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SPIN LEFSCHETZ FIBRATIONS ARE ABUNDANT

MIHAIL ARABADII AND R. INANC BAYKUR

We prove that any finitely presented group can be realized as the fundamental
group of a spin Lefschetz fibration over the 2-sphere. We also show that any
admissible lattice point in the symplectic geography plane below the Noether
line can be realized by a simply connected spin Lefschetz fibration.

1. Introduction

Explicit constructions of Lefschetz fibrations with prescribed fundamental groups
were given by Amorés, Bogomolov, Katzarkov and Pantev [1] and by Korkmaz [14];
also see [12]. We show that the same result holds for a much smaller family of
Lefschetz fibrations:

Theorem A. Given any finitely presented group G, there exists a spin symplectic
Lefschetz fibration X — S? with m1(X) = G.

These results were inspired by the pioneering work of Gompf, who proved that
any finitely presented group G is the fundamental group of a closed symplectic
4-manifold [9], which can be assumed to be spin. By the existence of Lefschetz
pencils on any symplectic 4-manifold due to Donaldson [6], it follows a priori that,
after blowing up the base points of the pencil, one can realize G as the fundamental
group of a symplectic Lefschetz fibration; however, these are never spin.

On the other hand, unlike Kéhler surfaces, there are minimal symplectic 4-
manifolds of general type violating the Noether inequality, which was shown again
by Gompf [9]. More recently, Korkmaz, Simone, and Baykur showed that all the
lattice points in the symplectic geography plane below the Noether line can be
further realized by simply connected symplectic Lefschetz fibrations [4]. We prove
that a similar result holds in the spin case:

Theorem B. For any pair of nonnegative integers (m, n) satisfying the inequalities
n>0,n=8m (mod 16),n <8(m—06) andn < %m, there exists a simply connected
spin symplectic Lefschetz fibration X — S* such that y;,(X) = m and C% (X) =n.
In particular, any admissible point in the symplectic geography plane below the
Noether line is realized by a simply connected spin Lefschetz fibration.

MSC2020: 57K20, 57K43, 57R15.
Keywords: Lefschetz fibration, symplectic 4-manifold, spin structure, mapping class groups.
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2 MIHAIL ARABADJI AND R. INANC BAYKUR

Among the hypotheses in the theorem, the first inequality is due to a theorem
of Taubes, who showed that c%(X ) > 0 for any nonruled minimal symplectic 4-
manifold X, whereas the second equality follows from Rokhlin’s theorem. A pair
(m, n) € N? satisfying this condition is called admissible. The first systematic
production of spin symplectic 4-manifolds realizing the above admissible lattice
points, but without the Lefschetz fibration structure we get, was first obtained by
J. Park in [15].

Our examples are produced explicitly via positive Dehn twist factorizations in
the mapping class group. The spin Lefschetz fibrations for Theorems A and B are
obtained by adapting the strategies of [14] and [4], respectively, together with a
subtle use of the breeding technique [2; 3] for the latter. The main challenge in
producing the examples in either theorem is due to the fact that the monodromy
of a spin Lefschetz fibration lies in a proper subgroup of the mapping class group
(fixing a spin structure on the fiber), so throughout our work, we restrain ourselves
to algebraic manipulations in this smaller mapping class group.

2. Preliminaries

We begin with a review of the concepts and background results underlying the
rest of our article, along with our conventions. We refer the reader to [10] for
more details and comprehensive references on Lefschetz fibrations, symplectic
4-manifolds, and monodromy factorizations, and to [3] for their interplay with spin
structures.

2.1. Lefschetz fibrations and positive factorizations. A Lefschetz fibration on a
closed smooth oriented 4-manifold X is a smooth surjective map f : X — S%, a
submersion on the complement of finitely many points {p;} # < all in distinct
fibers, around which f conforms (compatibly with fixed global orientations on X
and §?) to the local complex model of a nodal singularity (zy, z2) — z122. We
assume that there are no exceptional spheres contained in the fibers. Each nodal
fiber of the Lefschetz fibration (X, f) is obtained by crashing a simple closed curve,
called a vanishing cycle, on a reference regular fiber F.

We denote by 2"; a compact connected oriented surface of genus g with b
boundary components. Let Diff" (Ei,’ ) denote the group of orientation-preserving
diffeomorphisms of X i,’ compactly supported away from the boundary. The mapping
class group of Zi,’ is defined as Mod(Eé’) = JTO(Diff"’(Eg)). When b =0, we simply
drop b from the above notation. Unless mentioned otherwise, by a curve ¢ on E;,’
we mean a smooth simple closed curve.

We denote by 7. e Mod(X é,’ ) the positive (right-handed) Dehn twist along the curve
cC ng’. For any v, ¢ € Mod(Eé,’) we write the conjugate of ¥ by ¢ as ¥? =gpyr¢~!.
We act on any curve ¢ in the order (p¢)(c) = ¢(¢(c)). An elementary but crucial
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point is that 1 = l¢(c)- For any product of Dehn twists W = ]_[fZ | tfl." and ¢ in
Mod(Eb ), we denote the conjugated product by W¢ ]_[l 1 (I; )"

Let {c[} be a nonempty collection of curves on Eb which do not become null-
homotopic after an embedding Zb — X,. Let {§; } be a collection of b curves

parallel to distinct boundary components of Eé’. A relation of the form
(1) ferley - Loy = 1) -+ z§; in Mod(x?)

corresponds to a genus-g Lefschetz fibration (X, f) with a reference regular fiber F
identified with ¥,, with vanishing cycles {c;} and b disjoint sections {S;} of self-
intersections S; - §; = —k;.

The product on the left-hand side of the equality (1), the word P in positive Dehn
twists, is called a positive factorization of the mapping class on the right-hand side
that maps to the trivial word under the homomorphism induced by an embedding
Eg < X,. We will often denote the corresponding Lefschetz fibration as X p.

As shown by Gompf, every Lefschetz fibration (X, f) admits a Thurston-type
symplectic form with respect to which the fibers are symplectic.

2.2. Fiber sums and fundamental groups. A Lefschetz fibration X p corresponding
to a positive factorization P := ft.t, - - -, in Mod(Eél,) (of some power of the
boundary twist) has 71 (X p) = m1(X,)/N({c;}), where N({c;}) is the subgroup of
m1(Xg) generated normally by collection of the vanishing cycles c;.

Given Py =t t., -+ - L, —ta and Py :=tg,tg, -+ Iy _t6 , and any ¢ eMod(Z ),
we can always derive another positive factorlzatlon P1P¢ = té”“‘z in Mod(E ),
prescribing a new Lefschetz fibration X, p? with a section of self-intersection
— (k1 + k7). This coincides with the well- known twisted fiber sum operation applied
to the Lefschetz fibrations X p, and X p,. We have

T (X p po) = 71(Zg) /N ({ei} U{gd))).

A neat trick of Korkmaz, applicable in the more special setting described in the
next proposition, will come in handy for our arguments to follow:

Proposition 1 (Korkmaz [14]). Let P =t.,t,, - - - ¢, be a positive factorization of
(some power of) a boundary twist in Mod(X :,). Let d be a curve on X, intersecting
at least one ¢; transversally at one point. Then 71 (X ppu) = m1(Zg)/N({c;} U {d}).

2.3. Spin monodromies and fibrations. A spin structure s on X, is a cohomology
class s € H'(U T(Xy); Z>) evaluating to 1 on a fiber of the unit tangent bundle
UT(X,). There is a bijection between the set of spin structures on X, which we
denote by Spin(X,), and the set of quadratic forms on H;(X,; Z;) with respect to
the intersection pairing. Recall that g : Hy(X,; Z;) — Z; is such a quadratic form
if gla+b)=q(a)+q(b)+a-bforeverya,be H(Xg; Z5).
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For a fixed spin structure s on X, the spin mapping class group Mod(Z,, s) is
the stabilizer group of s, or equivalently that of the corresponding quadratic form ¢,
in Mod(XZ). For any nonseparating curve ¢ C X,, we have 7. € Mod(Xy, s) if and
only if g(c) = 1.

The following, which is a reformulation of a theorem of Stipsicz, provides us
with a criterion for the existence of a spin structure on a Lefschetz fibration:

Theorem 2 (Stipsicz [16]). Let Xp be the Lefschetz fibration prescribed by a
positive factorization

Pi=iyle, 1o =1; in Mod(X}),

and let us denote the images of the twist curves under the embedding X sl’ — X,
also by {c;}. Then, X p admits a spin structure with a quadratic form q if and only
ifk is even and q(c;) = 1 for all i.

3. Spin Lefschetz fibrations with prescribed fundamental group

We prove Theorem A, adapting the strategy in [14], where Korkmaz takes twisted
fiber sums of many copies of the same Lefschetz fibration (the building block)
to obtain a new Lefschetz fibration whose fundamental group is the prescribed
finitely presented group. To accomplish the same with spin fibrations, there are two
essential refinements we will need to make. First is to identify a building block X p
where the monodromy curves in the positive factorization P will satisfy the spin
condition for some quadratic form we will describe. That is, we will show that
P =11, -1, in Mod(X,, s) for a carefully chosen spin structure s. Second
is to make sure that when taking the twisted fiber sums to land on the desired
fundamental group, in the corresponding positive factorization PP ... P%n we
only use conjugations ¢; € Mod(Xy, ).

3.1. The building block. A generalization of the monodromy factorization of the
well-known genus-1 Lefschetz fibration on CP?#9 CP? = §2 x §?#8 CP? to any
odd genus g =2n+ 1 Lefschetz fibration on $? x X, #8 CP? was given by Korkmaz
in [13], and by Cadavid in [5]. It has the monodromy factorization

2,22 . 1
(tBy -~ - 1B, I, 1;)” =15 1n Mod(Eg),

where the curves B;, a, b are shown in the Figure 1. Capping off the boundary
component of X!, we will regard the same curves also in X ¢- Let us denote the
above positive factorization by P, := (¢, - - - 1B, t§t§)2.

Clearly, 1 (X p,) = m1(%,) will have larger number of generators we can work
with as we increase g = 2n + 1. Let us first review the presentation for 71 (Xp,).
Consider the geometric basis {a;, b; }f:] for 1 (Xg), where the based oriented curves
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Figure 1. The vanishing cycles B;, a, b of Xp, in Eél, C Zg.

a;, b; are as shown in Figure 2. We have

nl(X)E(a],...,ag,b],...,bg|Cga,b,B0,...,Bg),
where!

BOZbl ”'bgs

Box1 =apbi - b1 1 Cop1-kagy1—k, 1=k, <n+1,

Bok = akbit1 - gk Co—rag 1k, 1 <k, <n,
(2) 1¢ = an+1,

b= Crapyi,

Cq =b1_1a1b1a1_1,

C; =bl._1C,-_1a,-b,-ai_l, 2<i=<g.

Next, we will describe a spin structure for which the vanishing cycles of this
Lefschetz fibration satisfy the monodromy condition.> Forgetting the base point,
the geometric basis {a;, b;} for w1 (X,) in Figure 2 becomes freely homotopic to
a standard symplectic basis on X,. We can then describe a quadratic form with
respect to this basis and evaluate it on the mod-2 homology classes of the vanishing
cycles described in this basis. The latter is easily derived from (2):

By=by+---+by,

Boyp—y=ax+ b+ -+ bgr1-4) +agr1—k, 1<k=<n+l,
Box =ax + (g1 + - - +bg ) +ag1«, 1 <k=<n,
a=dn+l,

b=ayy.

'Here we adopted Korkmaz’s generating set to make our calculations comparable to his work
in [14], which yields a nonstandard expression for the surface relator as iterated conjugates, resulting
inCg =1.

2 may be worth noting that this is not a trial and error process. By the heuristic arguments of [3],
we are proceeding with an educated guess, since these fibrations are known to come from pencils on
the spin manifolds §2 x ¥, see [11].
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Figure 2. The generators for 71 (%) and the C; curves.

Setq: Hi(X,,2/2) — Z/2 as q(a;) = q(b;) = 1. (There are in fact 2" different
spin structures that would work here; we are picking the one that will serve our needs
the most in the next stages of the proof.) Note that for any ordered set of curves
{d;} we have ¢ (37 di) = >_i_; q(di) + X", _; di - d;. Thus, for each k as above,

8
q(Bo) = Qq(bf) =g=1,

g+1—k
q(By—1) =qar)+ > qb)+qagri—i)+ar-by+bgyi_i-agyi—i
i=k
=1+@g+1—-k—k+1)+14+14+1=1,
g—k
q(Bu) =q(a)+ > qbi)+q(agi1-k)
i=k+1
=1+(g—k—k+1=1,
q(a) =q(ant1) =1,
q(b) =q(ant1) =1.
Hence all the monodromy curves of X p, satisfy the spin condition, which is all we
needed at this point.> To sum up, we have the following:

Lemma 3. Let s € Spin(X,) correspond to the quadratic form q that satisfies
qai)=qb;))=1,fori=1,..., g, onthe symplectic basis {a;, b;} above. We have

(tg, -~ - tg,taty)* =1 in Mod(Zg,s),
where B;, a, b are the curves on Eg, C X in Figure 1.

3.2. The construction. In anticipation of a forthcoming issue, here we deviate a bit
from Korkmaz’s steps. In order to guarantee that we can represent the relators by
embedded curves on X, we change the given presentation. Instead of reinventing
the wheel here, we invoke the following result (cf. [8, Lemma 6.2]):

3Recall that ts has odd power in Section 3.1, so X P, is not a spin Lefschetz fibration, as it shouldn’t
be, remembering that Xp, = §2 x ¥, #8CP2.
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Figure 3. Relator curves on X.

Lemma 4 (Ghiggini, Golla and Plamanevskaya [8]). For any finitely presented
group G, there exists a presentation G = (x1, ..., X, | r1, ..., Iy such that

(1) eachr; is a positive (no inverses) word in X, ..., X;
(ii) each generator x; appears at most once in each r;
(iii) the cyclic order (by index) of the generators x1, . . ., X, is preserved in each r;.

This means that if our generating set consists of only the curves {b;}, we can assume

that all the relators in the generating set can be nicely represented by the embedded

curves as in Figure 3, where R; represents x,x3, R, represents x;xpx4, and so on.
We are now ready to present our construction.

Proof of Theorem A. Given a finitely presented group G, take a (new) presentation
of G=E(x1,...,x,|71,...,ry) asin Lemma 4. Set g =2n + 1.

Let Py := (tp, - -5, tgt,f)z be the positive factorization in Mod(Xg, s) given in
Lemma 3. Because g(a;) = 1, we have 1,, € Mod(Zg, s) for all i. So we get a new
spin factorization

PPy P2 Py =1 in Mod(,, 5)
for each odd g € Z*, which lifts to a positive factorization of tf in Mod(X él,).
From the expression of the monodromy curves of P, in the 1 (X) basis {a;, b;}
given in (2), one easily deduces that

(ar,...,aq,b1,...,by | Cq,a,b,By,...,Bg,ai,...,ag),
=1, ....boup1 | b1 boyy1, b2 bop, ... bybpi1byyo, byyr)
=(by,...,by),

that is, we get a free group on n generators. For the first step, simply note that all
a;j and C; we had in (2) are trivial in this group.

Now, identifying each generator x; with b;, fori =1, ..., n, we can represent
each relator r; by an embedded curve on R; on ¥,. (This is why we switched to
this special presentation.) All {R;} can be contained on ! c X, bounded by ¢,.
It is possible that some g(R;) = 0. If that is the case, we replace this R; with
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an embedded curve R} representing R;a,41 in 1 (Xg). Such an embedded curve
always exists; R; can be isotoped to meet a, only at the base point and one
can then resolve the intersection point compatibly with the orientations. So now
q(R;.) = 1. Otherwise we just take R} := R;. We have g € Mod(%,, s) for all
j=1,...,m.

It follows that we have a spin positive factorization

lay pla lag R R, R, .
PyPy' Pg? - Py Py 'Py?--- P =1 in Mod(Z,, s),

which now lifts to a positive factorization of t§+m+l in Mod(Eé). If m is odd,
we add one more P, factor to the positive factorization above, so then its lift is a
positive factorization of tsg 2 I m s even, leave it as it is. In either case let us
denote this final positive factorization in Mod(X,, s) simply by P. Let X p denote
the corresponding Lefschetz fibration. By Theorem 2, X p is spin. By Proposition 1,

and the above discussion, we have

~ / /
m(Xp)=A(al,...,ag,by,...,bg | Cq,a,b, By, ..., Bg,ay,...,ag,R},..., R

m>
=(b1,b2,....b, | R, ..., Rp),

which is the presentation we had for G. (]

4. Geography of spin Lefschetz fibrations

We prove Theorem B by a direct construction of a family of spin Lefschetz
fibrations Zg ; populating the region below the Noether line in the geography
plane. We prescribe these fibrations via new positive factorizations via algebraic
manipulations in the mapping class group corresponding to twisted fiber sums and
breedings [2; 3]. We then verify how our careful choice of building blocks out
of monodromy factorizations for Lefschetz pencils and fibrations indeed yields
positive factorizations in spin mapping class groups. A somewhat longer calculation
will show that our choices also guarantee that Z, ; are simply connected. We will
then conclude by describing the portion of the geography plane spanned by our
spin fibrations.

