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SPIN KOSTKA POLYNOMIALS AND VERTEX OPERATORS

NAIHUAN JING AND NING L1U

An algebraic iterative formula for the spin Kostka—Foulkes polynomial
K in (¢) is given using vertex operator realizations of Hall-Littlewood sym-
metric functions and Schur Q-functions. Based on the operational formula,
more favorable properties are obtained parallel to the Kostka polynomial. In
particular, we obtain some formulae for the number of (unshifted) marked
tableaux. As an application, we confirmed a conjecture of Aokage on the
expansion of the Schur P-function in terms of Schur functions. Tables of
K;M(t) for |&| < 6 are listed.

1. Introduction

The Hall-Littlewood symmetric functions P, (x; t) and the Kostka—Foulkes poly-
nomials K, () both have played an active role in algebraic combinatorics and rep-
resentation theory. On one hand, the Hall-Littlewood symmetric functions P, (x; t)
are certain deformations of the Schur functions s, (x), and the Kostka—Foulkes poly-
nomials K, (¢) are the transition coefficients between the two bases. On the other
hand, K, (t) have the following representation theoretic interpretation. Let B, be
the variety of flags preserved by a nilpotent matrix with Jordan block of shape L.
The cohomology group H*(*5,,) affords a graded &,-module structure. Set

Ciu(t) =Y _ 1 (dimHome, (S*, H* (B,,)),
i>0
where S§* denotes the Specht module of &,, associated with A. Garsia and Procesi
[1992] proved that

(-1 Kiu(t) = Cop (111",

which confirms geometrically the positivity of the Kostka—Foulkes polynomials
[Lascoux and Schiitzenberger 1978].

Recently, Wan and Wang [2013] have introduced the spin Kostka—Foulkes poly-
nomials K £, (1) as the transition coefficients between the Hall-Littlewood functions
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P, (x; t) and Schur Q-functions Q¢ with interesting representation theoretic inter-
pretations. As is well-known, the Schur Q-functions are indexed by strict partitions
and were used by Schur [Stembridge 1989] in generalizing the Frobenius character
formula for projective irreducible characters of the symmetric group &,,. Schur Q-
functions form a distinguished basis in the subring of symmetric functions generated
by pi1, p3, - ... Yamaguchi [1999] has shown that the category of irreducible &,,-
supermodules is equivalent to that of supermodules of the Hecke—Clifford algebra
H,, = C, x CS,, and the irreducible objects D* are parametrized by strict partitions
& € SP,. Wan and Wang [2013] have shown that the spin Kostka polynomials
admit the interpretation

(1-2) K)T/x (t) = 2[1(5)/2]C§M(t—1)tn(p,)’
and
Cp ()= Z ¢ (dim Homy,, (D%, C, @ H? (B,,)).

i>0

Let q(n) be the queer Lie superalgebra containing the general linear Lie algebra
gl(n) as its even subalgebra. Sergeev [1984] has shown that the irreducible q(n)-
modules V (§) are also parametrized by strict partitions & € SP,,. It turns out that the
g-weight multiplicity y, ,(r) associated with the weight space V (&), also appears
as the spin Kostka polynomial [Wan and Wang 2013]:

(1-3) K;ﬂ (1) = 2[1(5)/213/&;(1).

The purpose of this paper is to give an operational algebraic formula for the
spin Kostka—Foulkes polynomials K (¢). The method we adopt is similar to that
of [Bryan and Jing 2021], in which the vertex operator realizations of the Hall—
Littlewood polynomials and Schur functions were employed. However, there is
some subtlety in the spin situation.

In the usual vertex realization of Schur Q-functions [Jing 1991b], only the modes
of odd indices (of the twisted Heisenberg algebra) were used in the definition. Should
this vertex operator be employed, the commutation relations of its components with
those of the vertex operator for the Hall-Littlewood symmetric functions would
have infinitely many terms in the quadratic relations. To salvage the situation, we
introduce a new vertex operator realization of Schur Q-functions using a larger
Heisenberg algebra graded by all integers (see (2-8) and (2-9)). The new vertex
operator realization enables us to get a finite quadratic relation between the operators
realizing both the Hall-Littlewood and Schur Q-functions and then the matrix
coefficients express the spin Kostka polynomials.

As matrix coefficients, the spin Kostka—Foulkes polynomials can be computed in
general, and exact formulas are given in some special cases. We also prove a stability
formula for the spin Kostka polynomials. We have clarified some questions regarding
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them (in Example 3.11, we disproved the symmetric property) and obtained counting
formulas for the Stembridge coefficients [Stembridge 1989] between the Schur
P-functions and Schur functions. As applications, we answer a recent conjecture
of Aokage and are able to derive a tensor decomposition in the general situation.

