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Let M" be a closed immersed minimal hypersurface in the unit sphere S"+1,
We establish a special isoperimetric inequality of M". As an application, if
the scalar curvature of M” is constant, then we get a uniform lower bound
independent of M" for the isoperimetric inequality. In addition, we obtain
an inequality between Cheeger’s isoperimetric constant and the volume of
the nodal set of the height function.

1. Introduction

The isoperimetric inequalities have always been an important subject in differential
geometry and they are bridges of analysis and geometry. There are some elegant
works on isoperimetric inequalities; see [2; 7; 14; 24].

Let x : M" 9» S"*! € R"*? be a closed immersed minimal hypersurface in the
unit sphere and denote by v(x) a (local) unit normal vector field of M”", V and v
be the Levi-Civita connections on M" and S"*!, respectively. Let A be the shape
operator with respect to v, i.e., A(X) = —V xv. The squared length of the second
fundamental form is S = ||A||?>. For any unit vector a € S"*! | the height functions
are defined as

Pa(x) = (x,a),  VYa(x)=(v,a).

These two functions are very basic and important. For instance, the well known
Takahashi theorem [18] states that M" is minimal if and only if there exists a
constant A such that Ap, = —\¢, forall a € Sians Analogously, Ge and Li [10]
gave a Takahashi-type theorem, i.e., an immersed hypersurface M" in S"+! is
minimal and has constant scalar curvature (CSC) if and only if Ay, = Ay, for
some constant ) independent of a € S"T!. This condition is linked to the famous
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Chern conjecture (see [4; 15; 22; 20; 23]), which states that a closed immersed
minimal CSC hypersurface of S"*! is isoparametric.

Let {|pq| >t} = {x € M" : |@4| > 1} and {|@,| =1} = {x € M" : |p,| =1}. In
particular, due to Ag, = —ng, and a € S"*!,

{pa=0}={xeM": 9, =0}

is the nodal set of the eigenfunction ¢,. Here, the zero set of the eigenfunction of
an elliptic operator, and its complement are called the nodal set, and nodal domain,
respectively. Suppose Smax = Sup ,epm S(p),

fM S _ n (fMS)2

0, = . Oy = ’
1 2nSmax Vol(M™) 2 4n?2 —3n+1 Vol(M™) fM S2

and

_ 24 nrIn((1—s3)/(1—r?))
Cr=maxi{tr. o}, Ca= I S (=32 /(=)

We use Vol to represent the volume measure in this paper and the following special
isoperimetric inequality is the main result.

Theorem 1.1. Let M" be a closed immersed, nontotally geodesic, minimal hyper-
surface in S"+1:

() Forall0 <s < 1 and a € S"*', the following inequality holds:

Vol{lga| =5} = C(n, s, S) Vol{|ga| = s},

where
nC .
Z—C;,C s=0;
Cn,s,S)= Czj/ll—T’ 0<s<m1n{ Ci, Cz}
—\/%, mm{ a } <s <l
1) Vol(S"*!
(ii) (n+ DVOISTT) (5 Volfg, = 01 > Vol(M™).

I’LVO](S") aeSnt!

Obviously, if M" is a closed immersed minimal CSC hypersurface (nontotally
geodesic) in S"t then C; =6, =1 /2n in Theorem 1.1 and one has

Corollary 1.2. Let M" be a closed immersed, nontotally geodesic, minimal CSC
hypersurface in S"™*'. Then for all 0 < s < 1 and a € "', the following inequality
holds:

Vol{|ga| = s} = C(n, s) Vol{|ga| = s},
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where X
icy s =0;

1 . /1 1 .

C(l’l,s)= 20, /1—s2° 0<s Smln{ 2n° 2nC2}’
ns : 1 1

et mln{,/ﬂ, —chz} <s<l.

More precisely, Corollary 1.2 implies that the condition of constant scalar cur-
vature has strong rigidity for minimal hypersurfaces, since the constant C(n, s)
depends only on n and s. Hence, the volume of M" is strongly restricted by
the volume of nodal set of the eigenfunctions ¢, (a € S**') for minimal CSC
hypersurfaces (nontotally geodesic), i.e.,

Co(n) Vol {g, = 0} = Vol(M"),
where Co(n) = C(n, 0) = 4infy<, <1 (2 —nr In(1 —r?))/(2 —nIn(1 —r?)). Besides,
this rigid property provides some evidence for the Chern conjecture.