While some of the particular choices we will make in the construction of Z, x
may look arbitrary at first, they are to achieve two somewhat competing properties
simultaneously: the existence of a spin structure on Z,  and the simple-connectivity
of Z, ;. The latter calculation implies that the spin structure we describe on Zg ; is
in fact unique.

4.1. The construction. Our first building block is a positive factorization for a
Lefschetz fibration on CP?#(4g + 5)CP? given in [4]. Taking p =¢ =2g+2in
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Figure 4. Dehn twist curves ¢; on X,.

Lemma 4 of [4], we obtain

28422842 1 13 gty 12 By a0 o, .
B) Us=5255 20 - ) (1, 1) P ) =1 in Mod(Z,),

which is in fact Hurwitz equivalent to the square of the positive factorization of the
hyperelliptic involution A := (t; - - - tzgtzzg 412g -+~ 1) in Mod(Z,). Here #; denotes
a Dehn twist along the curve ¢; shown in Figure 4. We also assume that g > 5 and
is odd. Let also V be the following conjugate of U:

2g+2 2g+2
13 n 13 t

t 1t 1) 5] t 1y ,2g+2 2g+2 .
@) V=@ oty Dyt T DTS =1 in Mod(Zy).

Consider the two mapping classes
¢ = (t3t7161,) (Istet718) (1atstety) (131atste) (12131415) (11 121314),
Y= (tgtot10ta) (t718tot10) (Tet71819) - - - (f1121314).

We claim that ¢ (c1) =a, ¢ (c3) =b and ¥ (c1) =c, ¥ (c3) =d; see Figure 6. This
can be easily verified because of the following elementary observation: whenever
we have a k-chain of curves uy, ... ug,

tytyy -+ -ty (i) =u;py forevery 1 <i <k —1.

Let us denote by Z, the Lefschetz fibration corresponding to the positive factor-
ization P := V®UY in Mod(Z ¢)» a twisted fiber sum of the Lefschetz fibration on
CP*#(4g + 5)CP? with itself. Note that we have

® P VOUY = vy 2R sy,
= Vi (tatptets)* U,
=1 in Mod(Zy),

where Vi, U; are the products of positive Dehn twists

B3 g1y g NI BT
Ul = ((tl tz te tgg )(tZg-‘,-] o t4 )(t3 tz )) P
2g+2 2g+2
o . 13 1g+1 g 13 137 " 137 ¢
V= ((l‘1 t2 '”t2g )(t2g+1-"t4 )(l‘3 l‘2 )) .
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2l W e
By B\~ B\ C

0O @ O (Io/o}D(IQA/OD(IOoO
B, B . 50 C’

Figure 5. Vanishing cycles of the genus-2 pencil.

Our second building block is the following positive factorization by Hamada:
. 4
(6) 0= 5:99:) thtctC’tBétBitB(’) =15 15,15,15, 1N MOd(Ez)

for a genus-2 Lefschetz pencil on §? x T2, where the twist curves are as shown in
Figure 5; see [3; 11].

Since the curves {a, b, ¢, d} cobound a subsurface Zg of ¥,, we can breed (see
[2; 3]) the genus-2 pencil prescribed by (6) into the Lefschetz fibration prescribed
by (5) for k times, for any k < 2g 4 2, and get a new positive factorization

(7) Poi = Vi(tatptot) > *RKU =1 in Mod(Z,),

Figure 6. Embedding of X
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where R is the image of the positive factorization Q under the homomorphism
induced by a specific embedding E;‘ — X, we describe below. We let Z, ; denote
the Lefschetz fibration corresponding to the positive factorization Py .

The embedding 23 <> X, is described in Figure 6. Brown curves indicate where
the boundary curves {§;} of E;‘ in the positive factorization (6) are mapped to. Blue
arrows illustrate how we isotope the boundaries of Eg C R3 before embedding it into
X, C R3. Red curves constitute a geometric generating set for H (X ¢» Z£2). Red arcs
are the parts of these curves contained in the image of the embedding Z;‘ — Xg.

4.2. The spin structure on Zg . We are going to invoke Theorem 2 to confirm
that Z, ; admits a spin structure. The curves {x;, y;} in Figure 6 constitute a
symplectic basis for Hi(Xg; Z>). Consider the quadratic form ¢ for a spin structure
s € Spin(X,), where forany 1 <i < g,

q(x;)=1 foralli,
q(y;)=1 fori odd,
q(y;) =0 fori even.

First of all, c2; = x;, ¢1 = y1, c2g4+1 =Yg and 241 = y; — yi+1. This means that
q(c;) =1 for each i. Therefore, #; := 1., € Mod(Zy, s) for all i and the positive
factorizations given in (3) and (4) are in fact factorizations in Mod(Xy, s).

Secondly, a = y3 and d = ys in H(X,; Z3), so g(a) =1 = g(d), in addition
to t; € Mod(Zg, 5), 50 ¢, ¥ € Mod(Z,, 5). It follows that P := VYUY =1 is a
positive factorization in Mod(X,, s).

Thirdly, to check the spin condition for the new monodromy curves in R, we
would like to express these curves in terms of the generators {x;, y;}.* We get in
H\ (X4, Z/2) the expressions

By = x1 +x2+ y3 + ya, By=x1+x24+ y4+ s,
Bi=xi+x2+yi+y+yi+ya+ys, Bi=xi+xa+yi+y2+ya,
By=yi+y2+ys+ya+ys, By =y1+y2+ s,
C =ys, C'=ys.

So we have

q(Bo) = q(x1+x2+y3+y4) = q(x1)+q(x2)+q(y3)+q(ys) = 1+1+1+0=1,
q(By) = q(xi+x2+ys+ys5) = q(x1)+q(x2)+q(ya)+q(ys) = 1+1+0+1 =1,

4Let F denote the embedding Eg <> X and let v; be a Dehn twist curve in R. Instead of
F(vj)-x; and F(v;)-y; wecanlook atv; - F_l(x,-) and v; - Fl (y;) to run the calculation here.
Note that if x; or y; is only partially contained in the image of F, then we denote the arc in its
preimage by x; or y’.
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q(B1) =q(x1)+q(x2)+q (1) +4q(y2)+q(y3)+q(ya)+4q(ys)+2
=14+1+140+1+0+1=1,

q(B) = q(xD)+q(x2)+q(y)+q () +q(y)+2 = 1+1+14+0+0=1,

q(B2) =q(y1)+q(2)+q(y3)+q(ya)+q(ys) = 1+0+14+0+1=1,

q(B) =q()+q(n)+q(ys) =14+0+0=1,

q(C)=q(3) =1,

q(C)=q(ys) = L.

Hence, all the vanishing cycles of the Lefschetz fibration Z, ; satisfy the spin
condition.

It is well known that the Lefschetz fibration with positive factorization U admits
a (—1)-section; in fact this fibration is Hurwitz equivalent to a Lefschetz fibration
obtained by blowing up all 4g + 4 base points of a genus-g pencil on 2 x S2 [17].
Therefore U, V, and in turn UY, V?, all lift to a positive factorization of #5 in
Mod(XZ ;,), where § is a boundary parallel curve on X gl. We can pick a (—1)-section
so that in the lift of U (and V), the lifts of ¢, #., are still along disjoint curves in
E;.S The same goes for ¢, t, of V® and 1., t; of UY. Let us continue denoting
the twist curves in their lifts by a, b and ¢, d. After an isotopy, we can assume
that P = VUV =1 lifts to a positive factorization of t52 in Mod(X ;,) so that the
boundary component is not contained in the subsurface E§ C X, cobounded by
{a, b, c, d}.

Therefore, for any k < 2g + 2 we have a spin positive factorization

Poi = Viltatpteta) T *R* U = 1 in Mod(Z,, 5),
which lifts to a positive factorization

Py = Vi (talptct)* T *RY Uy = 1§ in Mod(Z,).
Hence every Z, ; admits a spin structure by Theorem 2.

4.3. The fundamental group. Let {x;, y;} be a geometric basis for 71 (X ) as shown
in Figure 7. Since Z, ; has a section, we have G := | (Zg ) = m1(X,)/N({v;}),
where v; are the Dehn twist curves in the positive factorization P, ; of Z, .

Set

2g+42

. (42,13 Dgt1y (12 137 (413
Si= (11 -ty gy 1)

2¢+2
n 135"

M.

So UV = 2723872y, with Uy = S¥, and V¢ = Vi85 with v, = §9.

While the fundamental group of Z, ; can be calculated from the factorization

3The Dehn twist curves may get entangled when we take lifts, but for just one section we are after,
this is not a problem for our positive factorization; see, e.g., [17] for many possible choices.
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Y1 Yi Vg

Figure 7. The generators x;, y; for m1(3,).

Py = S (tatptotg)*8 2K R¥SY it can also be calculated from the factorization
P =Sy t3t¢71(C)tqyl(d))zg*z_k(R‘f’*l)kSWl‘”. We will run our calculations for
the latter.

For k < 2g 4 2 the Dehn twist curves of the latter factorization contain all the
vanishing cycles {c;} in U, which we know kill all the generators of 71 (%) to yield
trivial the fundamental group, as Py has total space CPP2#(4g + 5)CP?, a simply
connected space. Thus, m1(Z, ;) =1 for any k < 2g + 2.

For k = 2g + 2, first note that we can connect the vanishing cycles {c;} of U
or V to the basepoint (where any two different paths connecting them to the base
point will yield the same normal generating set) so that in 771 (X,) we have ¢; = x;,
C1=Y1,Cpt1 =Yg and c2; 11 = xixijrll for each i. It follows that 71 (¥,) is generated
by {c;}. To get G we quotient 1 (X,) by normally generated subgroup by relators
coming from the Dehn twist curves in S (and not U), which are of the form #; (¢;_1)
with 2 <i <2g +1 and #3(c4), along with several other relations. We may assume
that ¢; are oriented so that ¢;_ -¢; = +1 for all i. Then #;(¢;,—1) =c¢;—1¢c; = 1 and
13(c4) = cacy ! These relations imply that

-1 -1 -1
Cl=C) =C3=C4 = =0Cp =Cogyl

and

c3=c4.
We thus see that
G={c| c%, rest of the relators coming from other vanishing cycles)

for our positive factorization S (R®™')28+2507'V

At this point G is a quotient of the abelian group Z, generated by cy, so it is
certainly an abelian group, and it suffices to show that H;(Z; 712) = 0.

We will argue this by observing that the vanishing cycle coming from 7,-1(g,)
induces a relator killing the homology class of ¢;. This is because it is homologous
to an odd factor of ¢. For this reason, it is in fact enough to consider 74-1(g,, in
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H\(Zg24+2; Z2). By the previous computations, we have

By=(c))+(c1+c3)+---+(c1+c3+---c9) =c1 +c5+ 9.

Let’s apply ¢~'. Then

-1 —1 —1
t, t t,
c1+cs+cg B c1+cs+cg+cg H— ¢y +cs+c7+cg+co B c1+cs+er+eg+cg

- (o
F— ci+cs+c7+cg+cog P ci+cs+c74-cg+co

—1 -1 —1

re s c1+cs+c7+cg+cy AN c1t+cs+cegtcy AN c1t+cs+cy

[4—1 IS_I t6—l I7_l

> c1+ca+cs+c9g B— c1+ca+c9g > c1+ca+c9g > c1+catc9
! ! 5! 5!

> c1+c3+c4+cog — c1+c3+c9g = c1+c3+cg = c1+c3+c9
[2—1 [,;_1 [4—1

> c1+c3+c9g —> c1+c3+c9g —> c1+c3+catc9

15! !

F— c1t+c3tcstcs+cg > c1t+c3tcatces+cg

-1 -1 -1
t t t
F— c1+c3+cs+cs+cg P ¢ +ca+cs+c9 B> ¢ +c5+co,

which gives c; in G (after killing all other ¢;). Hence G = 1.

4.4. The geography. We are left with determining the portion of the geography
plane populated by our simply connected spin Lefschetz fibrations

{Zgsx | g =5 and odd, k <2g + 2 and nonnegative}.

The Euler characteristic of Z, ; is given by the formula

e(Zoi) =4—4g+0=4—4g+ (16g+8+4k) = 12(g+ 1) + 4k,

where £ is the number of Dehn twist curves in P, .

Since the positive factorization U commutes with a hyperelliptic involution on

X, (after all, it is Hurwitz equivalent to the positive factorization of a hyperelliptic

involution itself), by Endo’s signature formula for hyperelliptic fibrations [7], it has
signature —4g — 4 (as expected, since the total space is CP?#(4g + 5)CP?). By
the Novikov additivity, we then get 0 (Z;) = —8g — 8. Breeding the signature zero
genus-2 Lefschetz pencil into this fibration (any number of times) does not change
the signature [2] and we get

0(Zgi) =—8(g+1).

We thus have

Xh(Zg,k) = %(e(zg’k) +G(Zg,k)) =g + 1 +k
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6 8 10 12 Xh

Figure 8. The region populated by spin Zg .

and
T (Zg k) =2e(Zgx) +30(Zg 1) = 8k.

Thus, setting g = 2r + 5, we see that {(x, c%)(Zg,k)} populate the region
R={(6,0)+r2,0)+k(1,8) | (r,k) e N x N with k <4(r 4+ 3)}
of the geography plane, or equivalently,
R={(m,n)eN*|n>0,n<8m—6),n< 13—6m and n = 8m (mod 16)};
see Figure 8. In particular, one can easily see from the first description of R above

that we cover all of the admissible lattice points in N? under the Noether line.
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SOME ARITHMETICAL PROPERTIES OF CONVERGENTS
TO ALGEBRAIC NUMBERS

YANN BUGEAUD AND KHOA D. NGUYEN

Let & be an irrational algebraic real number and let (pi/qr)>1 denote the
sequence of its convergents. Let (u,),>1 be a nondegenerate linear recurrence
sequence of integers, which is not a polynomial sequence. We show that if
the intersection of the sequences (gx)r>1 and (u,),>1 is infinite, then £ is a
quadratic number. This extends an earlier work of Lenstra and Shallit (1993).
We also discuss several arithmetical properties of the base-b representation
of the integers ¢;, k > 1, where b > 2 is an integer. Finally, when £ is a
(possibly transcendental) non-Liouville number, we prove a result implying
the existence of a large prime factor of g;_; ¢ gi+1 for large k. This is related
to earlier results of Erdés and Mahler (1939), Shorey and Stewart (1983),
and Shparlinskii (1987).

1. introduction

Let 6 be an arbitrary irrational real number and (px(6)/qx(0))r>1 (we will use
the shorter notation py/qx when no confusion is possible and & instead of 6 if the
number is known to be algebraic) denote the sequence of its convergents.

Let V be an infinite set of positive integers. It follows from a result of Borosh
and Fraenkel [6] that the set

KW) ={0 € R:qg(0) is in N for arbitrarily large k}

has always Hausdorff dimension at least % and its Lebesgue measure is zero if there

is some positive § such that the series ) geN g1+ converges. Examples of sets A/
(or integer sequences (u,),>1) with the latter property include nondegenerate linear
recurrence sequences, the set of integers having a bounded number of nonzero digits
in their base-10 representation, sets of positive values taken at integer values by a
given integer polynomial of degree at least 2, and sets of positive integers divisible
only by prime numbers from a given, finite set.
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Our main purpose is to discuss whether C(N) contains algebraic numbers for
some special sets A/ for which K(N\') has zero Lebesgue measure. Said differently,
for an arbitrary irrational real algebraic number &, we investigate various arithmetical
properties of the sequence (gx(§))x>1. We consider the following questions:

A. Does the greatest prime factor of g, (£) tends to infinity with k? If yes, how
rapidly?

B. Does the number of nonzero digits in the base-10 representation of g (£) tends
to infinity with k£? If yes, how rapidly?

C. Are there infinitely many squares (cubes, perfect powers) in (g (§))r>17

D. Is the intersection of (gx(§))r>1 with a given linear recurrence sequence of
integers finite or infinite?

First, let us recall that very few is known on the continued fraction expansion of
an algebraic number of degree at least 3, while the continued fraction expansion of
a quadratic real number £ is ultimately periodic and takes the form

§=lao;ar,...,ar,ary1, ..., drys).

Consequently, we have gx42s = tqi+s — (—1)° g for k > r, where ¢ is the trace of

ar41 1 ar42 1 Ay 1 .
1 0 1 o)L 1 0)

see [18; 19]. This shows that (gx(§))x>1 is the union of s binary recurrences whose
roots are the roots of the polynomial X2 —tX + (—1)*, that is, the real numbers
%(l + /12 — 4(—1)%). Thus, for a quadratic real number &, we immediately derive
Diophantine results on (gx(£))x>1 from results on binary recurrences of the above
form.