The paper is organized as follows. In Section 2 we recall the vertex operator
realization of the Hall-Littlewood functions and give a new vertex operator con-
struction of the Schur Q-functions, which is specifically tailored for taming the
commutation relation between the two vertex operators. In Section 3 we express
the spin Hall-Littlewood polynomials as matrix coefficients of vertex operators
and derive an iterative formula (see Theorem 3.5). Finally in Section 4 we use the
iterative formulas to verify Aokage’s conjecture on multiplicities of tensor products
of spin modules, and a formula is also obtained for the general case.

2. Vertex operator realization of Hall-Littlewood and Schur Q-functions

A partition (resp. strict partition) A = (A1, Az, ...), denoted A |- n, is a weakly (resp.
strictly) decreasing sequence of positive integers such that ) ; A; = n. The sum
|A] =) _; A; is called the weight and the number /(A) of nonzero parts is called the
length. We also define A = n if A is a composition of n when the past A; are not
necessarily ordered. The set of partitions (resp. strict partitions) of weight n will
be denoted by P, (resp. SP,). The dominance order A > u is defined by |A| = |u|
and Ay +---+A; > g+ -+ u; foreachi.

Let m; be the multiplicity of i in A and set z; = [];»; i™®m;(A)!; we define
the parity &, = (—1)*=/® and -

9y

(2-1) ZA(I)Zm

. n() =) (i—Dh.

i>1

A partition A can be visualized by its Young diagram when A is identified with
{a,j e 7? |1 <i <Il(A),1 <j <A;}. Toeach cell (i, j) € A, we define its
content ¢;; = j — i and hook length h;; = A; + )Jj — i — j + 1, where the partition
A'= (A}, ..., A3,) is the dual partition of A obtained by reflecting the Young diagram
of A along the diagonal.

In this paper, we use the 7-integer [n] = Pl 241 Similarly
[n]! = [n]---[1], and the Gauss 7-binomial symbol [} ] = gzl

Let Ar be the ring of symmetric functions over F = Q(¢), the field of rational
functions in t. We also consider A over the ring of integers. The space Af is

graded and decomposes into a direct sum:

(22) A =@ AL,

n=0
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where A'; is the subspace of degree n, spanned by the elements p; = p;, ps, - - - px,
with || = n. Here p, is the degree r power sum symmetric function.
Let I'g be the subring of Ag generated by the py,_1, r € N. Then

(2-3) I'g=Q[p, : r odd].

The Schur Q-functions Qg, & strict, form a Q-basis of I'g [Macdonald 1979]. Also,
I is a graded ring I' = @,,>0I"", where I'"" =T N A”".
The space A is equipped with the bilinear form (-, - ) defined by

(2-4) (Pas Pu) = B2 (0).

As {2, (1) p;} is the dual basis of the power sum basis, the adjoint operator of the
multiplication operator p, is the differential operator p; = (n/(1 —t")) d/9p, of
degree —n.

We recall the vertex operator realization of the Hall-Littlewood symmetric
functions [Jing 1991a] and construct a variant vertex operator for the Schur Q-
function on the space Ap. The vertex operators H(z) and its adjoint H*(z) are
t-parametrized linear maps, Ap — Arlz, 7 "= Ar® Flz, z7'], defined by

(2-5) H(z) = exp(z ! ;tn Pnz") exp(—z 82 z_") = Z H,7",

n>1 n>1 neZ
and
(2-6)  H*(z) =exp —Z 1= Pz ) exp Z i[" = Z Hz™"
no " Opn e
n>1 n>1 nez

Note that * is Q(#)-linear and anti-involutive satisfying
(2_7) <Hnu7 'U) = <Ms H:v>

foru,veAr.
We now introduce the vertex operators Q(z) and its adjoint Q*(z) as the linear
maps, Ar —> Arllz, z7'], defined by

28 0 =exp< > %pnz") exp(—Z ai z‘") =" 0.7",

n>1,0dd n>1 nez
and
(2-9) 0*(z) =exp _Z l_t"p 2" ) exp Z 2 iz—n — Z 07"
n " 1—t" dp, e
n>1 n>1,odd nez

The components H,,, H*, € Endr(A) are of degree n, and so are the annihilation
operators for n > 0. Similarly Q,, O*, € Endg(A). We remark that the second
exponential factor of Q(z) is different from the usual construction in [Jing 1991b],
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and this will be crucial for our later discussion. In particular, note that Q(—z) #
Q*(z) in the current situation due to different inner product.
We collect the relations of the vertex operators as follows.

