @eg) = f Wes)) Pee
& Jm

1
- 87/ (FWee + ®ee) = FOWee) — f Wee) Pece)
M

= 01D 7 1),
where Foo — | o
= .
Then, using Proposition 3.4 we immediately get the desired result. (]

1

Lemma 4.4. Suppose that s € (O, 3

defined in (2-5). Then,

), n>2s+1and W the s-harmonic extension

1+42s
. 1-2s
2

(4-21) Xy F|VW P dx dxy = X F |V W dx dxy,
Rr—;—_H R1+1

(4-22) / Xy B W2dx dxy < oo.
R'}:—l

Proof. We refer to Lemma 6.3 in [11] and Lemma 7.2 in [27] for the proof. U

As a consequence of the above lemmas, we have the validity of the following
C-estimate.
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Proposition 4.5. We suppose that H =0 if s € [% 1) for € > 0 sufficiently small
(which is the case when (1-21) holds). We have the validity of the following expan-
sion for Jg:

(4-23)  J:(8)
C—edrH(&)+o0(¢) if0<s <41,
B {é—ge2[<éz‘+cilé,%,s)Rg<s>+3162,s||n||2<5)]+o(82> if $<s<l,
uniformly for & € M as & goes to zero.

Proof. 1t follows directly from Lemmas 4.2, 4.3 and 4.4. O

4B. Cl-estimates of the energy. The aim is to improve Proposition 4.5 by showing
that the o(1)-terms go to 0 in C I_sense.

Proposition 4.6. Estimate (4-23) is valid C'-uniformly for & € M. Precisely, the
following holds for each fixed point &y € M. Suppose that y € R" is a point near the
origin. Under the assumption in Proposition 4.5, we have

a - d
(4-24) a—ykJa (&) (expg, (Y)]y=0 = 8—yk(Ja We,g + Pee)ly=0

—i(J We.e)ly=0+0(e")
_Byk & &,&))1y=0

foreach 1 <k <n.

For the proof of Proposition 4.6, we first need to establish several preliminary
lemmas. We fix & € M and set

&§(y) = expg (y) for y € B*(0,4ro)

(recall that 4ry > 0 is chosen to be smaller than the injectivity radius of M). Recall
the definition of the cutoff function ¥, in (2-24) and observe that any point z € X
located sufficiently close to & € M can be written as z = (§(x), xy) for some
x € B"(0, 2rp) and xy € (0, o), The first key result in the proof of Proposition 4.6
is:

Lemma 4.7. Forany 1 <k <n, we have

0
@25) 7 Wesey IRCNORN

1 al oK;
= —Xr(ex, exy) Z[ajW(x, XN)a—yk’(O, 8)0]

j=1
_ IerI(I(x—y,xN)I))
+O<8n 2s )
[(x — y, xpn) N2
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Moreover, for any z near the point &y and 1 <i < n, it holds

0
420 - g,ay)\yzo(expgo(x),xm

L exe )i 9,7 xn) (0, )
—8)(, X, EXN iZi(x, xn oy O X

j=1
+(9<s”_zs IVxrl((x =y, x;v)l))
|(x =y, xp) V72 )

uniformly with respect to § as € goes to zero.
Proof. Let &y € M be fixed, define

§=§(y) =expy(y), ye B0, 4r),

and set
K(y, ) = expg ) (E(00) = (K1 (3, %), .., Ka(y, 0) € R",

Using the chain rule and Lemma A.2, a straightforward computations yield

d
(4-27) a—ykWs,é<y)(Z) = Xr (d((expg(y) (X), xN), ()
N

8’Cj -1
> [8,- We (K Gy, 20, x) 5 (32§ <exps<y>>(x>>]

=1
! . O(Sn_m IV 211 Cx, xN>|>>

(e, xp) [V

1
= ~ 1 (d((expe(y (e3). ). £(1)))
\ 8’Cj -1
Z[aj WUCr, ), o) 5 06 <expg(y)>(ex>)]

+ O(Sn_% |V xr (1 (x, XN)D).

|(x, xp) V=28

j=1

Taking y = 0 on the both sides of (4-27), we get

0

_W | ’
IRAGHE y:0(6ng0(%) xN)