Question A has already been discussed in [7] and earlier works. Let us mention
that it easily follows from Ridout’s theorem [23] that the greatest prime factor
of gx (&) tends to infinity with n, but we have no estimate of the rate of growth,
except when & is quadratic (by known effective results on binary recurrences,
see [28]). Furthermore, the theory of linear forms in logarithms gives a lower bound
for the greatest prime factor of the product py (&) gx(£), which tends to infinity at
least as fast as some constant times log, gx(§) logs g« (§)/1ogs qi (&), where log;
denotes the j-th iterated logarithm function. Although we have no new contribution
to Question A as stated for algebraic numbers &, we obtain new results on prime
factors of g, (0) for a transcendental number 6. In 1939, Erd6s and Mahler [16]
proved that the greatest prime factor of gx_1(0) g« (6) gx+1(6) tends to infinity as k
tends to infinity. In this paper, we obtain a more explicit result involving the
irrationality exponent of 6.



ARITHMETICAL PROPERTIES OF CONVERGENTS TO ALGEBRAIC NUMBERS 19

We give a partial answer to Question B, which has not been investigated up to
now. Question C is solved when & is quadratic: there are only finitely many
perfect powers in the sequence (qx(£))r>1 thanks to results of Pethd [22] and
Shorey and Stewart [25] stating that there are only finitely many perfect powers
in binary recurrence sequences of integers. This result is effective. When £ has
degree at least 3, Question C appears to be very difficult. Since (n%),> is a linear
recurrence sequence for any given positive integer d, a large part of Question C is
contained in Question D.

Question D is interesting for several reasons. First, some assumption on the linear
recurrence must be added, since the linear recurrence (n),>1 has infinite intersection
with the sequence (qx(£))r>1. Second, as already mentioned, when & is quadratic,
its continued fraction expansion is ultimately periodic and the sequence (gx(§))r>1
is the union of a finite set of binary recurrences. Among our results, we show that
if a “nonsingular” linear recurrence has an infinite intersection with (g (§))r>1,
then & must be quadratic. Unfortunately we must exclude linear recurrences of the
form (nd)nzl, and hence we do not have any contribution to Question C.

Recall that any nonzero linear recurrence sequence (u,),> of complex numbers
can be expressed as

u,=Pin)af+---+Pm)a; forn>1,

where r > 1, «y, ..., o, are distinct nonzero complex numbers (called the roots of
the recurrence), and Py, ..., P, are nonzero polynomials with complex coefficients.
This expression is unique up to rearranging the terms. The sequence (u,),>1 is
called nondegenerate if o; /o is not a root of unity for 1 <i # j < r. For most
problems about linear recurrence sequences, it is harmless to assume that (#,),>1 is
nondegenerate. Indeed, if (1,),>1 is degenerate and L denotes the lcm of the orders
of the roots of unity of the form «; /o ;, then each of the subsequences (u,74m)n>1
with m € {0, ..., L — 1} is either identically zero or nondegenerate.

The proofs of our results rest on the p-adic Schmidt subspace theorem. This
powerful tool was first applied to the study of continued fraction expansions of
algebraic numbers by Corvaja and Zannier in [13; 14]. They proved in [13] that,
for any positive real quadratic irrational « which is neither the square root of a
rational number, nor a unit in the ring of integers of (), the period length of the
continued fraction for «” tends to infinity with n. They established in [14] that
if a(n) and B(n) are power sums over the rationals satisfying suitable necessary
assumptions, then the length of the continued fraction for «(n) /B (n) tends to infinity
with n; see also [12; 17; 24] for related questions. The Schmidt subspace theorem
has also been used by Adamczewski and Bugeaud in [1; 2; 3; 9] to prove that the
continued fraction expansion of an algebraic number of degree at least 3 cannot
have arbitrary long repetitions nor quasipalindromes close to its start.
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Let (u#,),>1 be a nonconstant linear recurrence sequence with integral roots
greater than 1 and rational coefficients. It follows from [15, Theorem 4.16] that the
intersection of the sequences (u#,),>1 and (gx)r>1 is finite. This gives a first partial
result toward Question D. For a real number 8, we let |0 || denote the distance from 6
to the nearest integer. Our first main result gives a full answer to Question D. Its
proof uses results of Kulkarni, Mavraki, and Nguyen [20], which extend a seminal
work of Corvaja and Zannier [13], who showed that, if a real algebraic number
o > 1and £ in (0, 1) are such that ||a" || < £" for infinitely many positive integers #,
then there is a positive integer d such that ¢ is a Pisot number (observe that this
conclusion is best possible).

Theorem 1.1. Let (pr/qi)i>1 be the sequence of convergents to an irrational real
algebraic number & of degree d. Let ¢ > 0. Let (u,),>1 be a nondegenerate linear
recurrence sequence of integers, which is not a polynomial sequence. Then the set

{f’l EN:M,/[ #O and ”l/lngn < W}
is finite. In particular, if d > 3, then there are only finitely many pairs (n, k) such
that u, = q.

The case d = 2 of Theorem 1.1 is immediate, since quadratic real numbers
have bounded partial quotients in their continued fraction expansion. Consequently,
we restrict our attention to the case d > 3. Theorem 1.1 is a special case of
Theorem 3.6, which deals with a larger class of integer sequences than that of
recurrence sequences.

When d = 3, the exponent ﬁ = % is best possible, as can be seen with the
following example. Let K C R be a cubic field with a pair of complex-conjugate
embeddings. Let £ € K with |§| > 1 be a unit of the ring of integers. Let « and
denote the remaining Galois conjugates of £. We have |a| = |£|~'/? and, setting

u, =&"+a" +a" for n > 1, we check that

—1/2

lup & —upgr| Le o] L |uyl for n>1,

where ¢ means that the implicit constant is positive and depends only on &. When
d > 4, we do not know if Theorem 1.1 remains valid with a smaller exponent
1

than i_i

Theorem 1.1 allows us to complement the result of Lenstra and Shallit [21]:

Theorem 1.2 (Lenstra and Shallit [21]). Let 6 be an irrational real number, whose
continued fraction expansion is given by 6 = [ao; aj, az, ...], and let (px)i>1
and (qi)r>1 be the sequence of numerators and denominators of the convergents
to 6. Then the following four conditions are equivalent:
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(1) The sequence (py)r>1 satisfies a linear recurrence with constant complex
coefficients.

(i) The sequence (qi)r>1 satisfies a linear recurrence with constant complex
coefficients.

(iii) The sequence (an)n>o is ultimately periodic.
(iv) 0 is a quadratic irrational.

The proof of Theorem 1.2 rests on the Hadamard quotient theorem. A simpler
proof of a more general statement has been given by Bézivin [4], who instead
of (ii) only assumes that (g )x>1 satisfies a linear recurrence with coefficients being
polynomials in k and that the series D, gk z¥ has a nonzero convergence radius.

We strengthen Theorem 1.2 for conve_rgents of algebraic numbers as follows.

Corollary 1.3. Let & = [ag; a1, a2, . ..] be an irrational real algebraic number,
and let (pr)k>1 and (qr)ik>1 be the sequence of numerators and denominators of the
convergents to &. Then the following four conditions are equivalent:

(1) The sequence (pi)i>1 has an infinite intersection with some nondegenerate
linear recurrence sequence that is not a polynomial sequence.

(ii) The sequence (qx)ik>1 has an infinite intersection with some nondegenerate
linear recurrence sequence that is not a polynomial sequence.

(iii) The sequence (an)n>0 is ultimately periodic.
(iv) £ is a quadratic irrational.
Now we present our results concerning Question B. Let b > 2 be an integer.
Every positive integer N can be written uniquely as
N =dyb*+---+d b+ by,

where
do,d],...,dke{(),1,...,b—1}, dk;éO.

We define the length
L(N,b)=Card{0 < j <k:d; #0}
of the b-ary representation of N. We also define the number of digit changes by
DC(N, b) =Card{2 < j=< k: dj #* dj_l}.

Theorem 1.4. Let & be an irrational real algebraic number and let b > 2 be an
integer. Let (u,),>1 be a strictly increasing sequence of positive integers and
A € (0, 1] such that for every & > 0, the inequality

—A
lln E1l < u, " **

holds for all but finitely many n. We have:
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(1) Let k be a positive integer and let ¢ > 0. For all sufficiently large n, if § is a
divisor of u, with L(8,b) <k then § < uf,k_)‘)/kﬁ.

(ii) Let k be a nonnegative integer and let ¢ > 0. For all sufficiently large n, if § is

a divisor of u, with DC(8, b) < k then § < ui,kﬁ*k)/(k“)“.

Consequently, let (pr/qx)i>1 denote the sequence of convergents to & then each
one of the limits limy_, y oo L(qk, b), limg_ 100 DC(qk, b), limg_ 100 L(pk, b), and
limg—, 1 oo DC(py, b) is infinite.

Except for certain quadratic numbers, it seems to be a very difficult problem to get
an effective version of the last assertion of Theorem 1.4. Stewart [27, Theorem 2]
established that if (u,),>1 is a binary sequence of integers, whose roots &, £ are
quadratic numbers with |£| > max{1, |£’|}, then there exists a positive real number C
such that

1
Ly, b) > —8"

——1, n>S5.
loglogn+C
Consequently, if (px/qx)r>1 denote the sequence of convergents to a quadratic real
algebraic number, then for £ > 4 we have
L(gx. b) logk I and DC(ge. b) logk 1
,b) > ————— — an by —= 1.
U loglogk +C T loglogk 4+ C
A similar question can be asked for the Zeckendorf representation [30] of g.
Let (Fy,)n>0 denote the Fibonacci sequence defined by

Fb=0, F =1, and F,po=F,41+F, for n > 0.
Every positive integer N can be written uniquely as a sum:
N=c¢gFote1F 1+ -+, +e1Fy,

withe, =1, ¢;in {0, 1}, and ;¢4 =0for j =1, ..., € — 1. This representation
of N is called its Zeckendorf representation. The number of digits of N in its
Zeckendorf representation is the number of positive integers j for which ¢; is equal
to 1. By using the Schmidt subspace theorem we can in a similar way prove that the
number of digits of g (£) in its Zeckendorf representation tends to infinity with k,
we omit the details (but see [10]).

Our last result is motivated by a theorem of Erdés and Mahler [16] on convergents
to real numbers. Let S be a set of prime numbers. For a nonzero integer N, let [N]g
denote the largest divisor of N composed solely of primes from S. Set [0]g = O.
Recall that the irrationality exponent p(6) of an irrational real number 6 is the
supremum of the real numbers p such that there exist infinitely many rational
numbers r/s with s > 1 and |60 —r/s| < 1/s*. It is always at least equal to 2
and, by definition, 0 is called a Liouville number when w(0) is infinite. Erd6s and
Mabhler [16] established that, when 6 is irrational and not a Liouville number, then
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the greatest prime factor of gi—_ g« gr+1 tends to infinity with k. We obtain the
following more precise version of their result.

Theorem 1.5. Let 6 be an irrational real number and . its irrationality exponent.
Let (pr/qr)ik>1 denote the sequence of convergents to 0. Let S be a finite set of
prime numbers. If u is finite, then, for every ¢ > 0 and every k sufficiently large
(depending on €), we have

(1-1) [Gk-1 Gk Gr1ls < (Gt qe qes)/ PO
The same conclusion holds when the sequence (qi)x>1 is replaced by (| pi|)k>1.

When 6 is algebraic irrational and & > 0, we have [gi]s < ¢; for all large k by
Ridout’s theorem. The interesting feature of Theorem 1.5 is that it holds for all
transcendental non-Liouville numbers.

Theorem 1.5 is ineffective. Under its assumption, it is proved in [11] that there
exists a (large) positive, effectively computable ¢ = ¢(S) such that

[Gk—1 Gk Gr+1)s < (Gr—1 Gk 1)~/ CH108M >,

For u = 2 (that is, for almost all 6), the exponent in (1-1) becomes % +e. Itis
an interesting question to determine whether it is best possible. It cannot be smaller
than % Indeed, the Folding lemma (see, e.g., [8, Section 7.6]) allows one, for any
given integer b > 2, to construct explicitly real numbers 6 with p(6) =2 and having
infinitely many convergents whose denominator is a power of b.

Furthermore, there exist irrational real numbers 6 = [ao; a1, ap, . . . ] with con-
vergents py/qx such that the g;’s are alternating among powers of 2 and 3. Indeed,
let £ > 2 and assume that g;_; = 2¢ and g; = 34 for positive integers ¢, d. Then,
we have to find a positive integer axy; such that 2 4 a1 3isa power of 2. To do
this, it is sufficient to take for m the smallest integer greater than ¢ such that 2"~
is congruent to 1 modulo 3¢ and then define a; 1 = (2"~ —1)/3%. The sequence
(ar)k>1 increases very fast and 6 is a Liouville number.

We are grateful to Professor Igor Shparlinskii for bringing our attention to [26].
Suppose the irrational number 6 has the property that log g, < n for every n; the
set of all such 6’s is strictly smaller than the set of all non-Liouville numbers. Then
[26, Theorem 5] implies P[q; - - - g,,] > n for all sufficiently large n where P[]
denotes the largest prime factor. It seems possible to relax the condition log g, < n
at the expense of a weaker lower bound for P[q; - - - g,] in order to allow 6 to
be certain Liouville numbers. On the other hand, it seems possible to extend the
proof of Theorem 1.5 to get a lower bound for P[q; - - - ¢,] in terms of n and the
irrationality exponent of 6. We leave this further discussion for future work.
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The outline of this paper is as follows. The proof of Theorem 1.5 and additional
remarks on [16] are given in Section 4. Theorem 1.4 is established in Section 2 and
the other results are proved in Section 3.

2. Proof of Theorem 1.4

For a prime number £, we let vy : @ — Z U {oo} be the additive £-adic valuation
and let | - [, = £7"() be the ¢-adic absolute value.

Proof of Theorem 1.4. First, we prove part (i). Let Nj be the set of tuples
(m,ny,...,n,) such that:

e 1l <a<kandn; <n; <---<n, are nonnegative integers.

e There existdy,...,d, in{1,...,b— 1} such that § :=d, b" +---+d|b" is

.. k—1)/k
a divisor of u,, and § > u,(n )/ e

Assume that N is infinite. Then, there exist an integer & with 1 < h <k, positive
integers Dy, ..., Dy, an infinite set N, of (h + 1)-tuples (m;, ny, ..., ny;) for
i > 1 such that:

e ny; <---<np; are nonnegative integers.

e Fori > 1, we have a divisor of u,,,:

Sm; = Dyp b"™ 4+ -+ D b,

with 8, > uls /*¥e,
e We have
(2-1) lim (nj;—nj_1;)=+00, j=2,...,h.

i—+00
Fori > 1, let wy,, denote the nearest integer to u,,, & and let
(2-2) Uy 2= U, /Sy < w7
When m; is sufficiently large, we have
(23)  1EDR U B 4 ED 0 B — i | = |t || < it |12,

thanks to the given properties of (#,,),>1 and A. We are in position to apply the
Schmidt subspace theorem.
Let S denote the set of prime divisors of b. Consider the linear forms in

X = Xo, X1,...,Xp)
given by
LioX):=X;, j=1,...,h,
Looo(X):=EDy Xp+---+ED1 X1 — X,
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and, for every prime number ¢ in S,
LioX):=X;, j=0,....h

For the tuple

np.i nyp i ni.i
bi :(wm,-vvm,-b h"v---:vm,-b 2,t’vmib l'l)’

with a sufficiently large m;, we use (2-2) and (2-3) to obtain

h h

[T1Licc®)x [T TILse®Dle < 1Euwml - vm,|"

Jj=0 tesS j=0 < |um[|—(h—1/2)s & H(bi)—(h—l/Z)e’
where the implied constant is independent of i and H (b;) is the Weil height of the
projective point [Wy,, : Uy, O™t - - 1 vy, b

The subspace theorem [5, Corollary 7.2.5] implies that there exist integers
to, 11, - .., ty, not all zero, and an infinite subset A3 of A5 such that
2-4) vy (tp D" A+ 1B Ftowyy, =0 for (W, Aps ..., 10,) €N

Dividing the above equation by u,,, and letting i tend to infinity, we deduce that
I E =0
D, 7T

Since £ is irrational, we must have ty = t;, = 0. Then, we use (2-1) and (2-4) to
derive that t{ = --- = #;,_1 = 0, a contradiction. This finishes the proof of (i).

We now prove part (ii) using a similar method. Let s > 0 and let x be a positive
integer such that DC(x, b) =s. If s =0, we can write

dbn—l—l —d
x=d+db+---+db" = ———,
b—1
withn>0andde{l,...,b—1}. If s >0,let0 <c| < ¢y <--- < ¢ denote the
exponents of b where digit changes take place:

x=do(l+- -+ +d B+ AT+ d (0 -+ DY)
_ —do+(do—d\) b +(dy —dp) b + - - - + (dy—1 — dy) b 4 ds b
bh—1 ’
withn > ¢y, do, ..., ds €{0,...,b—1},and di;| #d; for 0 <i <s— 1.
Let Ny be the set of tuples (m, ng, ny, ..., n,) such that:

e 0<a<k+1andng <...< n, are nonnegative integers.
o There exist integers ey, ..., e, in [—(b — 1), b — 1] such that
D"+ ey B

b—1

is a divisor of u,, and § > u,(,lf”_l)/(kﬂ)ﬁ.