Proposition 2.1 [Jing 1991a; 1991b]. (1) The operators H, and H,' satisfy the

relations
(2'10) HmHn - tHnHm = th—l—lHn—l - Hn—le—Ha
2-11) H,Hy—tH/H, =tH, \H,—H H,
(2-12) HyH'—tHH, =tHy H' | — H* [ Hy_1+ (1 —1)*8,.,
(2-13) H,1=0_,1=8,0, H 1=0,.1=380,

where 8, ,, is the Kronecker delta function.

(2) The operators Q,, satisfy the Clifford algebra relations
(2-14) {Oms O} = (=1)"28,, 1,
where {A, B} = AB + BA.

Proof. Commutation relations (2-10)—(2-13) were from [Jing 1991a]. We focus
on (2). Define the normal ordering product by

2 0
0@ 0((w): = eXP( Z r—lpn(z” + w”)) exp(—z 5 "+ w‘")).

n>1,odd n>1

Then we have for |z] < |w|
2(wY Z—w
Q) Q(w) =:0(2) Q(w): exp(—nHZOdd;(;> ) = -Q(Z)Q(w)-H—w-

The rest of the argument is similar to Proposition 4.15 in [Jing 1991b]. ([

Note that the vacuum vector 1 is annihilated by p;, so

o
an”> =Y g =4q(2),
n=0

where g, is the Hall-Littlewood polynomial of one-row partition (), and clearly

11—t

(2-15) H(z).1 :exp(z

n=1

(2-16) Gn=Hy1=)_

1Z%
= 2.0

We also introduce a spin analogue %(z) by

s 2 " —(=1)" ~
(2-17) h(z) :exp(Z*an”) =Zhnz”;

n=1 n>0



132 NAIHUAN JING AND NING LIU

then
~ 8)\’
(2-18) ha=7) P
An Z)"(_t)
Moreover,
(2-19) hn(=1) =) &21343,
Abn

where &, = (=DM and u;, = 10D/ T;2 mi(W.
As consequences of the proposition, one also has that

(2-20) H,H, 1 =tH, 11 Hy,
(2-21) H'H*  =tH' HY,
2-22 H,1 H,1)= =1—t, n>0,
(2-22) (Hy.1, Hy.1) ; )
n
(=D'®

(2-23) (Hp.1, H*, 1) =) ="—t""", n>0,

~ )

where the last two identities follow from (2-12) and (2-10) by induction.
In general, expressing H, for any composition p in terms of the basis ele-
ments H,, A € P, can be formulated as follows. Let S; , be the transformation

Ay ooy Ay Airly o) (M, oo oy Ajrr —a, A +a, .. .), where A1 > A;. Define
tv a :0,
(2-24) C(Sio)= 1t —pal 1<a< [MH{M]’
- Aigi—hi
pate _ga 1, 15a2[+]’
where € = ;1 — A; (mod 2). Fori = (iy,...,i,) anda = (ay, ..., a,) let
(2_25) C(Sgg) = C(Sh,a])c(siz,az) T C(Sir,a,)»

where the product order follows that of S;, 4,5i,.4, - - - Si, .4, A, 1.€., from the right
to the left. In particular, when t =0, C(S; ) = O unless all ¢; = 1; in that case,
C(Si,1) = (—=1)" which is possible only when ;11 — A; > 2. When 1 = —1,
C(Si.e) =0unless all a; =0 and C(S; o) = (—1)".

Let 1 be a composition and A be a partition. Define

(2-26) BO, )2 C(Sia)

summed over i = (i1, iz, ...,i,),a=(ai, as,...,a,) such that §; ,u = A.
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Proposition 2.2 [Jing and Liu 2022]. Suppose w is a composition. Then

(2-27) Hy =Y B(h p)Hj.
A

We remark that A appears only when A > p in (2-27). Let u be a composition
and XA be a partition. If there exists i = (iy, ip, ..., i), a = (a1, az, ..., a,) such
that S; ,pe = A, then Y b_ A > S5 i k=1,2,....

Proposition 2.3 [Jing 1991a; 1991b]. (1) Let A = (A1, ..., A;) be a partition. The
vertex operator products Hy, - - - Hy,.1 is the Hall-Littlewood function Q; (t):
(2-28) H - H l—Q(t)—l_Il_Rij
e el = O —i<j1_tRij61A1 qns

where the raising operator is given by R;;jq; = qq.,,... 3+1,..., A=)

(2) Let & = (&1, &, ..., &) be a strict partition. Then

(2-29) Qs = Q¢ 0¢, -+ Qg1

is the Schur Q-function indexed by §. Moreover, Q¢.1, where & ranges over
strict partitions, form an orthogonal Z-base of T" under the specialized inner
product (-, - )—_1, explicitly

(2-30) (031, Qe )=y =286, 1, & €SP.