Remark 1.3. Under the conditions of Corollary 1.2, if M" is an integral-Einstein
(see Definition 3.1) minimal CSC hypersurface in $"*! (or CSC hypersurface with
S > n and constant third mean curvature), then the constant C (n, s) can be improved
(see Corollary 3.2).

In 1984, Cheng, Li and Yau [6] proved that if M" is a closed immersed minimal
hypersurface in S"*' and M" is nontotally geodesic, then

Vol(M™) > (1 + %) Vol(§"),

n
where E,, =2n+3 —|—2exp(2n5n) and 5‘,1 = %n”/zeF(n/Z 1). Thus, we have:

Corollary 1.4. Let M" be a closed immersed, nontotally geodesic, minimal CSC
hypersurface in S"+'. Then there is a positive constant €(n) > 0, depending only
on n, such that

Vol{g, =0} > e(n) VoI(S")  foralla € S"™!,
where €(n) > 1(1+3/B,) supy—, < (2 —n1n(1 —r2)) /(2 —nr In(1 — r?))).

Let h(M) denote the Cheeger isoperimetric constant (see Definition 4.1), we
have:

Theorem 1.5. Let M" be a closed immersed, nontotally geodesic, minimal hyper-
surface in S, Then for all a € S"*' we have

2/n+1C;
Co(n)

In particular, we have the following assertions:

Vol {p, = 0} > h(M) Vol(M™).
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(i) If M" is embedded, then h(M) > %(—8(11 — 1) ++/6%2(n —1)2 4+ 5n), where
6 = /(Smax — 1)/ n.

(ii) If the image of M" is invariant under the antipodal map (i.e., M" is radially
symmetrical), then Vol{g, = 0} > 1h(M) Vol(M™).

2. Preliminary lemmas

In this section, we will prove Lemma 2.3 by Proposition 2.1 and Lemma 2.2. A
direct calculation shows:

Proposition 2.1 [10; 13]. For all a € S"*', we have
Vg =a', Vi = —A@h),
A@a=—ng,+nHvu, Ay =—n(VH,a)+nHp, - S¥q.
where a® € T'(T M) denotes the tangent component of a along M™; A is the shape

operator with respect to v, i.e., A(X) = —Vxv; S=|A|*>=tr(AA") and H = ,ll trA
is the mean curvature.
Lemma 2.2 [10]. Let M" be a closed immersed minimal hypersurface in S"+' with
the squared length of the second fundamental form S:
1) If S #£0, then
S
JuS. < inf / 2.
21 Smax aeS" Jy
The equality holds if and only if S = n and M" is the minimal Clifford torus

SY(J/T/n) x S"1(/n =1)/n).

(i1) If S has no restrictions, then

2
n
S — S) < | S$* inf 2,
4n2—3n+1</M ) —/M aelg,lH/M‘pa

The equality holds if and only if M" is an equator.

Lemma 2.3. Let M" be a closed immersed, nontotally geodesic, minimal hyper-
surface in S"*1. Then for all0 <s <r < 1 and a € S"*', the following inequality
holds:

/ 2 _ 24 nrIn((1 —s%)/(1 —r?)) val.
{loal>s}

T 24nIn((1 =52 /(1 =r2) Jyp=s)
Proof. By Proposition 2.1, we have

Vo, = aT9 Ap, = —ngy,

for all a € S"*!. Hence, by the divergence theorem and

(-1 "+ )+ s =1,
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for all 0 < ¢t < 1 one has

la™| V1I—¢2—vy2 V1—1?
(2-2) %l =f lall_ VIZea—va ,
{|¢u|>t} {l‘/)al t} |(/’u| t} |(/’u| t}

n n

where {|g,| = 1} = {x € M" : .| = t} and {|g,| =1} = {x € M" : |ps| =1}. Due
to the coarea formula, (2-1) and (2-2), for all 0 < s < r < 1 we obtain

" |4l leal |
(2-3) |soa|=f f T —
{s<lpal<r} s Jllgal=) la® | (gal=r) /1 — @2 — 2
r
> / / > f f 0l
s Higal=t) V1 —t2 s Mgalz=t) V1 —t2 val —t2
/ r f "l > / |
= Dal = Da
s Jgalzny 1 =12 {lgal>r}
n (1—s2>/ o
=5 1n Pal-
2 \1=7r2) Jigu=n)