S
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Assume that Ny is infinite. Then, there exist an integer &7 with 0 <h <k +1,
nonzero integers Ey, . .., Ep, an infinite set N5 of (h+2)-tuples (m;, ny i, ..., no;)
for i > 1 such that:

e np; <...<njp,; are nonnegative integers.

e Fori > 1,
_Ey bhi 4 ... 4 Eqgb"0i

i b—1

. . . k+2-2)/(k+2
is a divisor of u,,, with §,,, > u,(,,,+ Y ktDte

¢ We have

hm (nj,i—nj,lyi):-i—oo, j=1,...,h.

1—+00
We can now apply the subspace theorem in essentially the same way as before to
finish the proof. O

3. Proof of Theorem 1.1 and Corollary 1.3

In Corollary 1.3, the equivalence (iii) < (iv) and the implications (iv) = (i)
and (iv) = (ii) are well known and have already appeared in Theorem 1.2. The
implication (ii) = (iv) is essentially the last assertion of Theorem 1.1 while the
remaining implication (i) = (iv) follows from the inequality || px /&l < |px] ™!
and Theorem 1.1 again. We spend the rest of this section to discuss Theorem 1.1.
From now on N is the set of positive integers, Ng = NU {0}, u is the group of
roots of unity, and Gg = Gal(Q/Q). Let i denote the absolute logarithmic Weil
height on Q. Let k € N, a tuple (a, . . ., &) of nonzero complex numbers is called
nondegenerate if o; /o; ¢ u for 1 <i # j < k. We consider the following more
general family of sequences than (nondegenerate) linear recurrence sequences:

Definition 3.1. Let K be a number field. Let .(K) be the set of all sequences
(un)n>1 of complex numbers with the following property. There exist k € Ny
together with a nondegenerate tuple (o, ..., o) € (K *)k such that, when n is
sufficiently large, we can express

(3-1) Up =(qn1 Q] -+ qni )
forgn 1, ..., qni € K* and max<j<x h(gn.;) = o(n).

In Definition 3.1, we allow k& = 0 for which the empty sum in the right-hand side
of (3-1) means 0. Any sequence (u,),>1 that is eventually O is in . (K).

Example 3.2. Consider a linear recurrence sequence (v,),>1 of the form

vp=Pi(n)ri +---+ P(n)ry,
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with k € N, distinct rq, ..., rx € K*, and nonzero Py, ..., Py € K[X]. Let L be the
lcm of the order of the roots of unity that appear among the r; /r; for 1 <i, j <k.
Then each one of the L sequences (Vnr+r)n>1 forr =0,..., L —1 is a member
of Z(K).

As an explicit example, consider v, = 2" 4 (—2)" 4+ n for n € N. The sequence
(v2, =2-4"+2n),>1 1s in .(Q) and a tuple (o1, . . ., o) satisfying the requirement
in Definition 3.1 is (¢; =4, ap = 1). The sequence (v2,4+1 =21+ 1),>1 is in L (Q)
and a tuple (¢, ..., o) satisfying the requirement in Definition 3.1 is (o) = 1).

Lemma 3.3. Let K be a number field and let (u,),>1 be an element of .7 (K). Let
k, L e Ng and let (ay, ..., ax) and (By, ..., B¢) be nondegenerate tuples of nonzero
elements of K. Suppose that when n is sufficiently large, we can express

Uy, qula?-l---'-f—qﬂ,ka/? :rn,llg{l+"'+”n,e,3?
for qui, ..., 10 € K* such that
max{h(gn,i), h(rn,j) :1 <i <k,1<j=<{}=o0(n)

as n tends to infinity. Then k = € and there exist a permutation o of {1, ..., k}
together with roots of unity 1, ..., {k in K such that a; = § By for 1 <i <k
and g ; §' = rn (i) for every sufficiently large n and for every 1 <i < k.

Proof. This follows from [20, Proposition 2.2]. (I

Definition 3.4. Let K be a number field and let (u,,),>; be in . (K). Let (¢, ..., k)
satisfy the requirement in Definition 3.1. We call k£ the number of . (K)-roots
of (uy)n>1; this is well defined, thanks to Lemma 3.3. We call (a1, ..., a¢) a
tuple of . (K)-roots of (u,),>1; this is well defined up to permuting the «;’s and
multiplying each «; by a root of unity in K.

Here is the reason why we use the strange terminology “.% (K )-roots” instead of
the usual “characteristic roots”. In the theory of linear recurrence sequences, we
have the well defined notion of characteristic roots. For example, the characteristic
roots of (u, = 2" + 1),>; are 2 and 1. When regarding (u,),>1 as an element
of #(K), we may say that any tuple (2¢, ¢) where ¢ and ¢’ are roots of unity in K
is a tuple of . (K)-roots of (uy)n>1.

Definition 3.5. Let K be a number field. Let (u,),>1 be an element of .”(K) and
let k € Ny be its number of .’ (K )-roots. We say that (u,),>1 is admissible if

« either k =0, i.e., (u,),>1 1s eventually O,

e or k > 0 and at least one entry in a tuple of .(K)-roots of (u,),>1 is not a
root of unity.
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Since every nondegenerate linear recurrence sequence of algebraic numbers that
is not a polynomial sequence is an admissible element of . (K) for some number
field K, Theorem 1.1 follows from the below theorem.

Theorem 3.6. Let £ be an algebraic number of degree d > 3. Let ¢ > 0 and let K
be a number field. Let (u,),>1 be a sequence of integers that is also an admissible
element of #(K). Then the set

{I’leN:Mn #O and ”I/lngn <W}

is finite.

The proof of Theorem 3.6 relies on a result of Kulkarni et al. [20], which extends
a seminal work of Corvaja and Zannier [13]. By a sublinear function, we mean a
function f : N — (0, oo) such that lim,_, o f(n)/n =0, thatis, f(n) =o(n). We
need the following slightly more flexible version of [20, Theorem 1.4]:

Theorem 3.7. Let C € (0, 1]. Let K be a number field, let k € N, let (ay, ..., o)
be a nondegenerate tuple of algebraic numbers satisfying |a;| > C for 1 <i <k,
and let [ be a sublinear function. Assume that for some 6 € (0, C), the set M of
(n,q1, ..., qx) € N x (K" satisfying

k
qui of “ < 6" and 1m_axkh(ql-) < f(n)
i=1 ==

is infinite. Then:
(1) «; is an algebraic integer fori =1, ..., k.

(i) For eacho € Gg and i = l,...,ksuchthat% eguforj=1,...,k we
J
have |o (a;)| < C.

Moreover, for all but finitely many (n, q1, ..., gx) € M we have

o(a;)

for (o,i, j) € Gg x {1, ..., k)%, o(gia) =q;a} if and only if ER

Qo
Remark 3.8. Theorem 3.7 in the case C = 1 is exactly [20, Theorem 1.4].

Proof of Theorem 3.7. When n is fixed, there are only finitely many tuples
(n,q1,...,qr) in M, thanks to the upper bound on max A(g;) and Northcott’s
property. In the following, for (n, q1, ..., qx) in M, we tacitly assume that n is
sufficiently large.

For N large enough, we have 1/0" > 3/C" and the interval [1/CV, 1/6V)
contains a prime number D which does not divide the denominator of «; for
i=1,...,k. Wehave

DoN <1< DCV.
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Fix 6’ € (DOV,1). Let B; = DalN for 1 <i < k. We now define the set M’ as
follows. Consider (n, q1, ..., qr) € M withn =r mod N, write n = mN + r with
ref{0,..., N—1}, then we have

k
r om
HZ%‘ o; B
iml

assuming n and hence m are sufficiently large so that the last inequality holds,
thanks to the choice 6" € (D6", 1). We include the tuple (m, gy af, ..., gk o)
in M. Finally, consider the sublinear function

< Dmgn =0r(DQN)m < e/m’

k
= > @iy
i=1

gn) = f(n)+ N —1) lfillagkh(oti),

so that max<;< h(q; @}) < g(n).
We apply [20, Theorem 1.4] for the tuple (B, ..., Bx), the function g, the
number @', and the set M’ to conclude that:

. DoziN is an algebraic integer for 1 <i < k. Our choice of D implies that ¢; is
an algebraic integer for 1 <i <k.

e Foreacho € Ggandi €{l, ..., k}suchthat 29 ¢ u forevery j € {1, ..., k},

o(aj)
we have o (Da¥) < 1 consequently o (o;) < 1/D'N < C.

¢ The last assertion of Theorem 3.7 holds.
This finishes the proof. O

Proof of Theorem 3.6. Let k denote the number of .# (K)-roots of (u,),>1. The case
k=0 (i.e., (up)n>1 is eventually 0) is obvious. Assume k > 0 and let (o1, ..., k)
be a tuple of . (K)-roots of (u#,),>1. For L e Nand r € {0,..., L — 1}, each
sequence (U,14r)n>1 1S an admissible element of .(K') and admits (alL, ey osz)
as a tuple of .7 (K )-roots. Let L be the Icm of the order of roots of unity among the
o(a;)/t(aj) foro, T € Ggand 1 <i, j <k and replace (u,),>1 by each (u,14,)n>1,
we may assume

(3-2) for o, 7€ Gg and 1<i, j <k, “(“’; e if and only if o (0;) =7 (a;).
T Olj
We first prove that the set {«y, ..., ax} is Galois invariant.

For sufficiently large n, express
Up =qnaaf + -+ qniay
as in Definition 3.1. Let o0 € Gq, since u,, € Z we have

qn,1 05? +- -+ gnk Of]rcl = G(Qn,l) U(al)n +--- +U(Qn,k) U(ak)n for all large n.
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From [20, Proposition 2.2], we have that for every i € {1, ..., k} there exists
Jj€{l,...,k} such that o (;)/aj € p and this gives o («;) = «;, thanks to (3-2).
Theorem 3.7 implies that the «;’s are algebraic integers and for every sufficiently
large n, for (o, i, j) € Gg x {1, ..., k}2 we have

(3-3) 0(qn,i) =qn,j, Whenever o(o;) =a;.

Since (u,),>1 is admissible, at least one of the ¢;’s is not a root of unity and hence

(3-4) M := max |o;| > 1.

1<i<k

Suppose the set

T = {neN:un;ﬁO and |lu, §| <W}

is infinite, then we will arrive at a contradiction. Let § denote a sufficiently small
positive real number that will be specified later. By [20, Section 2], we have

(3-5) ] > M0

for all large n. Therefore

1
(3'6) ”S dn,1 a;l +---+ E qn.k a/r{z ” < M(]—(S)(l/(d—l)-‘,-s)n

for all large n in T'.
We relabel the «;’s and let m < £ < k such that

(@) lon| =M.
(ii) loi| = o for 1 <i <€ while |a;| < 7 for £+ 1<i <k.

(iii)) Among the «y, ..., oy, we have that ¢, . . ., a,, are exactly the Galois conju-
gates of ;. When combining with (ii), this means that «y, . . ., «, are precisely
the Galois conjugates of oy with modulus at least M ~(1/(@=1+é)

We require § small enough so that

1 1
3-7) dj+3<(1—5)(dj+e).

Choose the real number ¢ such that:

1 1 1 .
(3-8) dj+5<c<(1—5)<m+s) and Joj] < - for €+1 =i <k

Thanks to this choice of ¢ and the assumption that i(g, ;) = o(n) for 1 <i <k,
we have

1
(3-9) |& qn,t+1 0521+1 +--- +§Qn,k O‘/rcl| < N
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for all sufficiently large n. From (3-6) and (3-8), we have

(3-10) R e A e

for all large n in 7. Combining the above inequalities, we have
1
(3-11) 1§ gnaof +- - +& gneafll < 3

for all large n in T'.

Let F be the Galois closure of K(£). We apply Theorem 3.7 for the tuple
(ag,...,ap), C = M~1/@=D+8) g — p—< and the inequality (3-11) then use
(3-2) and (3-3) to have that for every large n in T, o € Gal(F/Q), and 1 <i, j <,

(3-12) if o(a;) =aj,then o (§gn;i]) =&qn,; a? and hence o (§) =&.

Since a1, ..., o are exactly the Galois conjugates of «; among the oy, ..., oy,
equation (3-12) implies that & is fixed by at least m| Gal(F/Q(a))| =m[F : Q(oy)]
many automorphisms in Gal(F/Q). Put d’ = [Q(ay) : Q], we have

(3-13) [F: Q)] =|Gal(F/Q&)| = m[F : Qa1)] = g[F :Ql.

Since [Q(§) : @] = d, equation (3-13) implies m < d’/d. This means «; has at
least d’(d — 1)/d many Galois conjugates with modulus less than M ~(1/(@=D+9),
Combining with the fact that all Galois conjugates of «; have modulus at most M,

we have

|N@(a|)/@(al)| < Md/dM—(l/(d—l)—HS)d(d—l)/d <1,

since M > 1 and § > 0. This contradicts the fact that «; is a nonzero algebraic
integer and we finish the proof. (]

4. Proof of Theorem 1.5 and further discussion on Erdos and Mabhler [16]

Proof of Theorem 1.5. We assume that 6 is not a Liouville number, that is, we
assume that y is finite. Define

Ok = qk—1 9k Gk+1, k= 2.
Let S be a finite set of prime numbers. Write 6 = [ag; a1, dp, . . . ] and recall that
Gk+1 = Q1 9k + Gk—1, k> 2.

Let k > 2 and set dy = gcd(qr—1, gr+1). Since gx—; and g are coprime, we see that
dy divides ag4 ;. Define

i1 = Q—1/dks Gy = Qe /A, Ay = Q1 /die
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Then, we have i . .
oyl = Qi1 Gk + 51, k=2
Let ¢ > 0. By the Schmidt subspace theorem, the set of points (¢;_;, g; ;) such

that * * * * * * * —e
Gi—1 D+ | | 19k—1 91 Q1 — e—Dp < (@41)
peS

is contained in a union of finitely many proper subspaces. Since g;_; and g, are
coprime, this set is finite. We deduce that, for £ large enough, we get

l_[ 251 @51 Gk — e-Dlp > @iy qz+1)7l(q;:+1)7ea

pES
thus
1_[ k=1 Q1 (a1 GOl p > (Gr—1 qra) " (gf ) 5,
pES
and hence

l_[ |Gk—1 Qi1 Gkl p > (@1 G~ (@) ™5
peS

Recalling that g1 < g and gx4+1 < q,ﬁ‘ I for k large enough, we get

[Okls < qe1 9,15 < gl 0f.

Since ot lte

Ok < gt g1 < 4| ,
we get +6)/(ut+1+
[Qils < Q19 of.
This proves (1-1). The last assertion can be proved in the same manner, thanks to
the identity pix+1 = ax+1 pr + pr—1 and the inequalities

-1
Ipe—1l < Ipxl and  [pryr| < |[pil*F

for large k. (]
The following was suggested at the end of [16]:

Question 4.1 (ErdGs and Mabhler [16]). Let 6 be an irrational real number such
that the largest prime factor of p,(0) q,(0) is bounded for infinitely many n. Is it
true that 0 is a Liouville number?

Without further details, Erdés and Mahler stated the existence of 0 with the
given properties in Question 4.1. We provide a construction here for the sake of
completeness.

Let S and T be disjoint nonempty sets of prime numbers such that § has at least
two elements. We construct uncountably many 6 such that for infinitely many » the
prime factors of p, () belong to S while the prime factors of g, (6) belong to 7. To
simplify the notation, we consider the case S = {2, 3} and T = {5}. The construction
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for general S and T follows the same method. The constructed numbers 6 have the
form
foo
1
0=y o
i=1

Let I be the set of positive integers with only prime factors in {2, 3}. For every
positive integer m, let y (m) denote the smallest element of I' that is greater than m.
Let f(m) := L2=" By [29], we have

4-1) lim f(m)=0.

m——400
First, we construct the sequence of positive integers s(1) < s(2) <. .. recursively:
e s(hH)y=1.
o After having s(1), ..., s(k), let N; be a positive integer depending on s(k) such
that

1
(4-2) f(m) < W for m > Nk.

Then we choose s(k 4+ 1) so that

3s(k+l)*1

(4-3) 5% >N, and s(k+1)>s(k)+ 1.

Now we construct the a;’s:

°a1:1.

e Choose arbitrary a; € {1, 2} fori ¢ {s(1),s(2),...}. Since s(k+1) > s(k) + 1
for every k, the set N\ {s(1), s(2), ...} is infinite. Hence there are uncountably
many choices here.

* Since s(1) = 1, we already had a,(1). Suppose we have a(1), . . ., dsx) positive

integers with the following properties:

(i) For 1 < j <k, we have Zf(zjl)s% = 5”;—({/)) with ugj) € T.

.. . as(j) S
(i1) For 2 < j <k, we have S0 < SR

We now define a1 so that the above two properties continue to hold with j =k+1
as well. Thanks to property (ii) and the fact that @; <2 fori ¢ {s(1), s(2), ...}, we
have the rough estimate

s(k+1)—1 a stk+1)—1 k—1

u ) i 2 1
PRSI = Z 57 = Z ?"_Z 53U <1,

i=l i=1 j=1
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SC+1)—1
and hence, u < 5% . From
s(k+1) 2.35k+1)—1
a _ u As(k+1) _U-5 + dsk+1)
E : 530 gaErD-T T g3strh T 53sG+D) ’

i=1

we now define 238+ 1)1 238+ 1)1
as+1) =y -5 )—u-5 .