Proof. Part (1) is from [Jing 1991a]. Since our vertex operator Q(z) is different
from that of [Jing 1991b], we explain why the new vertex operator also realizes
the Schur Q-functions. From the argument in proving (2-14) in Proposition 2.1 it
follows that

Q@»Q&@~-Q@»1=II?+2%Q&QQ@@~-Q@WJ
i J

zl—l—zj ( Z

n>1,odd

i<j

Taking coefficients of z;' - - zf’ , we obtain that Q¢ is exactly the Schur Q-function

indexed by & (cf. [Jing 1991b]). O

"+~-~+z?)>.

3. Spin Hall-Littlewood polynomials and vertex operators

Wan and Wang [2013] have introduced an extremely interesting spin analogue of
Kostka(—Foulkes) polynomials and shown that these polynomials enjoy favorable
properties parallel to those of the Kostka polynomials.
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Definition 3.1 [Wan and Wang 2013]. The spin Kostka polynomials K, (¢) for
& € SP and u € P are defined by

(3-1) Qc(x) =) K, (N Pu(x: 1),
nw

where Q¢ (x) (resp. P, (x; t)) are Schur Q-functions (resp. Hall-Littlewood func-
tions).

From the above discussion and Proposition 2.3, it is clear that the spin Kostka
polynomials can be expressed as matrix coefficients:

Kiy(®) = (Q,(x: 1), Qe ()
= <H//«1 Huz t Hw'l’ QSI QEz t Qék'n'

To compute the matrix coefficients, we first get the commutation relations by
usual techniques of vertex operators:

(2 H'@QW)(w—12)+ QW) H @) +w) =2(1 - nz8( L)),

(3-3) *(2) H (w) = H(w)h*(z) L2
w—1tz

o7 Z—tw

(3-4) 0@h(w) =hw) Q).

We remark that if the old vertex operator Q(w) from [Jing 1991b] were used,
then the commutation relations between H™*(z) and Q(w) would have been an
infinite quadratic relation.

Taking coefficients we obtain the following commutation relations.

Proposition 3.2. The commutation relations between the Hall-Littlewood vertex
operators and Schur Q-function operators are

(3-5) H'Qu=t"H* |Qpn_ 1+t QuH +t7'Qp_ 1 H* | +2(1—t"Yp_p,
m—1

(3-6) I Hy = Hylh+(1+1) Y 1" " H, i},
k=0

m—1
G- Quhim =hw Qu+ (140 Y (1" Qn—tcm-
k=0

Now we can state our formulas to compute the spin Kostka polynomials. To
this end, we prepare some necessary notation. Let A = (A, Az, ..., ;) and
m = (i1, 42, ..., W) be (strict) partitions. We define Al = Aitt1s o5 M),
)Li =()»1,...,)»,'_1,)»,'_,_1,...,)u[),and)x—,u=()»l—pbl,)»z—/,bz,...).
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Theorem 3.3. For an integer k, strict partition € = (&1, &, ..., &) and partition
= (1, 125 ooy ),

l
(3-8) Hf Qe =) (1) ""2hg 10y,
i=1
(3-9) hiHy =Y 7100 +0OH, ..
Tk

Proof. We show the first relation by induction on k + |&|. The case of k + |§| =1 is
clear. Assume that (3-8) holds for k + || = n — 1. Using the induction hypothesis
and (3-5) we have that

H{ Q¢ Qs -+ O,

=17 Q6106 Qg +17 Qg H Qy - Qg 17 Qe H Q-+ Qg

+2(1 = t"Yhe 4 Qs, -+ Qg
=17 (2he, -1 Qs, -+ Qe — 2y 1110610z, - - O,
4 2y 4106106, Oty Qe+ (=12 441 Qe 106, - O, )
+17' Q¢ (20, Qe -+ Qg — 2hey 1 O, Qs -+ Qg
+2hey 1 Qe Qe Qs -+ Qe 4+ -+ (—=1)'2hg 4 06, Qe -+ Q)
17101 (2hey 111 Qs -+ Qe — 20y 11106, Oc, -+ O,
+ 2’;5471#1 Q¢, 0, Ot - O,