Fora110§s<r§1,by0§goa2§|¢alflwehave

(2-4) / o2 = / oo + f s
{lgal=s} {loal=r} {s<lga|<r}
< / o2+ / rlgal
{lgal>r} {s<lpql<r}
=/ w§+r/ |<oa|—r/ |94l
{loal=r} {lpal=s} {lpal=r}
<(-r) ¢2+rf |94l
{I%IZV} {|¢7a|25}

<=7 |¢a|+r/ al.
{loal=r} {lgal=s}

Thus, forall 0 <s,r,u <1 and s < r, by (2-3) and (2-4) we have

/ wﬁsrf |@0al+(1=1) |94l
{lgal>s} {l@al>s} {lgal>r}

=rf |<pa|+(1—r)[u/ |¢a|+(1—u) |</>a|}
{leal=s} {lgal=r} {lgal=r}

2u [, |9l

{s<lgal=<r}

<r |§0a|+(1—r)[ +(1—u) I%I}-
fie In((1=5%)/(1=r7) it

2u .
nin((1 —s2)/(1—r2)

Choosing

— Uuo,
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we have

_ (@ =s)/(1=r?)
&) T (1 =sD/ (=)

Hence, by Section 2 and (2-5) we have

/ wﬁir/ |<pa|+(1—r)(1—uo)(/ |¢a|+/ I%I)
{(I¢al=s) {PAE) (s=<lpal<r} {1¢al=r)

=[r+{—=r)1—up)] |l
{lpal=s}

24 nrn((1—s%)/(1—r?)
© 2+4nIn((1—s2)/(1—=r2) Jiypss

|@al. U

In particular, setting s = 0 in Lemma 2.3, we obtain

Corollary 2.4. Let M" be a closed immersed, nontotally geodesic, minimal hyper-
surface in S, Then for all a € S"*', the following inequality holds:

Co(n)
M M

where Co(n) = 4info<, <1 (2 — nr In(1 —r2))/(2 — nIn(1 — r?)).

3. Proof of Theorem 1.1

In this section, we will prove Theorem 1.1 by Lemmas 2.2 and 2.3.

Proof of Theorem 1.1. Case (i). Since M" is a closed minimal hypersurface
(nontotally geodesic) in S"*!, by Lemma 2.2 we have

(3-1) inf / @2 > C; Vol(M"),
M

aeSn+l

where C; = max{6, 65} and

Ju S o (/9

. 6= .
21 Smax VOI(M™)" 2 4n% —3n 41 Vol(M™) [,, S2

0) =
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On one hand, if C; > s2, then (3-1) shows

(3-2) / d=i/¢3—/ %
{loal=s} M {loal<s}
Z/ Cl—/ s?
M {I¢al<s)
=/ a+/ (C1 -5
{1¢al>s} {1gal<s}
Z/ Ci.
{loal>s}

By Lemma 2.3, (2-2) and (3-2) , we obtain

V1 —52
/ Qs/ 25@[ IMSQ/ :
{lgal=s} {lga|=s} {lgal=s} {l@al=s} n

where Cy = infy<, <1 (2 +nrIn((1 —52)/(1 —r%)))/2 +nln((1 — s?) /(1 — r?))).
Thus

C
L Vol{lgal =5} (/Cr=5>0).

3-3 Vol{lgal =5} = —F—=
(3-3) ol {|¢a| S}>C2m

In particular, if s = 0, then
lim Vol{|¢,| =s} = lim Vol{g, =s}+ lim Vol{g, = —s} =2 Vol {p, = 0},
s—0t s—0t s—0t

and
1ir(r)1+ Vol {|g,| = s} = Vol {|ga| > 0} = Vol(M").
s—>

By (3-3), one has
nC nC
(3-4) ‘WN%=ﬁhiZi“MWAZO%=Q§WMMﬂ-

2
On the other hand, by (2-2), we have

V1 =52
/‘ ss/’ 0al < (1>5>0).
{lgal=s} {l@al=s} {l@al=s}

n
Hence
ns
(3-5) Vol {|gq| = s} > mVol{lwalzs} (I>s5>0).
Choose
ns nCq

V1=52 Co/1—52

which implies that s = C1/C>. Then we have the following discussions:
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(1) If s = 0, (3-4) implies