1 N K ;
= —xr(&x, exn) Z[ajW(x, xn)—2(0, SX)} +(9(
e = vk

25 VX (X, XN)I))

|(x, xp) V=28

This proves the first identity (4-25). Reasoning similarly, we prove the second
identity (4-26). U
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Let &, ¢ be the solution of (2-31) given by Proposition 3.4. Then for some
constants ¢, € R, 1 <1 <n, we have

(4-28) Deg=—Weg +i* (i (f Wee + Pes))) —l-ch e
=1

We next have the following result which will be crucial in the proofs of Lemma 4.1
and Proposition 4.6.

Lemma 4.8. The constants c , 1 <1 <n,defined in (4-28) satisfy
(4-29) cle =0(EY) forall 1 <l <n.

Proof. Let &, E(y) € K+
have that

BE() be given by (4-28) and let [ € {1, ..., n}, we clearly

1
(4-30) T Wegn o) Zey = Wesr Zedem— o f FOVert®e )2,
M

1
= <(Z£~,g, Ws,é)s,**_g_n/;‘/lf(WS,é)Zé,S)

1
+(s_" /M(f(Wg,g)—f(Wg,g+<b€,g))zé’§>

=11+1.

We first estimate /; in (4 30). Replacing ® by Z ¢ in the proof of Lemma 3.2 and
using the fact that || Z; S lle.«x = O(1), we get

1
( gg’Ws$>e** e_n/(f(wsé)) gg—o(gy)

Now, to estimate I, we use the mean value theorem. We get, for some 7 € [0, 1],
that

1
—nf (fWVee) = fWee +®e2)) 2,
& JIm

1
= g_nf f/(Wg,g—i-T(Dg’g)CI)g’gZé’s‘
M

| .
ch—,,/wg,w o, el 12 g|+0—/|¢ss|p| N
<C||<Ds§”s**” g”s**+”q>85||g**” g”s**—o(é‘y)-

Combining the two above estimates, it follows that

(4-31) T We () + Pee) 2 () = OEN).



30 IMENE BENDAHOU, ZIED KHEMIRI AND FETHI MAHMOUDI

On the other hand, using (3-10) and (2-31), we conclude that

n
k / l k
(4-32) L[ Wer) + Pee) Zigy = ) el 5,0 B, )
=1

n
= G +o(1))
I1=1
=2 2L ewe+ (2 2L o
Ik
=0(g").
Using (4-31) and (4-32), the result follows at once. U

Lemma 4.9. There exist g > 0 and ¢ > 0 such that for any &€ € M and for any
e € (0, &), we have

s 1 0
”Z‘é»é_l*(l (f/(W&E(y))Zé,g(y))) lle,5 <&V, H EZéf_'_(a_y,We’é(”) ‘y:O HS** <ce.

Proof. The proof of the first estimate follows the same arguments as the proof of
Lemma 3.2. To prove the second estimate, it is convenient to write

”121 + 9 W, ‘
e E,E ayl E»S(y) y=0

1 1-2s
= 8n—25 KSfX ('0

2

£, %%

v(lzt o (Lw ) ‘2
2 Zee T\ g, Vo) | L, )

1 3 2
E(-2 . +(Zw. .0 ‘ dvol,
+ (P)(S 8,5+<8yl s.so)) y:0>) volg

2

(e (i | ) dvol
— (- — VO
e o\ e e,& Iyl &,&(y) y=0 g

=0;+0,4+0; foranyl/=1,...,n,

where we have denoted by ®;, ®, and ®3 respectively the first, second and third
term in the right hand side of the above equality. To estimate ®, we write

_ — 1
(4-33) O = Ks/ Xy 2 18e (ex, exy)|?2
B(0,r/e)

y 1 9
S 1
[gay)(” , 8XN) i (ng,s + (3—yle,s<y>> (y_())

1 9
(-2 (Wi )|
/<8 a,s+(3yl &S(y)) y:0>
1 9 2
o=z, + (= W. e, ‘ dx dxy,
#(ow( 2+ (soman )] ) avan
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where summation over repeated indices is understood. Using Lemma 4.7 we obtain