oo (=D 2hg 44106 Qs - gy ,)
+2(1 =17, 405, Oy -+ O,

Simplifying the expression, we see the above is

17 (2he, 1 s, - - Qg — 2hgy—1+1 Q61 Qg, - - - Qg
+2flg3_k+1Q51_1Q§2Qs4 - Qg
o (=DM 20 4106108, - Qs )
+2t*1(ﬁgz_k+1 Qe 106, - Qs — hey—+108,-105,0¢, - - - O,
+hey 111081+ Qg
4.+ (—l)lflgl_kH Q6,105 0¢, - QS’_])
—2(he, 1 Qe Qe -+ Qs — he, 1 Qs Of, Qc, - - - Q¢
+hey 1 Qx, Qs 06, O, - - O
oo (=D Qe 0, Qey -~ Oz, )

+2(1 =17 e 06 Qs -+ Qg (by B3-7)
= 2%, 1 Qs+ Qn — 2hey 106 Qs+~ O+ +2(=1)' Vg1 O, - Q.
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which has proved (3-8). The second relation is similarly shown by (3-6) and
induction on /(). U

Example 3.4. Let © = (2,2) and £ = (3, 1). Then by Theorem 3.3
K, () =(HyH>.1, 030:.1)
= (H.1,2h10,.1)
=2(t(1+t"HH,.1, 0,.1)
=414 4.

By Theorem 3.3, we now obtain an algebraic formula for K , (7).

Theorem 3.5. For& = (&1,...,&)eSPyand = (U1, ..., m) € Py, Kg_u(t) is
given by the iterative formula

l .
(3-10) Kg/,t(t): Z Z Z (_l)lflztcfi*lll(l_1_[71)1('[)3()\"M[l]_l—)K? @).
i=1 =g —py An—§; &4
Proof. It follows readily from (3-8), (3-9) and (2-27). O

Equation (3-10) shows that all spin Kostka polynomials are integral polynomials,
and it also gives an effective recurrence of K, ,(r) as shown by the following
example.

Example 3.6. Let £ = (4,3,1) and u = (3, 3, 2). Then
K, (t) = (H3H3H).1, 0403 01.1)
= (H3H>.1,2h1 030:.1) — (H3Hy.1,2h0 04 01.1)
=2(t(1 —|—t_1)(H2H2.1 + H3H;.1), 0301.1) —2(H3H,.1, 040;.1)
=2(t+ 1)(1((_3’1)(2’2)([) + K(_3,1)(3,1)(t)) — 2K(11)(3’2)(t).

The spin Kostka polynomials have quite a few remarkable properties resembling
those of the Kostka—Foulkes polynomials. As a consequence of the recurrence we
have the following.

Corollary 3.7. Let & be a strict partition and u be a partition. We have:
(1) If there exists k € N, such that&; = i, i =1,2,...,k, then
(3-11) K (1) =2K 0 (0.

In particular, K ¢ (1) = 218),
2) 2O K, ).
(3) K, (1) =2/®)sg,.

Proof. They are immediate consequences of Theorem 3.5. (]
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Some special cases of Theorem 3.5 are listed as follows.

Example 3.8. Suppose & € SP,,, u € P,. We have

(3-12) Kﬁin)(t) = 285,(,1),
(3-13) Ko =20""1 3" (141 YO B, u —1),
TEn—u
22 hafimm (1417l iFE > (ur, pa),
G-14) K, 0= 4 if & = (1, 2,

0 otherwise.

There is a compact formula of K, u () [Wan and Wang 2013] by using a result
of [Macdonald 1979]. We will come back to the Wan—Wang formula using the
iteration in the next section.

The following result was first proved in [Wan and Wang 2013] using the similar
property of the Kostka—Foulkes polynomials. Using our iterative formula, one can
give an independent proof from that of the Kostka—Foulkes polynomials. We remark
that the method can also be used to show this property for the Kostka—Foulkes
polynomial by the iterative formula in [Bryan and Jing 2021].

Corollary 3.9. Let&=(&1,&,...) €SPy, u= (1, 12, ...) €Py. Then K., (1)=0,
unless & > L.

Proof. It is equivalent to prove K, (1) =0, if § # 1. We argue it by induction on n.
The initial step is obvious. Suppose it holds for weight < n. There exists a smallest
k>1,suchthat& +& +---+& <+ 2+ -+ i

If k =1, then it’s evident that K £ (t) = 0 by the iterative formula (3-10).
If k > 1, then there exists k > j > 1, such that §; 11 < 1 < §&;. We have

J
Ko ) =) (=D HyHyy - 2k Qe - Qs+

i=1

Il
M\

(_l)i—l Z 2t§"_’“(1 +l_1)l(r)<HM[l]—ra Qé:lA)
1 TS —1

Il
Mk.