I’lC] I’lC]
Vol {¢, =0} > — Vol >0} = — Vol(M").
ol {p, }_2C2 ol {|p,| > 0} 2C, ol(M™)

(2) If 0 < s <min{+y/Cy, C1/C3}, (3-3) implies

¢y
Vol {|p,| = s} > 2V01{|%|ZS}-

n
Cov1l—s
3) If min{/Cy, C1/C2} < s < 1, (3-5) implies

Vol {|@q| = 5} > ——n

= Vol {|¢a| = s},
N

Case (ii). By Proposition 2.1, we have
Vo, = aT’ Ap, = —ngy,

for all @ € S"*!. Hence, by the divergence theorem and S # 0, one has

2]aT]
lpal = $Ya — Yo = .
M {¢a>0} {9a<0) {lga|=0) 1

2
=2Vol(B"t!) =
[;egnﬂl(pﬂ ol( ) nl

Since
Vol(§"),

we have

By (2-1), one has

(n+ 1) Vol(S*1h
Vol(M™) < Vol{g, = 0}.
oIMY = Neiem o, Voltga =0}

2 2|a”
Vol(S”)Vol(M”)=/ f |l =/ f la |-
+1 aeS! JxeM aeS! J{jp,|=0 T

O

Combining the intrinsic and extrinsic geometry, Ge and Li generalized Einstein

manifolds to integral-Einstein (IE) submanifolds in [10].

Definition 3.1 [10]. Let M" (n > 3) be a compact submanifold in the Euclidean
space RV . Then M" is an IE submanifold if and only if for any unit vector a € SV~!

f (Ric —Bg) @,a" =0,
M n

where a' € T'(T M) denotes the tangent component of the constant vector a along

M"; Ric is the Ricci curvature tensor and R is the scalar curvature.
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Corollary 3.2. Let M" be a closed immersed, nontotally geodesic, minimal hyper-
surface in "', If it is IE and CSC (or CSC with S > n and constant third mean
curvature), then for all 0 < s < 1 and a € S"*1, the following inequality holds:

Vol{lga| = s} = C(n, s) Vol {|ga| = s},

where
n J— .
2+2)C2° s =0;
n . [ 1 1 .
C(l’l, S) = (n+2)Ca/1—52’ 0<s = mln{ n+2’ (n+2)C, }’
ns : 1 1
Vi=s2’ min{\/ 7. Gae ) <5 < L

Proof. If M" is minimal, IE and CSC, then [10] showed that

1
2 n n+1
Q.= Vol(M"), a€$ .
/ a ) ( )

Thus, C;1 =1/(n+2) in Theorem 1.1. For a closed minimal CSC hypersurface in
S"*! with § > n and constant third mean curvature, Ge and Li proved that it is an
IE hypersurface in [10]. Thus, Corollary 3.2 is also true in this case. ]

4. Proof of Theorem 1.5

In this section, we will discuss the Cheeger isoperimetric constant of minimal
hypersurfaces in S"+1.

Definition 4.1 [5]. The Cheeger isoperimetric constant of a closed Riemannian
manifold M" is defined as

. Vol (H)
h(M) = inf — s
H min{Vol(M;), Vol(M>)}
where the infimum is taken over all the submanifolds H of codimension 1 of
M"™; M| and M, are submanifolds of M" with their boundaries in H and satisfy
M = M, UM, U H (adisjoint union).

Remark 4.2. Let M" be a closed, immersed, minimal hypersurface in S"t1 which
is nontotally geodesic. Since there is a vector a € S"*! such that Vol{g, > 0} =
Vol{p, < 0}, we have

2 Vol{g, =0
a€§n+l VO](M”)

Moreover, if the image of M" is invariant under the antipodal map, then Vol{g, > 0}
= Vol {¢, <0} for all a € S"*! and

2 Vol{g, =0
(M) < inf 2 Voliga =0}
aestt Vol(M™)
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In 1970, Cheeger [5] gave the famous inequality between the first positive
eigenvalue A (M) of the Laplacian and the Cheeger isoperimetric constant i (M)
(see Definition 4.1):

W2 (M) < 4r(M).

Obviously, A1 (M) <n for minimal hypersurfaces in S"*! pecause of Proposition 2.1
and we have

h(M) <2/ (M) < 2/n.