Lot L ()
e S,ré,: < 8y[ 8,5()’) y=0

1 . Kk
= _xe(ex, exn) 3 | BW(x, xN) 5 (0, 6x)
k=1

! \Y —
+_Xr(t?x,SXN)Zl(x,xN)_|_O(8n—2s| Xr (] (x y,xN)|))
&

[(x =y, xn) [V

1 oK
= —xr(ex, exn)Z;(x, xy) |:—l(0, ex) + 1]
& ayi

1 < K
+- ) m(ex,st)zk(x,xN)—k(o,sx>+0(e
& 3y1

n2s VXA 1(1(x =y, XN)I))
k=1,k#l

|(x =y, xn) N2

This implies that

o(lz, 4 (ZLw ‘
1 e E,f ayl EsS(Y) y:O

1 K,
= —xr(ex,exn)0; Z;(x, x§)| —(0, ex) +1
e s
0K
+0; xr(ex, exn) Zi(x, XN) W(O’ ex)+1
)

1 oK
+ —xr(ex, exn)Zi(x, xn) 0;| —(0, ex)
€ v
n

1 aK
+= ) xelex, exn) 8 Zi(x, xn) (0, £3)
& Tkl Iy

n
oK
+ > Bixe(ex, exn) Zi(x, xy) (0, ex)
k=1k1 oy

1 — Ak
+- Y xe(ex, exn) Ze(x, xy) 0 [ —— (0, ex)
k=1 k1 I

+O(8n_258, Vel (G =y, xN)D)
S =y apVE )

Recalling the definition of the cutoff function yx, defined above, we obtain

7
(4-34) ®1<cy On,
h=1
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where the quantities ®1;’s are given by

1
@>11=8—2st+ N 19 Zi G xw) P+ 1w Zi e, xn) )

2rg/e

®12=Ks/+ N 2S{|81Xr(8x exn) Zi(x, x\)1* + 19y xr (ex, exn) Zy (x, xn)1*}

BZrO/F

oK 2
-‘—I(O,Sx)Jrl‘ ,
i

o) <2—’§;(0, sx))) )aN<—(o 8x))‘ }

N (ex, exn) Zi(x, xn) %,

1 _
@13:—2Ks lev 2s
& B

2rp/e

n

1
@14:—2 Z Ks/ xl= 2s{|8 Zi(x, xN)| + |0y Zi (x, xN)l
& Zira VB

2rp/e

n
1-2 2
O15 = § st+ xy {10 xr (ex, exp) Zi (x, xn)|
k=1k#l ¥ Bargre

10 xr (e, exn) Zic (x, 23 2} o2 (0, ex)|

I

a,'<%(o, ex)>( +(3N<—(o sx)>‘ }
dyr
'|Xr(8x,8.XN)Zk(x,XN)|2,
_ Vo[ [ nezsn 1Vl = 3. 20D )
®‘7‘”S/B+ N {(8 AT )

+( 25y IV (e =y, xN)I)) }

|(x =y, xy) N2

1 . 1-2
Ou= 3 f < {

On the other hand, using (6.12) of [32] (see also [13]), we have that

Ok, dK
4-35 —(, , = —=(0,
(4-35) %, (v, & (eXPg(}))(ex))’yZO 3y, 080

= —8u + O |x ).

Then by (4-34) we get

0 < 6‘6‘2.

Arguing similarly, we easily obtain
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1 K
(4-36) O, = 81+2SKS/ E(exN){—Xr(sx, exy)Zi(x, xN)|:a—l(0, ex)+ 1:|
"y € i

BZrO /e n

k
+ D xe(ex, exy) Zi(x, xn) — (0, £x)
=1,k Iy

w(g,,_zs IV (1 =y, xN>|>> }2

|(x =y, xn) V=2

5 1
185y (ex, exn)|2 dx dxy

< ce?
and
1, 3 2 !
437) ©;= ~2Le+ (5 Weto ) [georexs exn| ax
32,0/8 £ yi y=0
1 0K
= —xr(ex, exn) Zi(x, xn)| ——(0,ex) + 1
Bayyse LE n Y
k
+ D xr(ex, exn) Zi(x, xn) (0, £3)
=1,k i
Vel =y xm)D\ T :
+0(e" 2 |ge(y) (6, £xn)|2 dx
(2 — v, o) V2 )
<ce?.
This prove the desired estimate. (]