(=D Y 2O Y B, W —1)(H,, 0,)

1 TEE—1 vEn—§;

Il
M\.

_1)i-! i1 (1 1 @ B W _nK~ ).
DT Y 2ET A+ D B -0k ()

1 TS —1i vkn—§;
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By the remark below Proposition 2.2, for each 1 <i < j, we have vi +- -+ v >

pote k=T — oy Z otk =& > E1 4SS+ G
By induction, we have Ké—u (t)=0. ([l

The Kostka—Foulkes polynomials have the stability property [Bryan and Jing
2021], which says that if ;1 > A, then Kj 4 (), yu+() (1) = K;,,(¢) for all r > 1. Here,
A4 (r) = (A14r, Ao, ...). The spin Kostka polynomials also enjoy the same stability.

Proposition 3.10. Let& = (§1,...,&) €SP, u=1,..., Um) € P, and u > &.
Then for any r > 1, we have

(3-15) Keiiypron @ = Kg, ().
Proof. By Theorem 3.3, it follows that
Ks_-i-(r)u-i-(r)(t) = <HM2H/L3 te Hum'I’ 2h$1—u1 Q$2 te QEI'U = Ks_u(t)' U

The spin Kostka—Foulkes polynomials K, (#) were conjecturally symmetric
[Wan and Wang 2013, Question 4.10] in the sense that

K, ()=1""K,, (™"
for some m,, € Z. However, the following is a counterexample.
Example 3.11. Given & = (3,2) and v = (2, 1), we have
K, (1) =(HH H H,.1, 030>.1)
= (H H H,.1,2h, 0.1 — (H H, H; .1, 2h¢ 053.1)
=2(t(1+1"DBIH H.1, Q2.1) = 2K 5 15, (1)
=41 (> + 202+ 31 +2).

4. Marked tableaux

To study projective representations of the symmetric group, Stembridge [1989]
introduced the number g¢;, as follows:

(4-1) Qc(x) =) busi(x), go=2""bg.
A

Note that bg), = K, (0), but we will see that g¢, can be extended to any partition &,
so we reserve this notation in this section.

Let &, A be partitions with & strict. The coefficient gg, of s in the expansion of
the Schur Q-function 2~/® Q¢ counts the number of (unshifted) marked tableaux 7
of shape A and weight & such that

(a) w(T) has the lattice property;
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(b) for each k > 1, the last occurrence of k” in w(T) precedes the last occurrence
of k.

Here w(T) is the word of T by reading the symbols in 7 from right to left in
successive rows, starting with the top row.

The combinatorial interpretation and the representation-theoretic interpretation
of gg) are known [Sagan 1987; Stembridge 1989; Wan and Wang 2013; Worley
1984]. However, no effective formula for g¢, is available. As an application of the
preceding section, we give an algebraic formula for gg;.

The ring Ag of symmetric functions has the canonical bilinear form (-, -)o =
(-, )r=0 under which Schur functions are orthonormal:

(4-2) (P Pu)o = 85 1 2.

Thus the adjoint operator of the multiplication operator p,, is the differential operator

p, =n(d/(3py)).
With respect to (-, - )o, the vertex operators and their adjoint operators for Schur
functions and Schur Q-functions are given by [Jing 1991b; 2000]

1 0
(4-3) SE(z) = exp(:l: Z ;pnz") exp<$ Z Ez‘”) = Z SE7E,

n>1 n>1 neZ

@4 0T@=00@=) 0f,

nez
1 0
4_5 - = — E — Pn n E 2 - - E " _n.
( ) Q (Z) exp( n>1 np ’ )exp(n>1 odd 8pnz ) neZ an

Note that O~ (z) is the specialized vertex operator Q*(z)|;—o. Here we denote the
adjoint operators by S;" and Q;', respectively, to distinguish from the preceding
section.