Recall that y(u - 52'3x(k+|)_]) is the smallest element of I' that is greater than

u- 53" This verifies property (i) for j =k + 1. To verify (ii) for j =k + 1,
we have
as(k_;’_l) y(u . 52.3.&(k+l)—l) —u. 52.3.&(k+1)—| u- 52.3.&(k+1)—|
53s(k+1) = u- 52,3s(k+1)—1 : 535(k+1)
y(u- 52‘3%“)71) oy 523 ) 3s(k1)-1
< e [since u <5 ]
2stk+1)—1
= f@-577)
1
< @ by (4-2) and (4-3).

By the principle of recursive definition, we have a; for i € {s(1), s(2), ...} such
that property (i) holds for every j > 1 and property (ii) holds for every j > 2.

Write u, /v, =Y, % with v, =55 . We have

i<n g3
00 00 00
di 2 1 4 4
16— us(k)/vs(k)l = Z <3 < Z g + Z 5350+ < 530G+ = 03
i=s(k)+1 i=s(k)+1 j=k s(k)

Therefore the usk)/vs«) are among the convergents to 6.

It is not clear to us whether the above numbers 6 are always Liouville numbers.
However, we suspect that this is the case. In order to construct Liouville numbers,
we can use a similar method for numbers of the form } ;. %
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LOCAL GALOIS REPRESENTATIONS
OF SWAN CONDUCTOR ONE

NAOKI IMAT AND TAKAHIRO TSUSHIMA

We construct the local Galois representations over the complex field whose
Swan conductors are one by using étale cohomology of Artin—-Schreier
sheaves on affine lines over finite fields. Then, we study the Galois representa-
tions, and give an explicit description of the local Langlands correspondences
for simple supercuspidal representations. We discuss also a more natural
realization of the Galois representations in the étale cohomology of Artin—
Schreier varieties.

Introduction

Let K be a nonarchimedean local field. Let n be a positive integer. The existence of
the local Langlands correspondence for GL, (K ), proved in [Laumon et al. 1993]
and [Harris and Taylor 2001], is one of the fundamental results in the Langlands
program. However, even in this fundamental case, an explicit construction of the
local Langlands correspondence has not yet been obtained. One of the most striking
results in this direction is the result of Bushnell and Henniart [2005a; 2005b; 2010]
for essentially tame representations. On the other hand, we don’t know much about
the explicit construction outside essentially tame representations.

We discuss this problem for representations of Swan conductor 1. The irreducible
supercuspidal representations of GL, (K) of Swan conductor 1 are equivalent to
the simple supercuspidal representations in the sense of Adrian and Liu [2016] (see
[Gross and Reeder 2010; Reeder and Yu 2014]). Such representations are called
“epipelagic” in [Bushnell and Henniart 2014].

Let p be the characteristic of the residue field k of K. If n is prime to p, the simple
supercuspidal representations of GL,(K) are essentially tame. Hence, this case is
covered by the work of Bushnell and Henniart. See also [Adrian and Liu 2016]. It
is discussed in [Kaletha 2015] to generalize the construction of the local Langlands
correspondence for essentially tame epipelagic representations to other reductive
groups.

MSC2020: primary 11F80; secondary 11F70.
Keywords: Galois representation, simple supercuspidal representation, local Langlands
correspondence.
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In this paper, we consider the case where p divides n. In this case, the simple
supercuspidal representations of GL,,(K) are not essentially tame. Moreover, if n
is a power of p, the irreducible representations of the Weil group Wg of Swan
conductor 1, which correspond to the simple supercuspidal representations via the
local Langlands correspondence, cannot be induced from any proper subgroup. Such
representations are called primitive (see [Koch 1977]). For simple supercuspidal
representations, we have a straightforward characterization of the local Langlands
correspondence given in [Bushnell and Henniart 2014]. Further, Bushnell and Hen-
niart study the restriction to the wild inertia subgroup of the Langlands parameters
for the simple supercuspidal representations explicitly. Actually, the restriction to
the wild inertia subgroup already determines the original Langlands parameters
up to character twists, but we need additional data, which appear in Bushnell and
Henniart’s characterization, to pin down the correct Langlands parameters. On
the other hand, the construction of the irreducible representations of Wi of Swan
conductor 1 is a nontrivial problem. What we will do in this paper is

« to construct the irreducible representations of Wi of Swan conductor 1 without
appealing to the existence of the local Langlands correspondence, and

« to give a description of the Langlands parameters themselves for the simple
supercuspidal representations.

Let £ be a prime number different from p. For the construction of the irreducible
representations of Wi of Swan conductor 1, we use étale cohomology of an Artin—
Schreier ¢-adic sheaf on A,lac, where k% is an algebraic closure of k. It will
be possible to avoid usage of geometry in the construction of the irreducible
representations of Wk of Swan conductor 1. However, we prefer this approach,
because

e we can use geometric tools such as the Lefschetz trace formula and the product
formula of Deligne—Laumon to study the constructed representations, and

« the construction works also for £-adic integral coefficients and mod ¢ coeffi-
cients.

A description of the local Langlands correspondence for the simple supercuspidal
representations is discussed in [Imai and Tsushima 2022] in the special case where
n = p = 2. Even in the special case, our method in this paper is totally different
from that in [Imai and Tsushima 2022].

We explain the main result. We write n = p°n’, where n’ is prime to p. We fix a
uniformizer @ of K and an isomorphism ¢ : @, ~ C.

Let £y be the Artin—Schreier @g—sheaf on A,. associated to a nontrivial charac-
ter  of [,. Let 7 : Al — A,lac be the morphism defined by 7 (y) = y”“’l. Let
¢ € ug—1(K), where g = |k|. We put E, = K[X]/(X"’ — ¢ ). Then we can define
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a natural action of Wg, on Hc1 (A, m*Ly). Using this action, we can associate
a primitive representation 7, ¢ y . of Wg, to ¢ € u,—1(K), a character x of k>
and ¢ € C*. We construct an irreducible representation 7 , . of Swan conductor 1
as the induction of 7, ¢ , . to Wg.

We can associate a simple supercuspidal representation m; , . of GL,(K) to the
same triple (¢, x, ¢) by type theory. Any simple supercuspidal representation can
be written in this form uniquely (see [Imai and Tsushima 2018, Proposition 1.3]).

Theorem. The representations t; . and 7w¢ y . correspond via the local Langlands
correspondence.

In Section 1, we recall a general fact on representations of a semidirect product of
a Heisenberg group with a cyclic group. In Section 2, we give a construction of the
irreducible representations of Wk of Swan conductor 1. To construct a representa-
tion of Wi which naturally fits a description of the local Langlands correspondence,
we need a subtle character twist. Such a twist appears also in the essentially tame
case in [Bushnell and Henniart 2010], where it is called a rectifier. Our twist can be
considered as an analogue of the rectifier. We construct the representations of Wy
using geometry, but we give also a representation theoretic characterization of the
constructed representations. In Section 3, we give a construction of the simple
supercuspidal representations of GL, (K) using the type theory.

In Section 4, we state the main theorem and recall a characterization of the
local Langlands correspondence for simple supercuspidal representations given in
[Bushnell and Henniart 2014]. The characterization consists of the three equalities
of (i) the determinant and the central character, (ii) the refined Swan conductors,
and (iii) the epsilon factors.

In Section 5, we recall some general facts on epsilon factors. In Section 6, we
recall facts on Stiefel-Whitney classes, multiplicative discriminants and additive
discriminants. We use these facts to calculate Langlands constants of wildly ramified
extensions. In Section 7, we recall the product formula of Deligne-Laumon. In
Section 8, we show the equality of the determinant and the central character using
the product formula of Deligne—Laumon.

In Section 9, we construct a field extension T, of E, such that the restriction
of T, ¢, y,c tO WT{u is an induction of a character and p ¢ [Tg”l : E¢], which we call
an imprimitive field. In Section 10, we show the equality of the refined Swan
conductors. We see also that the constructed representations of Wg are actually of
Swan conductor 1.

In Section 11, we show the equality of the epsilon factors. It is difficult to calculate
the epsilon factors of irreducible representations of W of Swan conductor 1 directly,
because primitive representations are involved. However, we know the equality
of the epsilon factors up to p°-th roots of unity if n = p®, since we have already
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checked the conditions (i) and (ii) in the characterization. Using this fact and
p1 [T;': E;], the problem is reduced to study an epsilon factor of a character. Next
we reduce the problem to the case where the characteristic of K is p and k =[,.
At this stage, it is possible to calculate the epsilon factor if p # 2. However, it is
still difficult if p = 2, because the direct calculation of the epsilon factor involves
an explicit study of the Artin reciprocity map for a wildly ramified extension with a
nontrivial ramification filtration. This is a special phenomenon in the case where
p =2. We will avoid this difficulty by reducing the problem to the case where e = 1.
In this case, we have already known the equality up to sign. Hence, it suffices to
show the equality of nonzero real parts. This is easy, because the difficult study of
the Artin reciprocity map involves only the imaginary part of the equality.

In Appendix, we discuss a construction of irreducible representations of Wk of
Swan conductor 1 in the cohomology of Artin—Schreier varieties. This geometric
construction incorporates a twist by a “rectifier”. We see that the “rectifier” parts
come from the cohomology of Artin—Schreier varieties associated to quadratic forms.
The Artin—Schreier varieties which we use have origins in studies of Lubin—Tate
spaces in [Imai and Tsushima 2017; 2021].

Notation. Let AY denote the character group Homyz (A, C*) for a finite abelian
group A. For a nonarchimedean local field K, let

e Ok denote the ring of integers of K,

e pg denote the maximal ideal of Ok,

¢ vk denote the normalized valuation of K which sends a uniformizer of K to 1,

e ch K denote the characteristic of K,

* Gk denote the absolute Galois group of K,

» Wk denote the Weil group of K,

Ik denote the inertia subgroup of W,
e Pk denote the wild inertia subgroup of W,

and we put Ug' = 1 + p¢ for any positive integer m.

1. Representations of finite groups
First, we recall a fact on representations of Heisenberg groups. Let G be a finite
group with center Z. We assume:
(i) The group G/Z is an elementary abelian p-group.
(ii) Forany g€ G\ Z, the map ¢, : G — Z, g’ — [g, g'] is surjective.

Remark 1.1. The map ¢, in (ii) is a group homomorphism. Hence, Z is automati-
cally an elementary abelian p-group.
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Let ¥ € Z" be a nontrivial character.

Proposition 1.2. There is a unique irreducible representation py, of G such that

py |z contains . Moreover, we have (dim /010)2 =[G : Z] and we can con-

struct py as follows: Take an abelian subgroup G| of G such that Z C G

and 2dimg,(G1/Z) = dimg,(G/Z). Extend  to a character ¥ of Gi. Then
— 1ndG

py =1Indg V.

Proof. The claims other than the construction of py, is Proposition 8.3.3 in [Bushnell
and Frohlich 1983]. Note that if an abelian subgroup G of G satisfies the conditions
in the claim, then G1/Z is a maximal totally isotropic subspace of G/Z under the
pairing

(G/Z)x(G]Z2) - C*, (8Z,8'Z)— (g, &'D.
Hence the construction follows from the proof of [Bushnell and Frohlich 1983,
Proposition 8.3.3]. O

Next, we consider representations of a semidirect product of a Heisenberg group
with a cyclic group. Let A C Aut(G) be a cyclic subgroup of order p® + 1 where
e= %(logp[G : Z]). We assume:

(3) The group A acts on Z trivially.

(4) For any nontrivial element a € A, the action of a on G/Z fixes only the unit
element.

We consider the semidirect product A X G by the action of A on G.

Lemma 1.3. There is a unique irreducible representation ,01//, of A X G such that
,0:/,|G >~ py and tr ,01’// (a) = —1 for every nontrivial element a € A.

Proof. The claim is proved in the proof of Lemma 22.2 in [Bushnell and Henniart
2006] if Z is cyclic and v is a faithful character. In fact, the same proof works also
in our case. ]

Corollary 1.4. There exists a unique representation p:// of A x G such that

Pylz = Ve and trpy,(a) = —1
for every nontrivial element a € A. Further, the representation ,0{0 |G is irreducible.

Proof. First we show the existence. We take the representation ,o{p in Lemma 1.3.
Then pl’l, has a central character equal to v by Proposition 1.2. This shows the
existence.

We show the uniqueness and the irreducibility of pfp |G. Assume that ,0{,, satisfies
the condition in the claim. Take an irreducible subrepresentation py, of /01/0 |G. Then
py satisfies the condition of Proposition 1.2. Hence, dim py, = p¢. Then we have
Py = pfpl(; and p{y |G is irreducible. Such py, is unique by Lemma 1.3. O
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2. Galois representations

2A. Swan conductor. Let K be a nonarchimedean local field with residue field k.
Let p be the characteristic of k. Let f be the extension degree of k over [,. We
put g = p/.

Let

Artg i K™ = WP
be the Artin reciprocity map, which sends a uniformizer to a lift of the geometric
Frobenius element.

Let 7 be a finite dimensional irreducible continuous representation of Wg over C.
Let ¥ : K — C* be a nontrivial additive character. Let £(z, s, V) denote the
Deligne-Langlands local constant of T with respect to . We simply write e(z, V)
for s(r, %, \IJ).

We define an unramified character w; : K* — C* by ws(w) =g ~* for s € R,
where @ is a uniformizer of K. We recall that

2-1) e(t,s,¥V) =¢e(t Q wy, 0, W)

(see [Tate 1979, (3.6.4)]).

Let ¢ € [FFY by Yo(l) = e¥™V=1/P We take an additive character Vg K— C*
such that ¥g (x) = Yo(Trer, (x)) for x € Og. By [Bushnell and Henniart 2006,
Proposition 29.4], there exists an integer sw(t) such that

e(r, s, ¥x) =q ™ e(x,0, Yk).
We put Sw(7) = max{sw(zr), 0}, which we call the Swan conductor of .

2B. Construction. We construct a group Q which acts on a curve C over an
algebraic closure of k. By using this action of Q and Frobenius action, we construct
a representation of a semidirect product Q x Z in étale cohomology of C. Then we
use the representation of QO x Z to construct a representation of a Weil group.

We fix an algebraic closure K of K. Let k% be the residue field of K*. Let n
be a positive integer. We write n = p°n’ with (p, n’) = 1. Throughout this paper,
we assume that e > 1. Let

0=A{(a,b,c)|ac pupi1(k*), b,cek®™, bP* b= 0, P —c+b" 1 =0}
be the group whose multiplication is given by

e—1
(a1, b1, c1) - (az, by, c2) = (dlaz, bi+ayby,c1+cr+ Z(al by bz)pl)
i=0
Remark 2.1. The construction of the group Q has its origin in a study of the

automorphism of a curve C defined below. We can check that the above multipli-
cation gives a group structure on Q directly, but it’s also possible to show this by
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checking that the inclusion from Q to the automorphism group of C defined below
is compatible with the multiplications.

Note that |Q| = p2e+1 (p®+1). Let Q x Z be a semidirect product, where m € Z
acts on Q by (a,b,c) — (a?",bP™", cP™"). We put

(2-2) Fr(m) =((1,0,0),m) e Q xZ formeZ.
Let C be the smooth affine curve over k% defined by
xP—x=y"* in Al
We define a right action of Q x Z on C by

e—1

(x, y)((@, b, ¢),0) = (x +3 B»? +ealy +b”")), (x, ) Fr(1) = (x”, yP).
i=0
We consider the morphisms
hiAle = Ale, x> xP —x, T AL = A,y yP L

Then we have the fiber product

h/
C —— Al

Allalc T> A'liac:

where 7’ and A’ are the natural projections to the first and second coordinates
respectively. Let g = ((a, b, ¢), m) € Q x Z. We consider the morphism

80 A > A,y (aly +57 )P,
Let ¢ be a prime number different from p. Then we have a natural isomorphism
Cg: g;h;@g = h; g*@g = h;@g.

We take an isomorphism ¢ : @; ~ C. We sometimes view a character over C as a
character over Q; by ¢. Let i € [FI\)/. We write Ly, for the Artin—Schreier Qy-sheaf
on A,lac associated to i, which is equal to §(¢/) in the notation of [Deligne 1977,
Sommes trig. 1.8(1)]. Then we have a decomposition /. Q = @weﬂv Ly . This
decomposition gives canonical isomorphisms

(2-3) R,Q = h.Qe = @ 7* Ly
yely
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The isomorphisms ¢, and (2-3) induce cg y : gg* Ly — 7% Ly. We define a left
action of Q x Z on H! (A}, 7*Ly) by

HI AL, m°Ly) 8% HIN AL, gin* L) 2 HY (A}, m¥Ly) for g€ Q % Z.

Let 7y be the representation of Q x Z over C defined by H! (A,iac, m*Ly) and ¢.
For 6 € ppey1(k*)Y, let Ky be the smooth Kummer Qg-sheaf on Gy, je associated
to 6. We view e 41 (k*) x [, as a subgroup of Q by (a, c) — (a, 0, ¢).