We go back now to the proof of Proposition 4.6. For simplicity, we will use the
notation

X We)(2) = xr (I(x, xn) ) Welx, xn)

for z = (§(x), xy) € X near §y € M. We may assume that the domain of these
functions is the Euclidean space [R{Tl.
By the previous lemma, we have

9 9

- e Wee(y) + Peiy) — a—fs We.e()
Vi Yk

= J,Weg(y) + Pe.2(:) By Wee(r) + 3y, Pe () — Jo We (1) (W £()

=JeWe £+ Pez () [y, Pe g () IH[Te We )+ Pe (1) —Je We s o) I We (1) ]

=Ji + /2,

where we have set

Jl = J;(Wg’g(y) + cbsg(y))[ayk (DS’E()’)]’
T2 =T Wek ) + Pe)) = Je Ve o) Wes (-



34 IMENE BENDAHOU, ZIED KHEMIRI AND FETHI MAHMOUDI

We first estimate the term J;. Using Lemma 4.8, Proposition 3.4 and the fact that
18y, 2L ¢ llexx = O(1), we get

(4-38) T = T, We k() + Peg3) [y, ey
n
l )
= ZCg(Zs,S’ Ay Peg(y))ex
=1
n
=- Z cl{Oy 2L, Peer)en
=1
n
<) 10y 2L e eyl

=1

n
2
<c D ekl 2L pllell Peeplles = OE™).
=1

Concerning the term J,, we write
o = [, Weg(n) + Pes1) — JeWe e o)W ()]

1
= (Pez(y)s IWet()ex — o / Lf Weer) + Pee(n) — f Wee()10cWe ey
M

e |
= (q’s,s(y) — ([ (f Wes) Pet()) I Wet () + ng,s<y>>

£, %

1
- g—nfM[f(Ws,ay) +@c () = fWesr) = f Wet(3) Peen 0 We s ()
1 ! (s 1
- 87<q>e,s<y>» Z et — (0 Weg ) Ze 6
= Jo1 + Jn + Jos.
To estimate J1, we use (3-20), (2-15) and Lemma 4.9. We get
ke ( 1
(4-39) 121 < 1Peey) — i (i (f Wer () Pee () e |13 WVe ) +gzé,g(y)||s,*
< e[| Pe gy le = 0" ).
Next, we compute the second term J;, by (3-20), we obtain
4-40)  |Jn| < P ll? o + 1P IZED 10 Wes ) e = OE™)

We now estimate the second term J,. For p > 2, we have that

(4-41) [J22] < || P e(y) ||§,** [0k We e lles + 1 Peen 12 4 10k We £y Il
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While, for 1 < p < 2, we have that

(4-42) |J22| < c— 1 /ngs(zy) gg(y)|8kWs,é(y)|
<l e 12,0 [0 Wer s Weg ) 1257
Then, using (4-28), we conclude, for every p € (1,27 — 1)
|J22| = O(E™).
Finally, using (3-20) and Lemma 4.9, the last term J>3 can be estimated as

| T23] < 1 Peenlles 1 2L ey = (0 (F WVee) 2t e5)) e = OE™).
Collecting the previous estimates. we deduce that
(4-43) L =0@E")+0@E" ),
Combining (4-38) and (4-43), the result follows at once.
Proposition 4.10. Define &(y) = exps(y), y € B"(0, 4ro). It holds the following.
1

-F0r0<s<§

0
4-44) (-2 7. 00
(-4 <3yh ( ’§)>

ly=0

F) 9
= —ed, (—H(S(y))) +edy <_7Tij (S(y))> +o(e).
Yk ly=0 Iy

[y=0

0F0r%§s<1

9
4-45) | —J. OV,
() <3yh ( ’S)>

ly=0

—ib (iR (&( ))) ——2b ( i (&( )))
=15 1 Dy k(s Yy o 6 2 v zka y o

g2 ] d
- 5b3<— (a—RNN(é(y))> + (—ms(s ()7)))7751'>
Yk AL ly=0

d ad
+&%by <(B_ RiNjN(f()’))) +7 <8—7Tjh (S(y))) i (§ (y))) +o(e%)
Yk Yk ly=0

uniformly in & as € goes to zero. Here the constants by, by, bz by, d| and d, are
explicit constants given below.
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Proof. We have