Therefore gg; can be expressed in terms of this inner product:

(4-6) ger=2"Obg, =279 (51, Q) =27"9(S,.1, Qe 1),

Recall that the involution w : A — A defined by w(p,) = ¢, p, [Macdonald
1979] is an isometry with respect to the canonical inner product (-, - )g such that

o(s) =sv, o(Q¢) = Qs.
Proposition 4.1. If A € P,,, § € SP,, then g or bg, has the property

4-7) 8ex = 8ea-
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We introduce the operators for the elementary symmetric functions e,
wo  E@=ep( X T ) o e
n>1 n n>0

where p; = py, p, =n(3/(dpn)), and ¥ (2) = h(2)|1=0.
Then by Theorem 3.3 we have:

Proposition 4.2. For any strict partition £ = (&1, &, ..., &), any partition ) =
(A1, A2, ...) and integer k,

(4-9) Sp Qe = Z( ' ™"2e5 105 Qs -+ Qs -+ Qs
(4-10) e S = Z Sy,

where p runs through the partitions such that A/ p are vertical k-strips.
The algebraic iterative formula for bg; is then natural:
Theorem 4.3. Let & € SP,, A € P,. Then

L&)
(4-11) o= 2(=1"""Y b,
i=1 ol

where p' runs through the partitions such that M/ p' are vertical & —\-strips.
Example 4.4. Let A € P,,. We have

2 if A is a hook,
0 if A is not a hook.

Combining (3-1) and (4-1), we have

(4-13) Ko, ()= b Ku(),
A

(4-12) by = {

where K, (t) are the Kostka—Foulkes polynomials.
By (4-12), we have

(-14) K@= D 263 (1).
A hook

Recall that a compact formula for the Kostka—Foulkes polynomials K, (¢) is
known for A being hook-shaped [Kirillov 2001; Bryan and Jing 2021]:

k(k+l | [—1
(4-15) K(n—k,lk)u(f)=l‘n(“)+ |: k :|,
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where n = |u|, [ =1(w). Therefore, we have that for any partition p - n

) Iw-1 n( 4 Ket-20 [1(p)—1
(4-16) Kou®= 3 2 2 el
k=0

I(pn) .
(4-17) = TJa+e.

i=1

Here the second equation follows from the ¢-binomial expansion [Andrews 1986,

(2.9)] or an easy induction on /() from (4-16). We remark that (4-17) was first

given by Wan and Wang [2013] using identities of Hall-Littlewood polynomials.
For a given partition A, we define

Ay ={p C Al | o is a hook and k[l]/p is a vertical s-strip}.

Set N (A) = Card{A},. It is clear that N (1) = 0 when s < 0 or s > |Al!]]. Now
we can give a two-row formula by the iterative formula for bg,.

Theorem 4.5. Let 1 <m < '—21 A € P,. We have
(4-18) Bin—m.my, = 4N () — N2 (),

To compute N (1), we denote all hook (resp. double hook) partitions of n by
HP(n) (resp. DHP(n)). That is, HP(n) = {(A1, 1""!) | A1 +m; = n}, DHP(n) =
{(A1, Ap, 2M2, 1) | A1 +Ax+2moy+m =n}. Clearly, HP(n) C DHP(n). We remark
that N (1) = 0 unless A € DHP(n). Now let’s consider N (1), for 0 < s < |All]]
and A € DHP(n), case by case.

Case 1: If . € HP(n), then N (1) = 1.

Before considering the case . € DHP(n)\ HP(n), we look at the following special

case.

Case 2: If A = (A1, Az, 1) and A ¢ HP(n), then we have
0 ifs>m+2,

(4-19) N9 ={1 ifs=0ors=m+1,
2 ifl<s<m.

Case 3: If L = (A, Ap, 22, 1"1) e DHP(n)\ HP(n), then it follows from case 2 that
4200 NP =N (R, A, 1)
0 ifO<s<mp—1lors>m;+my+2,

=31 ifs=myors=mi+my+1,
2 ifl4+my<s<m;+m.
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Example 4.6. Given&é =(4,3),A=(2,2,2,1),wehave \; =X, =2, m|=my =1,
and
buneary =4NP1) -NYO)=4x2-1)=4.

The symmetric group G, has a two-valued representation, known as the spin
representation studied by Schur, and this is actually a representation of the double
covering group én of G, [Schur 1911]. It is known that the irreducible spin
representations of &,, are parametrized by strict partitions of n. Let ¢* be the
irreducible spin character of the Schur double covering group S, afforded by the
module V*, A € SP,. Stembridge [1989] obtained the irreducible decomposition
for the twisted tensor product of én [Kleshchev 2005]

ch(¢™ ®¢*) = Pi(x; —1),
where ch is the characteristic map (cf. [Jing 1991b]).