Lemma 2.2. We have a natural isomorphism

I{C1 (A/i‘“'" jT* ‘61//) = @ Hcl (Gm’kac, ‘Clll ® KQ)’
O€mpe 1 (k*)V\{1}

which is compatible with the actions of | pe11(k*) x [, where
(a,c) € upey1(k*) x F
acts on HC1 (Gm,kae, Ly @ Kog) by 6(a) ¥ (c). Further, we have
dim H} (G g, Ly ® Kg) = 1
forany 0 € ppe 1 (k%)Y \ {1}.
Proof. By the projection formula, we have natural isomorphisms
T 0" Loy (7" Ly ® Q) ~ Ly Qm.Q¢ on A,lac.

Further, we have _
Tlx QE x~ @ }CQ on Gm’kac,

O pe y1 (k)Y

since 7 is a finite étale p pe 41 (k*)-covering over Gy, yac. Therefore, we have

(2-4) T Ly > Ly @m Q> @ Ly ®Ky

66#17e+1 (k*)v

on Gy jac. Let {0} denote the origin of A,iac. Leti: {0} — A,lac and j : Gy g — A,lac
be the natural immersions. From the exact sequence

0— jj*n* Ly > "Ly — ixi* 7" Ly — 0,
we have the exact sequence
(2-5) 0— H({0},i*7* Ly) — H} Gupse, 7 Ly) = H (Auc, 7 Ly) — O,

since
HY(Ale, m*Ly) =0 and H'({0},i*7*Ly) =0.
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Note that H°({0}, i*m*Ly) >~ . By (2-4), we have isomorphisms
(2-6) H (G e, 7 L) = H (G pac, 704 T* Loy

~ P H! G Ly ®Kp).

O pe y1 (k)Y

We know that
(2-7) dim H} (G g, Ly ® Kp) = 1

for any 6 € o1 1(k*)" by the proof of [Imai and Tsushima 2017, Lemma 7.1]
(see [Imai and Tsushima 2023, (2.3)]). Since the composition of

HO({0},i*m* Ly) > H! G, T Lyy)

and (2-6) is compatible with the actions of i pe1(k*) x [, it factors through an
isomorphism H°({0}, i* * Ly) HCl (Gm ki, Ly) by (2-7). Then the claim follows
from (2-5), (2-6) and (2-7). [l

Let o : o (k) < C* be the nontrivial group homomorphism if p # 2. We define
a character 6y € wpeq1(k*)" by

0@ P D2y if p £2,

(2-8) fola) = {1 if p=2

for a € ppes1(k*). For an integer m and a positive odd integer m’, let () denote
the Jacobi symbol. For an odd prime p, we set

1 if p =1 mod 4,

e(p)z{ﬁ if p =3 mod 4.

We have €( p)2 = (_71) We define a representation 7, of Q x Z as the twist of Ty,
by the character

QO x7Z—C*,

n 2’ \\* _—L\m .
(@b {90(61) n(fi_ae(p?( 7)) P72) ifp#2
(=D s p )" if p=2.
The value of this character is related to a quadratic Gauss sum. A geometric origin
of this character is given in (A-3). Let (¢, x, ¢) € pg—1(K) x (k*)¥ x C*. We take
a uniformizer & of K. We choose an element (pg € K% such that goé"/ = ¢{w and
set E; =K ((pé). We choose elements a¢, B¢, v € K* such that

(2-9)

+1 2 - +1
2-10) ol T=—g,. Bl +B=—o;'. Vv —ve=B"".
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For o € WE{, we set

as =0 (ar)/(ar), bs =as0(B;)— B¢,
2-11 et :
1D Co =0(V§)—V§+Z(bg (Be +bo))? .
i=0

Then we have ay, by, ¢y € Ogac. For o € Wg,, we put n, = VE, (Artg{1 (0)). We
have the homomorphism

(2_12) ®§' :WEé- — QNZ, g ((C_l0750'550')5fn0)'
Lemma 2.3. The image of the homomorphism O is Q X (fZ).

Proof. 1t suffices to show that the image of /g, C Wg, under ©; is equal to
Q C Q x Z, since the homomorphism Wg, — fZ, o — fn, is surjective. We
put N = E¢(a¢, B¢, v¢)- Then the kernel of ®©; is equal to Iy, by the definition.
Hence we have an injection /g, /Iy, < Q. This injection is actually a bijection,
since N; is a totally ramified extension over E; of degree p**!(p¢ + 1), which
equals to |Q|. Therefore, we obtain the claim. O

We write 7, ; for the representation of Wg, given by ®; and 7,,. Recall that ¢
is an element of C*. Let ¢, : Wg, — C* be the character defined by ¢.(0) = c".
We have the isomorphism (pgz X OE{ ~ E.* given by the multiplication. Let
Frob,, : k* — k™ be the inverse of the p-th power map. We consider the following
composition:
he T W B g x O % 0F S o T

We put
(2-13) Tnige =Tnc@(X0oA) ¢, and T, .= IndEc/K Tn,¢,x.ce

We will see that 7, , . is an irreducible representation of Swan conductor 1 in
Proposition 10.8. This Galois representation 7, , . is our main object in this paper.
We will study several invariants associated to this, for example, its determinant and
epsilon factor.

2C. Characterization. We put
Qo={(1,b,0)e @}, F={(1,0,c)e Q|cel,}
We identify [, with F' by ¢ — (1,0, ¢).

Lemma 2.4. Forany g=(1,b,c) € Qowithb #0, the map Qo — F, g'+> [g, &'
is surjective.
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Proof. For (1, by, c1), (1, by, c2) € Qp, we have

e—1

[(1, b1, c1). (1, by, c2)] = (1, 0. (b —blbg’e)l’i).
i=0
If by # 0, then

(bek|b" +b=0)— Fpe, by— b'by—bbL
is surjective. The claim follows from the surjectivity of Trf . /r, . (I

By this lemma, we can apply the results from Section 1 to our situation with
G =00, Z=F and A = ppey1(k*), where the action of p,eq1(k*) on Qp is
given by the embedding

mpe+1(k*) = Q, ar>(a,0,0)
and the conjugation. Let ° denote the unique representation of Q characterized by
(2-14) Op 2y, Tre’(@,0,0) = —1

for a € ppey1(k*)\ {1} (see Corollary 1.4).
We have a decomposition

(2-15) 0= @ Lo
O€ppe 1 (K*)V\{1}

such that a € ppe41(k*) acts on Ly by 6(a), since the both sides of (2-15) have the
same character as representations of 1 ye1(k*). For a positive integer m dividing
p°+1, we consider 1, (k*)" as a subset of 14 pe1(k*)" by the dual of the surjection

Wpe1 (%) = o (K*),  x — x(PD/m

We simply write Q for the subgroup Q x {0} C Q x Z.

Lemma 2.5. We have ty,|o ~ t°.

Proof. The representation ty, | o satisfies the characterization (2-14) by Lemma 2.2.

Hence 7y, | o is isomorphic to 7°. u

Corollary 2.6. The representation ty,| g, is irreducible.

Proof. This follows from Corollary 1.4, equation (2-14) and Lemma 2.5. (Il
For any odd prime p, we have
X
(2-16) D =) (—) Yo(x) = e(p)y/p
)CE[F;( XE[F; b

by Gauss.
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Lemma 2.7. We have

— ; )
Tr 7y (Fr(1)) = e(p)/p lfp #2,
0 if p=2.
Proof. By the Lefschetz trace formula, we have

2
> Tr(Fry, (T Lyy)x) = (=1 Tr(Fry, HE (Afee, T Ly)),
xeAl(Fy) i=0

where Fr), is the geometric p-th power Frobenius morphism. Since H! (A,iac, 7" Ly)
vanishes for i =0, 2, we have

Tr 7y, (Fr(1)) = — Z Te(Fry, (7* L))
XEAl(ﬂ:p)
==Y voF T == Yox?) = —e(p)yp it p#2,
0 if p=2,
xel, xek,
where we use (2-16) in the last equality. -

We assume p =2 in this paragraph. We take bg € Fy2 such that Try ,, /5, (bo) = 1.
Further, we put

(2_17) CO _ b%e + Z bge+i+2.i )
O<i<j<e—1

Then we have

(2-18) C(Qj —co= b(2)1’+1 + boe n Z b(z)e+i+1+2'i+l + Z b(z)e+i+2j

O<i<j<e—1 O<i<j<e—1
e—2 e—1
20! e 2etitlyoe 2042
=by +b5 +Y by +> by
i=0 j=1

2@+1

=by b3 +b5(1+bo+b3)=b; 1,

where we use Trf ,, /f, (bg) = 1 at the third equality. We put

22e

g=((,by,co),—1)e QO xZ.
Lemma 2.8. We assume that p = 2. Then we have Tr Ty, g H=-2

Proof. We note that

e—1

(2-19) gl = Fr(l)((l, bo, co + Z(bé”“ﬁ’), 0).

i=0



LOCAL GALOIS REPRESENTATIONS OF SWAN CONDUCTOR ONE 49

For y € k* satisfying y> + 53" =y, we take x, € k* such that x§ —xy = y¥HL
We take yo € k% such that yg + b(z)e = yo. Then, by the Lefschetz trace formula
and (2-19), we have

Trry (g ) =— Y Tr(g™'. (m*Ly,),)
Y2+bg =y
-y wo(x —X}+Z(bo)’2)2 +Co+Z(b2 “)2’)
2-‘1-[72‘)—y
=—Zwo((yo+z)2 +‘+Z(bo<yo+z)> +Co> -2,
zelF, i=0

where we change a variable by y = yg + z at the second equality, and use

e—1 i—1
2+1+Z(b0y0) _yo(yo—i—Zb )+Zb(2)’ (y0+2b(2)6+1) = ¢y,
e—1

% +yo+2b0 —Z(yO+YO)2 +3 B3 =Tre, 5, (bo) = 1
i=0 i=0 i=0

at the last equality. U
Proposition 2.9. The representation Ty, is characterized by ty,| o = % and
Troy,(Fr() = —e(p) /B if p #2.
Troy, (g~ =-2 ifp=2.
In particular, Ty, does not depend on the choice of £ and 1.

Proof. This follows from Lemmas 2.5, 2.7 and 2.8. O

3. Representations of general linear algebraic groups

3A. Simple supercuspidal representation. Let 7 be an irreducible supercuspidal
representation of GL,(K) over C. Let (r, s, W) denote the Godement—Jacquet
local constant of 7 with respect to the nontrivial character ¥ : K — C*. We simply
write e(r, W) for 8(7‘[, 35 ) By [Godement and Jacquet 1972, Theorem 3.3(4)],
there exists an integer sw(sr) such that

e(m, s, Yx) =q Ve (m, 0, Yk).

We put Sw(rr) = max{sw(rr), 0}, which we call the Swan conductor of .

Definition 3.1. An irreducible supercuspidal representation 7w of GL, (K) over C
is called simple supercuspidal if Sw(z) = 1.

This definition is equivalent to [Imai and Tsushima 2018, Definition 1.1] by
[Imai and Tsushima 2018, Proposition 1.3].
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3B. Construction. In the following, we construct a smooth representation 7, ,
of GL, (K) for each triple (¢, x, ¢) € ug—1(K) x (k*)Y x C*.

Let B C M, (k) be the subring consisting of upper triangular matrices. Let
J C M, (Ok) be the inverse image of B under the reduction map M, (Og) — M, (k).
Then J is a hereditary O -order (see [Bushnell and Kutzko 1993, (1.1)]). Let
denote the Jacobson radical of the order J. We put Ujl =1+P CcGL,(Ok). We

set 0 7
n—1
<p§:<§w ) )eMn(K) and L, = K(g;).

Then, L is a totally ramified extension of K of degree n.
We put ¢, , =n'¢,; and
Yo' +1) i pe=2,
€0 = .
0 if p¢#2.
We define a character A; . : L? U:} — C* by

A yolpe) = (=D 1F0le AL o(x) = x (%) for x € OF,
Agy.o(x) =Yg otr)(g, y(x — 1)) for x € Uy,

where tr means the trace as an element of M, (K). We put
GL,(K)
b4 =c-Ind; A .
g xs¢ LU} §ixsc

Then, m; , . is a simple supercuspidal representation of GL,(K), and every simple
supercuspidal representation is isomorphic to m; , . for a uniquely determined
(¢, x,¢) € ug—1(K) x (k)Y x C* by [Imai and Tsushima 2018, Proposition 1.3].
The representation 7, , . contains the m-simple stratum [J, 1, 0, (p;}l] in the sense
of [Bushnell and Henniart 2014, Section 2.1].

Proposition 3.2.  &(m; .0, Vk) = (= D" y (') c.

Proof. This follows from [Bushnell and Henniart 1999, Section 6.1, Lemma 2 and
Section 6.3, Proposition 1]. O

4. Local Langlands correspondence

Our main theorem is the following.

Theorem 4.1. The representations w; , . and T; y . correspond via the local Lang-
lands correspondence.

To prove this theorem, we recall a characterization of the local Langlands cor-
respondence for epipelagic representations due to Bushnell-Henniart. Recall that
W : K — C* is a nontrivial character. The following lemma is a special case of
[Deligne and Henniart 1981, Proposition 4.13].
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Lemma 4.2 [Bushnell and Henniart 2014, Lemma 2.3]. Let t be an irreducible
smooth representation of Wk such that sw(t) > 1. Then, there exists y; ¢ € K*

such that »
e(x®t,s, W)= x(yr,0) &(r,s, V)

for any tamely ramified character y of Wg. This property determines the coset
Vrw U,l( uniquely.

Definition 4.3. Let ¢ be an irreducible smooth representation of Wg such that
sw(t) > 1. We take y; v as in Lemma 4.2. We put

rsw(t, W) = yg\i, eK*/UL,
which we call the refined Swan conductor of t with respect to W.

Remark 4.4. By (2-1), we have vk (rsw(z, ¥g)) = Sw(t) in Definition 4.3.

Lemma 4.5. Let w be an irreducible supercuspidal representation of GL, (K) such
that sw(r) > 1.

(1) There exists yp v € K™ such that
e(X®m, 5, V) =x(yzw) 'e(r, 5, ¥)

for any tamely ramified character x of K*. This property determines the coset
VrewU }( uniquely.

(2) Let [A, m, 0, a] be a simple stratum contained in w. Then we have y, v =
deta mod U}(.

Proof. The first statement is [Bushnell and Henniart 1999, Theorem 1.4(i)]. The
second statement follows from [Bushnell and Henniart 1999, Remark 1.4]. O

Definition 4.6. Let 7 be an irreducible supercuspidal representation of GL,,(K)
such that sw(sr) > 1. We take y ¢ as in Lemma 4.5. Then we put

rsw(r, W) =y, y € K*/Ug,
which we call the refined Swan conductor of 7 with respect to .

Remark 4.7. We have vk (rsw(rr, ¥g)) = Sw(rr) in Definition 4.6.

For an irreducible supercuspidal representation = of GL, (K), let w, denote the
central character of 7.

Proposition 4.8 [Bushnell and Henniart 2014, Proposition 2.3]. Let w be a sim-
ple supercuspidal representation of GL,(K). The Langlands parameter for 7 is
characterized as the n-dimensional irreducible smooth representation © of Wk
satisfying

dett =w;, 1sW(t,¥g)=rsw(m, ¥g), e&(r,v¥x)=¢e(m, ¥g).
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We will show that 7; , . and 7, , . satisfy the conditions of Proposition 4.8 in
Propositions 8.6, 10.5, Lemma 10.7 and Proposition 11.6.

5. General facts on epsilon factors

In this section, we recall some general facts on epsilon factors.

For a finite separable extension L over K, we put W; =W o Trz /x and let
e(Indp k1,5, V)

e(l,s, V)
denote the Langlands constant which is independent of s, where 1 is the trivial
representation of Wy (see [Bushnell and Henniart 2006, Section 30.4]).

ML/K, W) =

Proposition 5.1. Let T be a finite dimensional smooth representation of Wi such
that t|p, is irreducible and nontrivial. Let L be a tamely ramified finite extension
of K. Then we have

e(tlw,. Wi) = M(L/K, W) 8k (rsw(z, W) e(z, WKL,
Proof. This is proved by the same arguments as in [Bushnell and Henniart 2006,
Proposition 48.3]. (]

Proposition 5.2. Let t be a finite dimensional smooth representation of Wy such
that ©|p; does not contain the trivial character.

(1) If ¢ is a tamely ramified character of Wk, then rsw(t @ ¢, ¥) =rsw(t, V).
(2) Let L be a tamely ramified finite extension of K. Then we have

rsw(t|w,, Y1) =rsw(r, ¥) mod ULl.

Proof. This is [Bushnell and Henniart 2006, Theorem 48.1(2), (3)]. U

For a nontrivial character & of K*, the level of & means the least integer m > 0

such that & is trivial on U}’(’H.
Proposition 5.3. Let & be a character of K™ of level m > 1. Assume that y € K*
satisfies

[m/2]+1
E(14x)=W(yx) forx epy/?.