%JS(W&&)
=J{Wet) [iWs,s]
dyn
1 .y 3 3
= s /X (P (VWs,sw)» VaWs,s(w)g+E(p)Ws,s<y>aWs,s<y>) dvolg
+ifWes<y)iWss<y>—f(We £) ! We &(y) dvolg
e Ju T 0yn T Oy

=k x 2 EY (ex, exn) 0 We.e()0; iVV
= Ks " N 8s(y) » EAN)O0iVVe E(y)0j v &,&(y)

2rp/e

ad _ 1
+ OIvWe g(y)ON <EW8,E(),)> } |8e(y)(ex, exn) |2 dx dxn

) 0 _ 1
+81+23Ks/+ E(gp)WS,S(y)a_ths,s(y)lgé(y)(gx,SxN)ldede

1
+ We,k() 7 We.t(n 18ty (6X)|2 dx dxn
Bary /e CA)

0 1
- f(Ws,S(y))a—Ws,s(y) |85y (6x)|2 dx dxy
Bory /e Yh

=N+ +T—Ta.

Using Taylor’s expansions, we get

i = deig
=1—Hoxy+5 (H? =1 |° = Rwn) X3 = H ok XX = Rt X X1 =13 Rt m Xk X1 Xom
+ 5 (= Hp + 5 Riksi7tsi ) xexixn + 5 (= Rk + i k705 XXy
+ H(=Rwn.N +2(is Rynin) — 4H? + 12H (1035)* — 870357157711 )Xy
+0(|(x, a0,

and
g;J _ gé}

I 2
= &ij + 2mijxN + 3 Rigjixrxi + 27 g xx Xy + Grinmtnj + Rinjn)Xy
1 2
+ e RikjimXk X1 Xm + (Tij ki + Rjknitni) XXXy + (RiNjN & + 77 jn kThi ) XXy
6

+ 2 (Rinjn.N + 100t Ranin) + 12500 705)x3 + O (e, xi) ).
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e For 0 < s < 1, we first compute the term 7. Using Lemma 4.7, we have

27

S 1
@46) =[xl g exexnl’

2rg/e

_ij 9
{ 8ty (6X, 8XN) 3 We (1) ; (a_the,S(y)>

ad
+ IV We ()N g“@,gm)} dx dxy
h

n

K,
= ek ) 5 0060

d

e=1
2-2s 2 2
/ XN xk(O; WO, , W+ onyWoy,W)dxdxy
Rt

n
9K _
+ 26 15 ) ay,j >, E() /R AN Cd W, Wdix dxy
e=1 +

+o(¢).
Similarly, we can estimate the second term 7, as

(4-47) Jp = &Pk, /

+
B2r0/s

0 _ 1
E(SXN)WS,E(y)@Ws,E(y) |8z(y) (ex, exn)|2 dx dxy

:81+2sst E(exy)Wx (ex, exy)
+

BZrO/s

1 “ AN,
: (gxr (ex, £xy) Z[BeW(x, xN)E(y, £ (eXPg@))(sx))}

e=1
+O<8n_zs V21 —y,xN>|))>

|(x =y, xp) [N =28

5 1
“18e(y) (ex, exy) |2 dx dxy
=o(e).