Corollary 4.7. Let S* be the Specht module corresponding to partition A - n and
1<m< '—21 Then we have the irreducible decomposition as S,-modules

4-21) Vi g y—mm ~ @ (N@=m=2D () — N2 (3)) %,
AeDHP(n)

Aokage [2021b] obtained the explicit irreducible decomposition of (V )®?2
when n is even, so (4-21) offers the formula for a general tensor product. Recall
that the symmetric functions P, (x; —1) are well defined for all partitions 1, S0 g,
are defined similarly as (4-1) for any partitions A, u:

(4-22) Pu(x; =D =) gus(x),
A

Note that the following identities between the Schur P-functions and the Schur
functions hold by using the tensor product of the spin representations of the sym-
metric group [Aokage 2021a]:

Yo s@= ) (DRPx; -1,

reHP HOP 1 2

(4-23) €HP(n)\ () =
Yo om@= ) (=D PL(x -1,

1eHOP(n) I(u)=2

where HOP(n) = {» € HP(n) | 1| is odd} and n = 2r is even.
Aokage [2021a] has this conjecture at the end of his paper:

Theorem 4.8. For . = (n — j, 17) € HP(n),
0 ifj<r,

29 s = {(—D’ﬂ' ifi=r.
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As an application of our two-row formula for bg;, we will present a proof of
Aokage’s conjecture.
Combining with the above two identities in (4-23), we have

Po(x; =) +2 ) (=1 Puoiy(xi =1) = Y (= 1) 50,15y (x).

i>1 =0
Thus,
r—1 n
Pony s =D = 3 D (=D Qi (s =D+ 3 3 (=1 s 1,0,
i>0 =0

By the orthonormality of s;,
= 1
8 =g Z(_l)l+r+1b(n—i,i)k + 5(—1)#’5(;17]',1./)1-
i=0
It follows from the remark below Theorem 4.5, we have g2, =0 unless 2 € DHP(n).
Now let’s show Theorem 4.8.
Proof. Let A = (n — j, 17) € HP(n). We have
1 - 1
_ 1yt it A G—i) _ NG+j—n) Lyt
geon = 5(=1) +;( DFHIWNITI0) = N G0) + 2 (= 1)
1 min{r—1,j} r—1 1
_ L gyl _1y+l _ 1V 1\ LR L)
= 5D (=D ( Zl (=D'= 30 (¢ 1)>+2< Diag)
1= i=n—j

Then the result follows immediately by a careful analysis of j and direct computa-
tion. ]

We remark that there exists a quadratic expression of the P-function in terms of
Schur functions [Lascoux et al. 1993]. Explicit and direct linear expansion (4-22)
in general is thus needed. Indeed, we can give a compact formula of g,2), for any
partition A.

Theorem 4.9. For A = (A1, Ay, 22, 1) € DHP(n)\ HP(n), we have that

r—1
(4-25) goon = ) (=TI NOTTIG) — N G)).
i=l

By considering )\ case by case, we have that

I ifdp+mi—1<Ai <Ary+m+1,

2 =
o {0 otherwise.
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Tables for K‘;u(t), 2<n<6

Here
="'+ +t+1, [AN=[nl[n=2] .

For completeness, we include n = 2, 3, 4 from [Wan and Wang 2013].

| E=@
) 2
(1% 2[2]
Table 1. n =2.
w E= 3 @D
3) 20
@, 1) 221 4
(%) 204] 41[2]
Table 2. n =3.
W E= @ G
o) 2 0
3.1 212] 4
2% 2t[2] 412]
@, 1% 241 42P
" 206]!/131! 4r[4]!
Table 3. n =4.
H £§= (5 4,1) 3,2)
5) 2 0 0
1) 212] 4 0
(3,2) 21[2] 412] 4
(3. 1% 2[4] a2y 42]
@1 (4] 41213] 4212
@, 1% 20611/(3]  4[41[3]  4[21([31+ D)
(1°) 2[8]11/[4]!  4e[6]!!/[2] 412[4]2

Table 4. n =5.
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J §= (0) (5, D 4,2) (3,2,
(6) 2 0 0 0
3, 1) 2[2] 4 0 0
“4,2) 21[2] 4[2] 4 0
4, 1%) 2[4] 41212 412] 0
(3,3) 21%[2] 41[2] 412] 0
3,2, 1) 2¢[4] 4[2][3] 4121t +2) 8
3, 1%) 2[6]1/(3]! 4[4](3] 4121%(3] 81[2]
2% 2¢3[4] 4¢[41N A21([4] + %) 81[2]
(2%, 1% 2e[6]1!/(3]! 41412 41217 ([4]1+1) 81[2]%
2,19 208111/[4]1 441061 4r[41N([4]+ 1) 81241
(19 201011 /(51! 4¢[8]!1/[3]!  4¢2[5][6]!!/[3] 8t*[6]!/[3]
Table 5. n =6.
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