The Yau conjecture [16] asserts that if M" is a closed embedded minimal hyper-
surface of S" then »(M) = n. In particular, Choi and Wang [9] showed that
A1 (M) > n/2 and a careful argument (see [1, Theorem 5.1]) implied that the strict
inequality holds, i.e., A (M) > n/2. In addition, Tang and Yan [21; 19] proved the
Yau conjecture in the isoparametric case. Choe and Soret [8] were able to verify the
Yau conjecture for the Lawson surfaces and the Karcher-Pinkall-Sterling examples.
For more details and references, please see the elegant survey by Brendle [1].
Besides, Buser [3] proved that:

Lemma 4.3 [3]. If the Ricci curvature of a closed Riemannian manifold M" is
bounded below by —(n — 1)82 (8 > 0), then

“4-1) (M) <28(n— 1)h(M) + 10h*(M).
Next, we will prove Theorem 1.5 by Lemmas 2.2, 4.3 and Corollary 2.4.

Proof of Theorem 1.5. Without loss of generality, assuming that Vol {¢, > 0} >
Vol {¢, < 0}, one has

Vol {g, = 0}

(4-2) h(M) < Vol (g, <0}

For Vol {¢, > 0} < Vol {¢, < 0}, the proof is similar and the following estimates of
inequalities can be found in Ge and Li [11]. By Proposition 2.1, for any a € S"*!,
Sy 9a =0. Thus

4-3) / goa:f —¢a=%f|wa|.
{0a>0} {pa<0} M

The divergence theorem shows that

/ A(pg =0,
{pa <0}
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and by Ap? = —2ng?2 +2|aT|?, one has

(4-4) n / o2 = f P,
{pa <0} {pa <0}

Then, due to (2-1) and (4-4), we have

(4-5) (n+1) @2 < f 1.
{9a<0} {9a<0}

By the Cauchy-Schwarz inequality and (4-5), one has

1
(4-6) N / 12\/f 1[ @2 Z[ —@a.
n+1Jig, <o) 16a<0) Jiga<0) " Jigu<0)

By Corollary 2.4, (4-2), (4-3) and (4-6), we have

Vol {p, = 0} Vit /| . N/n+1f(p2
M “

) > Vol {¢, <0} > Cotn)

Hence, by Lemma 2.2 we have

B _ 2V IC .
VOl{(pa—O}> G, () h(M)/ ) N (M) Vol (MM,

153

Case (i). Since M" is a minimal hypersurface in $"*!, the Ricci curvature is given

by
Ric(X,Y)=(n—1)g(X,Y) — g(AX, AY), X,Y e X(M).

Let A1 (A), A2(A), ..., A,(A) denote the eigenvalues of the shape operator A. We

obtain
n n
Dori=0. Y ai=lAP=s
i=l1 i=l1
and

n
OZZAiAj
ij=1
_A2+ZZA1A +Z/\,\,
i,j=2
< X2+Z

/\2+/\2
i,j=2

=(n—1)S—na3.
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Thus S
Ric(X, X) > (n—1—2Dg(X, X) > —(n — 1);ng(X, X).
n

By Lemma 4.3 and A (M) > n/2 (see Choi—Wang [9] and Brendle [1]), one has
g < A (M) < 28(n — Dh(M) + 10h2(M).

Note that Spax > 7 for all nontotally geodesic minimal hypersurfaces in $**! by
Simons’ inequality [17]
/ S(S—n)=0.
M

Setting § = v/ (Smax — 1)/n, we have
—S(n—1)+/82(n—1)2+5n
10 )

h(M) >

Case (ii). If the image of M" is invariant under the antipodal map, the proof is
complete by Remark 4.2. O

Remark 4.4. If M" is a minimal isoparametric hypersurface with g > 2 distinct
principal curvatures in S"*!, then (M) = n (see Tang—Yan [19]), S = (g — D)n
and 6 = /g —2 (2 < g <6). Thus, (4-1) implies that

—Vg—2m—D+(g—2)(n—1)2+10n
10 '

In fact, Muto [12] carefully estimated the Cheeger isoperimetric constant of minimal
isoparametric hypersurfaces and got better results.

h(M) =

Remark 4.5. Let M" be a closed embedded minimal hypersurface in $"*!. If
S < ¢(n) and c(n) depends only on n, then there is a positive constant n(n) > 0,
depending only on #n, such that 2(M) > n(n).
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