On the other hand, similar arguments yield

ad 1
4-48) J3= f Wa,é(y)_Wa,é(y)lgé(y)(gx» exn)|Zdx
Bayy)e ayn

1 . e, . _
ZA er/e(ng/e Z[aew_(y» § 1(exp§(y))(8x)):|

2rg/e e=1 8yh

n— s|er|(|(x—y)|) .
+0<8 2 |(x — y)|N-2s ))|8$(y)(8X)|2 dx

=o(e).
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Finally
0 1
(4-49) Ja= S Wek ) 5 Wee (|85 (€X)[2 dx
Bary/e Yh
1 . 0K,
= - 9 L]
/Bzro/sf(er/e)(SXr/e ;[ e® v (y § (expg(y))(sx))]
s IV (1 = ¥)D) !
w(gn S ) g0l dx
=o(e).
Using (4-46)—(4-49), we deduce that
9 JeWe.g)
dy, S )
oK _
= —eH ks ) W:(y, £(¥)) f +1x,zv Bxe (B WELW + ay Wk, W) dx dxy
e=1 Rrjr
2 0K, 22, Wl Wdx d
+ 877[4/,/(’(32 E()’, () RonN Xk 0j e X dxy
e=1 +
+o(e).
Then

0
4-50 —J W,
(4-50) (ayh ( ,g)>|y:0

0 0
= —ed; (—H(E(y))) +ed; (—mj(%‘(y))) +o(e),
9 yk ly=0 Yk

[y=0
where
dy = kg / Xy P x VWV, Wdx dxy
R::Fl

and
dy = 2Ks/ va_zsxka,- Waferx dxy.
R+

e For % <s < 1, using again Lemma 4.7, we get

- 1
@sh) Gi=r [ xl e el

BZrO/s

W,
{gg(” (x, £xN) 0iWe.£(y)0, ﬁ
IWe,s(y)
+ 8NW€,§()})8N ayh dx de
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39
&2
= —ﬁRkl mKs lev B xex1 xy VWV, Wdx dxy
2

+%Rikjl,mKseX: v (y §(»)

=1
/ x}v 2 e X1 X 0y WafeW(x,xN)dx dxy
Rn+
2 n
€ K
- 3(_RNN,k+7TiS,k7[si)Ks; p =

'/nw X VWV, W dx dxy

20K
+(RiNjN,k+77Tjh,k7Thi)KsZ 3 ‘
e=1

f X3 d W2, W dx dxy
RIH—

+ 0(82).
The second term 7, can be estimated as

ad
4-52) Jr=e""Pk, E(exn)We.so g WesolBson ex, exn)|? dx dxy

BZtO/s
= g%y, E(exy)Wyx(ex, exy)
B2)0/£
1
( xr(ex, exN)Z[a Wix, x;v)—(y £ (GXPg(y>)(ex))]
e=1
s VXU =y, xn) DY - 1
O n—2s , 2dxd
" (8 Gy, a2 ) I8 (Ex, exm)l dx dy
=o0(&?).
Similarly,
(4-53) JB= We,sma Wee(n |86 (e, £xx)|? dx
Boyy /e
1 . e , .
:A fOXr/s (ng/s Z[ e a)’h ()&5 (eXPg(y))(SX))]
2r( /e e=1

n—2s |er|(|(x — y)|) %
&2 +O<8 [(x — y)|N-2s ))'gé(y)(gx)l dx

=——Rk1m2 S0 60D [ s dodr o)
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and

0 1
4-54) Ja= f(Ws,S(y))aWE,S(y)|g$(y)(8x)|2 dx

B 2ro /e
n

1 K, _
= f(wXr/e) (EXr/e ;[aewa(}’s § l(exps(y))(gx)):|

By e o—

ne2s | VX[ ([(x = )] 1
2

&

"\ K, 2
=15 Rt ; E()’, 5()’))/kaxlxmf(w)3ewdx +o(e%).

Arguing as in the first case and using (4-51)—(4-54), we deduce that

]
—J: (W
ayh s( a,&)

2 n
e 0
=——R
12 kl,m; P)

-[Ks/ x}v_zsxkxlmeWVBerx de—i-/xkxlxm(w—f(a)))aea)dxi|
R R

n+1
+

Ke
. E)
Yh

2 n

e oK _

+ o Rikjmks > ay; 62 E(y))/ AN XX X0 W5, W (x, x) dx doxy
e=1 Rn+

2 n

£ K _

- ?(_RNN,k + ik Tsi) Ks E 8y: (v, 5()’))/ +19613\, By VWV, Wdx dxy
e=1 R’Jlr

n
aIKC e
+ (RiNjN &+ 770 jp kTThi ) Ks Z (v, E()) X S i d; Waferx dxy
= I R
+ 0(82).
Therefore