(1) We have rsw(&, W) = y‘l.
(2) We have
£(€, W) = gDl Yoo g Teoy).
yeUI[<(m+l)/2]/U}(m/2]+l

Proof. Claim (1) follows from [Bushnell and Henniart 2006, Stability theorem 23.8].
Claim (2) follows from [Bushnell and Henniart 2006, Section 23.5, Lemma 1,
(23.6.2) and Proposition 23.6]. U
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For a finite Galois extension L of K, let ¥; /x denote the Herbrand function
of L/K and Gal(L/K); denote the lower numbering i-th ramification subgroup of
Gal(L/K) for i > 0 (see [Serre 1968, Chapter IV]). We use the following lemmas
to calculate the refined Swan conductor of a character of a Weil group.

Lemma 5.4. Let m be a positive integer dividing f. Let h be a positive integer that
is prime to p and less than p™ vk (p)/(p™ — 1). Let L be a Galois extension of K
defined by x?" — x = 1/w". Then we have

Gal(L /K ), {Gal(L/K) ifi<h,
(1 ifi>h
and
v if v<h,
‘/’L/K(U)_{pmw—hwh ifv>h.

Proof. Take an integer [ such that /2 = 1 mod p™. Then we have

1
vL <x’w(1h—1)/p’”> =1

Hence, for o € Gal(L/K) and i > 0, we have o € Gal(L/K); if and only if

G-Hi+l1=<yg <O' (xlw(lh—l)/p’") — xlw-(lh—l)/pm> =vr(o(x) —x)+hl+1.

The right-hand side of (5-1) is # 4+ 1 if 0 # 1. Hence the first claim follows. The
second claim follows from the first claim. [l

Lemma 5.5. Let L be a totally ramified finite abelian extension of K. Let m > 1.
(1) We have
Nrpx UV c o, Neg )< cupt,
Artg (Ug) C Gal(L/K)y, jx (m)-

(2) We take oo € K and B € L such that vg (o) =m and v (B) = V1 /x (m). We put
P(z) = zP — 7z for z € k. Assume that

Yok (m) Nrzx m
U Uk
lpL,ﬂ lpl(,a
P
k k
is commutative, where
Pk UE =k, 1+ ax— X,

PL.B: Usz/K(m) -k, 1+8x+—x.
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Let wy, be a uniformizer of L. Then we have

Artg (1 + ax) () _
PL.B = Tryf, (X)
wy, F

for x € Og.

Proof. The first claim follows from [Serre 1968, Chapter V, Section 3, Proposition 4
and Chapter XV, Section 2, Corollaire 3 of Théoreme 1]. We note that our normal-
ization of the Artin reciprocity map is inverse to that in [Serre 1968, Chapter XIII,
Section 4]. Let x € Og. By [Serre 1968, Chapter XV, Section 3, Proposition 4]
and the construction of the isomorphism of [Serre 1968, Chapter XV, Section 2,
Proposition 3], we have

<Art1<(1 +ax>(m)>
PL.B

wy

=zI — 24,

where we take z, € k* such that z¥ — z, = X. Then we have the second claim, since

78 — 7o = Trgyp, (28 — 2x) = Try g, (X)

for such z,. O

6. Stiefel-Whitney class and discriminant

6A. Stiefel-Whitney class. Let R(Wg, R) be the Grothendieck group of finite-
dimensional representations of Wx over R with finite images. For V € R(Wg, R),
we put Ve = V ®gr C and define ¢(Vg, V) by the additivity using the epsilon
factors in Section 2A. For V € R(Wg, R), we define the i-th Stiefel-Whitney class
w; (V) € H(Gg, Z/2Z) fori > 0 as in [Deligne 1976, (1.3)]. Let

cl: H*(Gg,7/27) — H*(Gg, K**) = Q/Z,

where the first map is induced by Z/2Z — K***, m + (—1)"™ and the second
isomorphism is the invariant map.

Theorem 6.1 [Deligne 1976, Théoreme 1.5]. Assume that V € R(Wk, R) has
dimension 0 and determinant 1. Then we have

e(Ve, ) = exp(2r v/ —Lcl(wa (V).
In particular, we have e(Vg, W) =1ifch K = 2.
6B. Discriminant. Let L be a finite separable extension of K. We put

(SL/K = det(IndL/K 1).
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6B1. Multiplicative discriminant. Assume ch K # 2. We define dy x € K*/(K )2
as the discriminant of the quadratic form Trz /x (x2) on L. For a € K*/(K*)?, let
{a} e H'(Gk,Z/2Z) and k, € Hom(Wk, {£1}) be the elements corresponding to
a under the natural isomorphisms

K*/(K*)? ~ H (Gg, Z/27Z) ~Hom(Wg, {£1}).
We have
(6-1) SL/K = Kdy
by [Bourbaki 1981, Chapter V, Section 10, Example 2(6)] (see [Serre 1984, Sec-
tion 1.4]). For a, b € K*/(K*)?, we put
{a,by ={a}U{b} € H (Gk,Z/27).

Proposition 6.2 [Abbes and Saito 2010, Proposition 6.5]. Let m be the extension
degree of L over K. We take a generator a of L over K. Let f(x) € K[x] be the
minimal polynomial of a. We put D = f’(a) € L. Then we have

dijx = (=1)&) Nry g (D) € K/ (K™ ),
wa(indy i kp) = () ) (=1, =1} + {dusi, 2} € HA (G 2/22).

6B2. Additive discriminant. We put P, (x) = x™ — x for any positive integer m.
We assume that ch K = 2.

Definition 6.3 [Bergé and Martinet 1985, Définition 2.7]. Let m be the extension
degree of L over K. Let f(x) € K[x] be the minimal polynomial of a generator
of L over K. We have a decomposition f(x) =[], .., (x —a;) over the Galois
closure of L over K. We put o

+ _ aidj
dix = Z (al-—l—aj)zEK/PZ(K)’

I<i<j<m
which we call the additive discriminant of L over K.

Theorem 6.4 [Bergé and Martinet 1985, Théoreme 2.7]. Let L’ be the subextension
of K* over K corresponding to Ker 8, k. Then the extension L" over K corresponds
to dj/K € K/P>(K) by the Artin—Schreier theory.

7. Product formula of Deligne-Laumon

We recall a statement of the product formula of Deligne-Laumon. In this paper, we
need only the rank one case, which is proved in [Deligne 1973, Proposition 10.12.1],
but we follow the notation from [Laumon 1987].
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7A. Local factor. We consider a triple (T, F, w) which consists of the following.

« The affine scheme 7' = Spec Ok, where Ok, is the ring of integers in a local
field K7 of characteristic p whose residue field contains k.
« A constructible Q;-sheaf F on 7.
» A nonzero meromorphic 1-form w on 7.
Then we can associate &y, (T, F, w) € C* to the triple (T, F, @) as in [Laumon 1987,
Théoréme 3.1.5.4] using t.

Assume that K7 = k((¢)). Let n = Spec k((¢)) be the generic point of T with the
natural inclusion j : n — T. We define a character ¥, : k((t)) > C* by

W, (@) = (Yo o Tryr, ) (Res(aw))  for a € k((1)).

Let [(¥,) be the level of W, in the sense of [Bushnell and Henniart 2006, Def-
inition 1.7]. We fix an algebraic closure k((¢))* of k((¢)). For a rank 1 smooth

Q¢-sheaf V on 7 corresponding to a character x : Gy () — C* via (, we have
(7-1) e (T, ju V. 0) = g7 e (xo 10, Vo)

by [Laumon 1987, Théoréme 3.1.5.4(v); Tate 1979, (3.6.2)] and [Bushnell and
Henniart 2006, Proposition 23.1(3)].

7B. Product formula. Let X be a geometrically connected proper smooth curve
over k of genus g. Let F be a constructible Q,-sheaf on X. Let Frob, € Gy be the
geometric Frobenius element. We put

2
(X, F) = t(l_[ det(— Frob,; H' (X ®; k*, f))u)”)
i=0

Let rk(F) be the generic rank of F.

Theorem 7.1 [Laumon 1987, Théoreme 3.2.1.1]. Let w be a nonzero meromorphic
1-form on X. Then we have

e(X, F) = q" P TT ey, (X (), Flxp: ©lx)
xe|X|

where | X| is the set of closed points of X, and X v is the completion of X at x.

8. Determinant

In this section, we study det 7y, to show the equality .,  =dett; y . of the central
character and the determinant. We use the product formula of Deligne-Laumon to
study det 7y, (Fr(1)), where Fr(1) is defined in (2-2).

Lemma 8.1. We have Q*® = Q/ Q.
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Proof. By Lemma 2.4, we have Q% = (Q/F)™. For (a, b, ¢) € Q, let (a, b) be the
image of (a, b, ¢) in Q/F. Then we have

(a,0)(a, b)(@,0) (a,b)™" = (1, (a—1)b).
Hence, we obtain the claim. ]

We view 6y defined in (2-8) as a character of Q by (a, b, ¢) — 6p(a). Recall
that 79 is the representation of Q defined in (2-14).

Lemma 8.2. We have dett° = 6.

Proof. By Lemma 8.1, it suffices to show det 7% =6, on M pe1(k*). By Lemma 2.2
and Lemma 2.5, we have

det%(a) = 1_[ x(a)
X Empe 1 (k*)V\{1}
for a € pupey1(k*). Hence, the claim follows. O

For a € k™, let (2—1) denote the quadratic residue symbol of k defined by

ay 1 if a is square in k,
k) |—1 ifais not square in k.
Lemma 8.3. Let m be a positive integer that is prime to p. We take an m-th root
o/ of w,and put L = K (w'!/™).
(1) If m is odd, then 8k is the unramified character satisfying 81 jx (@) = (%)
. —1\m/2 X
(2) If m is even, we have 8, jx (w) = (71) / and 81,k (x) = (%) forx e O,X(.

Proof. These are proved in [Bushnell and Frohlich 1983, (10.1.6)] if ch K = 0.
Actually, the same proof works also in the positive characteristic case. ]

Lemma 8.4. Let m, m’ be positive integers that are prime to p. We take an m-th
root w!''™ of w, and put L = K (/™). Let Vi : K — C* be a character such
that Y (x) = Vo (Trisp, (m’'x)) for x € Ok. Then we have

MLJK, Ph) = {(%) if m is odd,
R _(—E(P)(z%fn/)(_?l)(mm_l)f if m is even.

Proof. If m is odd, we have

MLIK W) =6 Vi) = (L)

by [Henniart 1984, Proposition 2] and Lemma 8.3(1).
Assume that m is even. Note that p #% 2 in this case. Then we have

(8-1)  dix = (—=D)"?Nrpx(m(m/™" ) = —(=1)"*w € K*/(K*)?
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by Proposition 6.2. For x € ([Fj;)v and V € FZ \ {1}, we set
LY ==Y X Y
xelFy
and have the Hasse—Davenport formula
(8-2) T(X oNrF . /F, ¥ o Trruyr,) = T(X, ¥)".

Let
() KX/(K)? x K*/(K*)? — {£1)

denote the Hilbert symbol. By (6-1) and (8-1), we have

1k () =ty (6) = (5, i)k = () = (1)

for x € OIX(. By [Bushnell and Henniart 2006, Theorem 23.5], we have

eGum Vi) =07 Y kU0 =g Y7 (%) vo(Trigs, (m'x).

xeOx/U} xekx

By applying (8-2) to the extension k over [, and using (2-16), we have

o xgx (%) vo(Tris, on'x)) = = (=€ (p) <m?>)f

Hence, we have

ML/K, Yi) = 6@k, z/f;()@) ( —71 )(m/zH

(=Y

by [Saito 1995, Theorem I1.2B] and [Tate 1979, (3.6.1)]. O

(drk. 2k

Lemma 8.5. We have

_ 2W o pe2
dCtTwO(Fr(l)) = {(zfl(p)(p)) qp lfp ?& 2,
q if p=2.

Proof. Let x be the standard coordinate of A,l. Let j be the open immersion A,l — [P’,l(.
We put t = 1/x. As in Section 7A, we put T = Spec k[[¢]] and n = Spec k((¢)) with
the open immersion j :n — 7.

We consider k((s)) as a subfield of k((¢)) by s = Pt Let § : Gr(sy) — C* be
the Artin—Schreier character associated to y” — y = 1/s and vy, which means the

composite of
Gry = Fp, oo —y

and ¥, ! where y is an element of k((#))* such that y? — y = 1 /s.
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We use the notation in Lemma 5.5. Note that ¥y s (y)/k(s) (1) =1 by Lemma 5.4.
We can check that

Nrk(sp/kn (L +y71x) = 1+ s —x)
for x € k. For x € Oy(s)), we have

E(14sx) = ¥y (Arte(ey (1 +51) () — y)

_ Artgy (1 + -1 B
=Y 1(—Pk«s»<y),y-1( — ))(y_lsx)(y )>> = Yo(Trx/r, (X)),

where we use Lemma 5.5 with @ = s, f = @) = y'. Hence, we have
rsw(&, W, 1,,) = s by Proposition 5.3(1).

Let & : Gyry — C* be the restriction of & to Gy ). Then & is the Artin-Schreier
character associated to y? —y = 1/t”°*1 and .

Let Vg be the smooth Q-sheaf on 7 corresponding to £ via t. Then we have
Ve 2 Ly, |, by [Deligne 1977, Définition 1.7 in Sommes trig.]. Let the notation be
as in Lemma 2.2. We write w for the meromorphic 1-form dx on IP’,L By [Laumon
1987, Théoreme 3.1.5.4(v)], we have

eyo (X G Ly lx,,, @lx,,) =1

for any x € |A]| with X = P} in the notation of Theorem 7.1. We simply write @
for w|r. Then we have

det 7y, (Fr(1)) = (=1 (P}, jiw*Lyy) = (=1 qeyy(T, ji Vi, )
by Theorem 7.1. Since £ is a ramified character, we have j, Ve >~ j, V:. Hence,
e (T, i Ve, ) = ey (T, ju Ve, 0) = g~ e(Ew—12, W)
by (7-1). Since w = —t72dt on T, we have
w12, Vo) = Eo12)(~17) e w172, U-14))

by [Bushnell and Henniart 2006, 23.5 Lemma 1]. We have

=5 =5(-0" =1,
since Nt/ k) (¥) = 1/¢7° 1. Hence we obtain

Ewo1) (=t ey, W) = ¢" 76 (E, Wyoig)

by Lemma 4.2, since rsw (&, W,~1,,) =s by rsw(&, W,-1,,) =s and Proposition 5.2(2).
By Proposition 5.3(2), we have (&, W,-14,) = &(s) = 1, since the level of £ is 1
and Nrk((s))(y)/k((s)) (y_l) = s. Hence, we obtain

e(&, Wim1g) = A(k((1)/ k((5)), ‘I’s—lds)_]5k((z))/k((s)) (rsw(&, Wy-14))
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by Proposition 5.1. By Lemmas 8.4 and 8.3, we respectively have

o 2\ (=\P=D/2\f .
x(k«z))/k«s»,wslds)={ (e ()(E) )i #2,

(557) if p=2
and - (—_1)(pe+1)/2 ifp£2
Sty /k(s) (WE, Wem1g0)) =1 4, _
The claim follows from the above equalities. ([

We simply write 7, for 7, 1 1.
Proposition 8.6. We have O e = det Tz y e

Proof. By (2-13) and [Gallagher 1965, (1)], we have
(8-3) det ey 0 =85 (det Ty e 4.0l

since 8g, )k = det(Indg, x 1) and the transfer homomorphism W;‘(b — ng’ is
compatible with the natural inclusion K* — E ;X under the Artin reciprocity maps.
Hence, we may assume x = 1 and ¢ = 1 by twist (see (2-13)). Then it suffices to
show det 7, = 1. We see that det 7; is unramified by (2-9), Lemmas 2.5, 8.2, 8.3
and equation (8-3).

If p and n’ are odd, then we have

e

det 7, (w) = (%)l’ <—E(p)(%>pp€/2)fn, <(—€(P)<_in,))np_5)fn,pe
(B = (B

by (8-3), Lemmas 8.3(1) and 8.5. We see that det 7; (=) = 1 similarly also in the
other case using (8-3), Lemmas 8.3 and 8.5. O

9. Imprimitive field

In this section, we construct a field extension Tgu of E; such that 7, ¢ |w,. is an
induction of a character. We call T§u an imprimitive field of 7, ¢, since 7, ¢ |Wr; 18
not primitive.

9A. Construction of character. Here we construct subgroups R C Q' C Q x 7
and a character ¢, of R. Later (see Section 9B) we will see that 7,,| o/ > Indgqﬁn.
Our imprimitive field T{u will correspond to the subgroup Q' C Q x Z.

Let eg be the positive integer such that eg € 2N and e /ep 1s odd.

Lemma 9.1. Assume p # 2. Then we have Tr Ty, (Fr(2ep)) = p®.
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Proof. For a € k* and b € [ 2 such that a” —a = bP**1, we have that

2e

9-1) ab™’ —a= TI‘[]:pzeO/[Fp (b7,

By (9-1) and the Lefschetz trace formula, we see that

€041
Tr g, (Fr(2e0)) = = ) (Y00 Tre /5, )(TiF /6 (07 H1))
bG[szeo
=—1—(p+1) Y WooTrrqm,)(x) = p®
xe[FXL,0
P
using (p¢+ 1, p¥0 — 1) = p® + 1. O
Corollary 9.2. Assume p # 2. Then we have Tr t, (Fr(2eg)) = (—1)"(P=D/2,
Proof. This follows from (2-9) and Lemma 9.1. O

Let ng be the biggest integer such that 2" divides p®® + 1. We take r € k?° such
that 72" = —1. We define a subgroup R, of Qg by

Roz{(l,b’c)eQ0|bpe_rb:0}

Lemma 9.3. (1) If p # 2, then the action of 2eqZ C Z on Q stabilizes Ry.
(2) If p =2, then the action of g on Q X Z by conjugation stabilizes Ry.