0

_Jg Wg

<8yh ( ’S))|y:()

—ﬁb (iR (&( ))) —fb (iR i1(&( )))
_121 Dvm k(s (Y oo 6 2 Dvm ikjl(& Yy o

&2 0 ad
— b3 (— (—RNN(f;'(y))> + (—ms(é(y))> Tsi (f(y)))
2 A Ik ly=0

0 0
+e2b, ((_R,.NjN@(y») +7<— n,-h@(y») i (S(y))>
Yk Ay ly=0

+o(e?),
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where we have set

by = /cs/ X B X xxm VWV, W dx dxy —|—/ Xk X1 X (0 — f(@)) O wdx,
RT—I R~
by = Ks/ lx}v_z“xkxlxmaiwafthx dxy,
R
b3 = /(S/ lx?\fzskaWVE)erx dxy,
R

by = Ks/ x13v_25xk8,' WBJZ-Ede dxy.
R1+l
This prove the desired result. ]

Appendix: Proof of Lemma 2.7

The proof of Lemma 2.7 is based on the following preliminary results.

LemmaA.l. LetO<s <1, ae Rand 0 < R; < Ry. We denote

+ _ p+t +
As*' - BRZS*I\B

R1871'

Then, as € — 0, we have the

1-2s
O(e? 0,
(A-1) f i 53 dxdez{ (&%) Jor a #
at |G, xy)rm=teta O(|loge|) for a=0,
25—1
O(e? 0
(A-Z) / xN 5 dxde:{ (8 ) fOV a;é )
at, |G, xp)rresta O(|loge|) for a=0.

Proof. To prove the first inequality, we decompose the domain of integration
AT = (A7 Ullxw| = IXIH U AT, Uflxn] < [x1D)
and estimate each part separately. If |xy| > | x|, then it holds that
en | < 10, 2] < V2l

Hence we get

1-2s
(A-3) / ol dx dxy
A7 Ul =1l (s xy)|rmstata
25—1 1
Smax{l,\/z }/ —————dxdxy
AY Ulley|zlxly | G, ) et

a
SC/ 1 1 dXN:{(’)(e) for a #0,
a+ |G xy)rrat O(lloge|) for a=0.
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<_ |(’[?"N)| <_ |’(| <_ |(’K”(N)| _<
\/ES fz €

for (x, xy) € A:_l. Therefore,

1-2s

X
(A-4) / N dx dxy
Ul l<ll) (o, xy)|nm2eeete

1 2s
dxdxy
2 2
(- <lxl<2) /xN|<x |x|rmestera

|X|2 2s
dx
1—S »/<|x|< 2 |x|n Iy In—2s+24a

_[OE") for a #0,
~ |O(loge|) for a =0.

—1_ +
I=s Jib<pi<d) |x|" ‘
Combining the above two estimates, we achieve the proof of the lemma. (]
The second preliminary result is:

Lemma A.2. Assume that |(x, xy)| > Ro for some fixed Ry > 0 sufficiently large.
Then:

i __Cc
(1) |W(X,XN)| 5 |(X,XN)\"_2S'

C 2s5—1
(i) VWG, 00| = s S and 104, WGt 201 = (i G+ e )-

(i) Fori=1,...,n

C szs*l
Vo;Wi(x, x < + N
VW al = <|(X, XN (x, XN)|”+25+1>
for some positive constant C = C(s, n, Ryp).

Proof. Using Green’s representation formula for (2-5) we have that

P —w

(A-5) Wx,xy) = an,s/ dy,

re [(X =y, xy) |28

n+23

where 1 < p < 7=5° and @, s is a positive constant depending only on n and s (see

[13; 14]).
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To estimate W (x, xy) we discuss two cases. In the range |x| < |xy|, we have
[(x, xn)| < ﬁ|xN|. Then, by using the fact that the function w = W (x, 0) satis-
fies (2-1), we obtain

(A'6) IW(x, xN)| =daps

wP w
/ o5 —5; 4y
re l(x =y, x| [(x —y, xy) "
= - -ay
re\ 1+ [y["+25 ) |(x — y, xp) |28

1 1 C
C dy < <
- /Rn L+ |y|rt2s |xpy|n—2s v = ey 772 7 |, xn) P28

for |(x,xn)| = Ro large and |xy| > |x| where here and below C is a positive
constant, depending only on n and s, which is allowed to vary from one formula
to another. Now, in the range |x| > |xy| we have that |(x, xy)| < ﬁ|x|. Then
arguing as before we get

1
(A7) |W(x.x >|sc/( ) d
N p\ T+ 72 )1 =y, a2 @

1 1
<C d
- /Rnl_i_|y|n+2s |x_y|n—2s y
1 1
=C / dy
{ y—xl> Lo LY [H2 o — p|n=2s

1 1
e ——
\y7x|<%|x| 1+ |)’|”+2° |x - )’|”_23

c Cc C

et —
B e N (C T

for |(x, xn)| > Rg large and |x| > |xy|. Combining the above two estimates, we
get the first estimate (i).

To estimate |VW| we can argue similarly. First, for |x| < |xy|, we have
[(x, xn)| < «/§|le and from (2-1), one deduces that

/v W'-e ‘

a, «

" e (= ap
1

1
<C|] ——\V
- /[R{" 1+ |y|n+2s x —y,XN)I”‘ZS

1 1
<C d
B /Rn1+|y|”+zs [(x — y, xp) =25+ Y

(A-8) [V W, xy)| =

(x,xn) |( dy

1 1
<C d
- /[R{"1+|)’|n+2s |xN|n—2s+1 y
C C
= < .
lxnP=2 07 ] (x, ) (o2t
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Now, for |x| > |xy|, we have that |(x, xy)| < ~/2|x|. Then, integrating by parts
one gets

ViW(x, xn) = —ans (w? — w)vy< dy

Rn

1
|(x =, XN)I”_Z“>

1
=— (0 —w)V ( )dy
[y—xlzilxl g [(x —y, xN)|n72S
dy
+f \Y% (wp—a))< )
y—xl=ipx |(x =y, xn) P28

)
ly—x|=1 x| |(x — y, xp) P72

where oy, and d S, are respectively the outward unit normal vector and the surface
measure on the sphere |y — x| = %lxl respectively. Notice that if |y — x| < %lxl
then |y| > %|x| and we derive from the above that

(A-9) [ViW(x,xn)l
C dy
= 2 2
e =24 ezt T 172
ceT Dot
|x|n+25+] \y—XIS%IXI |(X -y, xN)ln—Zs |x|(n+2s)+(n—25)

1 1 5 1
=0 |x|n—2s+1 +0 |x|n+2s+l'|x| +0 |x|”+1

C
< —
— |x|n—25+1
C
<—.
|(x, xpy) P25 H!

This together with (A-8) implies the first inequality of (ii).
Now, in the range |x| > |xy| and |y — x| > %lxl, we have that

1 _XN
+2. — 2542 dy
y—xlz L) L4 1 = y 172 [y, xp) 7720

(A-10)

- 1 / XN dy = 1 /‘ XN-Xy dy
= |x|n+2s R |(y’ xN)|n—2s+2 |x|n+2s R x]r\z/—2s+2|(y’ 1)|n72s+2
2s—1
_ Cxy
- |x|n+2s
2s—1
Cxy

<N
|(x, xp) |2
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On the other hand, for |x| > |xy| and |y — x| < %lxl, we have that |y| > %lxl. Hence

1 XN

(A-11) , —dy
y—xfz L LA [ = Y742 [y, xy) |72+

< XN f 1 d

= — y
|x|n 2542 IRnl_i_|x_y|n+25

i C)CN < CXN < C
|x|n—2s+2 - |(X,XN)|”_25+2 - |(X’XN)|n—2s+l'

Combining the above two estimates (A-10) and (A-11), we get that

1 XN

A-12 Oy Wi(x, <C d
(1D Wl = [ ey

c xy n ! .
B [, xn) 725 |(x, xpy) |25 F]

Now thanks to (A-8), (A-9) and (A-12), we get the second estimate of (i).
The last estimate (iii) for |[V9; W| can be obtained adapting the same procedure
with obvious modifications. This concludes the proof of Lemma A.2. (]
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