Proof. The first claim follows from rP*°=1 = 1. We can see the second claim easily
using (2-19). U
We put
0 = Qo ¥ (2e02) if p #2, R | Rox (2e0Z) if p #2,
“looxz if p=2, " | Ry (g) if p=2

as subgroups of Q x Z, which are well-defined by Lemma 9.3. We are going
to construct a character ¢, of R in this subsection. Then, we will show that
Tulo = Indgqbn in the next subsection.

First, we consider the case where p is odd. We define a homomorphism ¢, :
R — C* by

e—1
(9-2) ¢u(((1,0,). 0)) = l”O(C -3 ;(l’bz)pl) for (1,b,¢) € Ry,
én (Fr(2ep)) = (—1)"e0r=D/2)

Then ¢, extends the character v of F.
Next, we consider the case where p = 2. We define an abelian group R, as

Ry=1{(b,c)|beFa, c€lFpe, ¢ —c=b)},



62 NAOKI IMAI AND TAKAHIRO TSUSHIMA

with the multiplication given by
(b1, 1) - (b2, ¢2) = (b1 + b2, c1 + 2+ b1b2).
We define ¢ : Ry — R{, by

¢((1,b,c>>=(Tr[FZE/[F2(b),c+ > bZ"“-’) for (1,b,¢) € Ry,

O<i<j<e—1
which is a homomorphism by
93)  Tir /5,0 Tir, 5, (0) = Tre n 00+ Y G2 0% +57b%)
O<i<j<e—1

for b, b’ € Fye. Let by € Fye be as before Lemma 2.8. Let F’ be the kernel of the

homomorphism g
Fre > Fp, cH> Trlee/[Fz((bO + bO )o).

We put Rj = R;,/F’, where we consider F’ as a subgroup of R by ¢ — (0, ¢).
Then R{ is a cyclic group of order 4. We write g(b, ¢) for the image of (b, ¢) € R,
under the projection Rj — R;. Let ¢’ : Ry — R{j be the composite of ¢ and the
projection Rj, — R(|. We put

e—1

(9-4) 5 = Z by, t="Tre,, ke (bo).
i=0

We have 52+ s = and Trp,. r, (1) = Tr[Fzze /F,(bo) = 1. We have
O<i<j<e—1
which is of order 4. The element g(1, 52+ Y, ;,_1> +?') is a generator of R},
because o
2g(1, s+ > 7 +2’) =2(0,1) #0.
0<i<j<e—I
Let ¥ : R{ — C* be the faithful character satisfying
&o(g(l, S tz’“’)) = V1.
O<i<j<e—I
We define a homomorphism ¢, : R — C* by

¢ (((1,b,0),0)) = Wo0¢)((1,b,¢)) for (1,b,c) € Ry,

o 1\in(=2) =141
du(g) = (~ )} ST

which is a character of order 8. Then ¢, extends the character v of F.

(9-5)
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9B. Induction of character.
Lemma 9.4. We have t,| o > Indgqﬁn.

Proof. We write U, for ¢, Ro- We know that 7,,|p, = Ind,%? ¥, by Proposition 1.2,
since Ry is an abelian group such that 2 dim[pp (Ro/F) = dimg , (Qo/F).
First, we consider the case where p is odd. The claim for general f follows
from the claim for f =1 by the restriction. Hence, we may assume that f = 1.
Ify € Ry satisfies V| F = Yo, then we have 7,|g, = Indgg ¥ by Proposition 1.2,
and obtain an injective homomorphism ¢ < 1,|g, as representations of Ry by
Frobenius reciprocity. Hence we have a decomposition

(9-6) ule= @ .
VeERy, ¥lr=vo

since the number of ¥ € R such that VlF = o is pe.

We put _ .
Ro=1{bek*|b" —rb=0}.

The v,-component in (9-6) is the unique component that is stable by the action of
((1, 0, 0), 2ep), since the homomorphism

Ry— Ro, b b —b

is an isomorphism. Hence, we have a nontrivial homomorphism ¢, — t,|g by
Corollary 9.2. Then we have a nontrivial homomorphism Indg¢n — T,|g by
Frobenius reciprocity. The representation t,|o is irreducible by Corollary 2.6.
Then we obtain the claim, since [Q’ : R] = p°.

Next we consider the case where p = 2. Then it suffices to show that

Tr(Indg ,)(g ) = —(~1)5" "2 V2
by (2-9) and Proposition 2.9. We have a decomposition

(9-7) nd$ ¢)lr= O ¢
BERy, dlr=10

Let 1},’1 be the twist of ¥, by the character
Ro— QF, (1,b,¢) > Yo(Trr, 5, (b)).

Then only the ¥,,-component and the 1/7,’1—component in (9-6) are stable by the action
of ((1, by, cp), 1), since the image of the homomorphism

Foe — Foe, br>b>—b
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is equal to Ker Trf,, /f,. The action of Fr(e) permutes the ¥,-component and the
Y -component. Hence, g acts on the ¥/, -component by ¢, (g) times

e—1

¢n(Fr(e)~' g Fr(e)g™") = ¢ (((1 tcoteg +) (kg +b%"“)2‘), 0)) =v-1.
i=0

Hence we have

Tr(Ind§ ¢u)(g ™) = (1 = V=1 §(g™) = —(~HF"" /2, O
We use the notations from equation (2-10). We set Ty = E¢(ctz), My = T (B¢)
and N; = M (y;). Let fy be the positive integer such that fo € 2N and f/fy is odd.
We put
- v [2e0/fo it p#2 and fol2e,
1, otherwise.

Let K" be the maximal unramified extension of K in K. Let K" C K" be the
unramified extension of degree N over K. Let ky be the residue field of K. For
a finite field extension L of K in K, we write L" for the composite field of L
and K" in K*. For a € k¢, we write a € Ogur for the Teichmiiller lift of a. We put

¢ if p 2, 0 if p#2,

9-8) 5, = {ﬂ% 7By roy Fp # = { if p #

IB; _ﬁ§+zi20b0 if p=2, 1 if p=2.
Then we have L | .

CSé.p —-r 82 = —O(;_ +e; mod ]JTKU((;Q).

We take 6; € T} (82) such that
(9-9) 8 —F '8 =—a; ' te, 5, =8; mod prus).
We put Mé“:Tgu(Sg). The image of ®, |w

M/u

be the composite of the restrictions ©¢|w, . and ¢, |g. By the local class field theory,
3

iscontained in R. Let§,,  : WMéu — C*

we regard &, , as a character of M é”x.
Proposition 9.5. We have 7, ¢ |w,. =~ Indym 7 &, ;.
Wy 1/TL S,

Proof. This follows from Lemma 9.4. (]

Remark 9.6. Our imprimitive field is different from that in [Bushnell and Henniart
2014, Section 5.1]. In our case, Tgu need not be normal over K. This choice is
technically important in our proof of the main result.

9C. Study of character. Here we study the character &,  in detail.

Assume that ch K = p and f =1 in this subsection. We will use results in this
subsection to compute the epsilon factor of &, ; later after a reduction to the case
where ch K = p and f = 1. By (2-10), (9-8), (9-9) and ch K = p, we have that
8 = 62.
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9C1. Odd case. Assume p # 2. We put

e—1

(9-10) O =y +5 Y (D
i=0
Since r?°*! = —1 and (p¢+1)/(p® +1) is an odd integer, we have [0 e
Then we have
1 2p¢
©-11) 0 —6, =pI'" —(ﬁ{” +r282)

_ 2p P+l 252y 1o
=B 2Bl 2B = - ol
We put N/ u = M; 2(6;). Let S be the twist of &, , by the unramified character

nng (p—1)/2
WMéu—><EX, o> /=1 ,
where n, is as before (2-12).
Lemma 9.7. If p # 2, then S,’l,g_ factors through Gal(Né”/Mé”).
Proof Leto € Keré . Recall that a,, by, ¢, are defined in (2-11). Then we have

(G, bs,Cs) € R and e—1 A
S
i=0

by (9-2). Hence, we see that

e—1

e—1 .
0(0;) =0 =co — D _(rbo(Be +Dbs)” + 3D (r((Be +b0)> = 8)”
i=0 i=0
e—1 ,
=co—3 ) (rb3)" =0 mod pyp
by (2-11). Therefore, we obtain the claim by o (8;) = §; and (9-11). ]

9C2. Even case. Assume p =2. Let &, ¢ be the twist of &, . by the character

_ " X _ Lhm-2) —1+le)n”
(9-12) Wy — C* O'I—>(( 1 inn=2) L2
We take by, by € k* such that
e—1
(9-13) bl—b=s, bi—by= t(b% +> (b s)z').
i=0
We put

O<i<j<e—1
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and

e—1
0-15) 0, => yD)*+ > *@Eno)”
i=0 O<i<j<e—2 ” N )
+ Z 17 (b18; +sn:)” +bing +ba.

0<j<i<e—1

Lemma 9.8. We have 77? —n¢ =8 and ,922 _ 95 = (& U;)ZH.

Proof. We can check the first claim easily. We show the second claim. We use P,
in Section 6B2. We have

e—1

(9-16) Py(y)) = (BF —B) D B +Bi =6 —5)(1c — b))+ B;.
i=0

Hence, we have

e—1

(9-17) Pr(y)) =D (5 = $)(nc — b1)* + (n — b1)>.
i=0

By bt + b =s2+s:tandn§—n§=8;,wehave
(bing) +bing =g +bing +bing =1n; +bi(ng +nc) +5ne =10 +bidg +5;.

=1—tandt € Fy, we have

Hence, by using Y"¢_| £

=

e—1

i e—1
0F — 6, =Py (y)) —HZ(S;n; +b18c +50)7 + Sen)® +imp+b3—by

i=0
- 2 2 2 2¢1 2 2 2¢-1
=t D (k1) +n+b}) +Gcne)® HmE+bE—by=Ecne)?
i=0
where we use (9-17) at the second equality and (9-13) at the third one. U

We take 0; € K such that 05 = 95671. Then we have 95 —0; = 8:n¢. We put
N gﬁ“ =M éu(ng, 0;), which is a cyclic extension of M, é” of order 4 by Lemma 9.8.

Lemma 9.9. The character §, , factors through Gal(N;"/ M}").

Proof. Let o € Ker 5;1,;- We take o1, 0 € Ker f;“,;’{ such that o =010, "7, 0] € IMQ‘
and O, (02) = ((1, by, cp), —1). Then we have (Gy,, bo,, Co,) € Ros Trrye jf, (boy) =0
and

(9-18) Tr[er/[Fz (t (Eo‘l + Z 5(271+2j>> =0
O<i<j<e—1

by (9-5). It suffices to show that o; (1) = 1, and o; (941) = 92 fori=1,2.
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We have

e—1
o1(ng) —ne = Zbi’l =0 mod P
i=0
e—1 _
o2(ng) —ne = Zb(z) +b% —b;1=0 mod pap
i=0

by Trr,. /F, (1501) =0and b% —b; =s. By Lemma 9.8, we have
oi(n;) —ne ek fori=1,2.

Hence, we have o;(n;) =n, fori =1,2. We have

e—1 i
01(6)) — 6} = Z(r(m(yg) ~ yg)) .
i=0
Further, we have

e—1 e—1 e—1
i+1 i i i1nj
) =Y = o+ Y e D b5 D B+ D by
i=0 i=0 =0 O<i<j<e—1
=cq + Z b§i+2j mod P
O<i<j<e—1
where we use (2-11) and 501 € [y at the first equality, and use Trg,. /F, (501) =0
at the second one. This implies o (02) = 95 mod P by (9-18). By a similar
argument as above using Lemma 9.8, we obtain o1 (6;) = 6;.
It remains to show 02(04) = 9£. Using (9-16) and Try,. 5, (t) = 1, we see that

©-19) Y wy)* =vi+ D, T+ D, (G- —b)).

i=0 I<i<j<e—1 O<i<j<e—1

We put 2 o
wW=vit ) A

I<i<j<e—1

By c(% +co= bgeH and t = by + bge (see (2-18), (9-4)), we have

e—1 e—1
a2(v) —ve =co+ (b5 (Be +b0) =i +)_((bo+1) B)*  mod pyn.
i=0 i=0
Then we have
e—1

() —vi=c +sme=bD+) @B+ D bt mod pyp

i=0 0<i<j<e—1



68 NAOKI IMAI AND TAKAHIRO TSUSHIMA

by (9-4) and (9-14). Hence, we have

j+1 i j oi
) -yl =a)-vi+ Y. 7 BAb) - ) B
I<i<j<e—1 I<i<j<e—1
=02 (y,) — v +t(n; — b1)+Z(fﬂc) + > by 1”
I<i<j<e
Ec(2)6+s2(n§_bl)+ Z b2'+2/ + Z bz 2J mod pNgu’
O<i<j<e—l1 I<i<j<e

where we use (9-14) and ¢ € F, at the second equality and s> + s =t at the last
equality. We can check that

e 2040 i 2
CO + Z bo + + Z bO t =St
O<i<j<e—1 I<i<j<e

by (2-17), (9-4) and Tr[pzze /F,(bo) = 1. As a result, we obtain

02()/!) — y! = szn; +bys?+st mod pp-
Hence, by (9-15) and (9-19), we have

2e—1+2e—2
o6 —6,= ) din; modpyn
i=0
for some d; € k*. We have
e—1 e—1
do=bis>+st+1Y (b1s)? +bis Y 12 +bF—by=0.
j=1 =1

This implies 02(02) = 92, since we know that 02(49;) — Qgﬁ € F, by Lemma 9.8. [J

10. Refined Swan conductor

Let K C K" be the unramified extension of K" generated by [ p4pe_ (K"). For a
finite field extension L of K in K®, we write L for the comp051te field of L and K
in K. We write M ;. for M ™. Then N; is a Galois extension of M ’. By equations
(9-8) and (9-9), we can take ,85 € M; such that

(10-1) ﬂ; — B =&, B =B; modpj,
siNnce tllere is x € Fp. such that x> — x = Zf;é bg if p = 2. Then we have
M, = Mé (,82) by Krasner’s lemma.
Lemma 10.1. (1) We have
v ifv<l,
(10-2) Vi @) = P =D +1 ifl<v<2,
Pl w=2)+p°+1 if2<v.
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(2) We have
Gal(N./M})  ifi<l,
Gal(N;/M}); = { Gal(N; /M) if 2<i<p*+1,
{1} if p+2<i.
Proof. We have
ifv<l,
Vi it (V) = { ‘w—D+1 ifv>1,

" ) v ifv<p®+1,

=~ (p) =

Ne/M¢ pwo—p*—1+p+1 ifv>p°+1

by (2-10), (10-1) and Lemma 5.4 noting that 7 has a (p¢ — 1)-st root in 1\741 Hence,
claim (1) follows from N, /i, = v N, /i, oy i, /81, Claim (2) follows from claim (1)

and ~ ~ ~ o~ ~ o~
Gal(N;/Mé.)pe+] D) Gal(N;/Mg-)pe+1 :Gal(N;/M;) O

We set

1 1 el _
w]q/:csg , w@(:ﬁg and w;\;{—(y;wa )

Then the elements D D, and wy, are uniformizers of M M; and ﬁ; respec-
tively. Let k be the res1due field of K.

Lemma 10.2. We have a commutative diagram

N
UP+1 e U,
BN

Ne c

]

where the map P is given by x +— x? — x and the vertical maps are given by

pf_"_l ~ _1 -

~ 1 = — —_
P~y Us k, 1 Xy, X,
UL, — k1 p X
pM/ ;wz . — +xer, = X.

Proof. The norm maps Nrg_,; and Nrj , i induce

1, po42 1, po42 - et
U£+/U£+ S UL UL 1 —uy e =Wl —wwl T
M, ¢ M,
1 2 t1 _ .
UA[;:/Uer Uz%zg/U;?é’ l—uwﬁ%: =1-up; IZD'Mg — 1+urw2~2

respectively by Lemma 5.5(1) and calculations of the norms. Hence, the claim
follows. 0
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For any finite extension M of K, we write vy, for the composite ¥g o Try k.
Lemma 10.3. We have rsw(E. lw,u. ) = —n'8; " mod U1

Proof. We put 5,, ¢ =én¢ |WM, , and regard it as a character of M . By (2-12),

Lemmas 5.5(1) and Lemma 10 1, the restriction of Sn ¢ to UZ i is given by the

composition Artgy ~ o~ Yo =
U2, —5 Gal(N; /M) ~F, = Q,

where the isomorphism Gal(N; / M;) >~ [, is givenby o = o (y;) — ;. We define
PRi,—y;1 38 in Lemma 10.2. For u € (’)M/ we put o, = ArtM/(l + urw ) and

then have

10-3) &y +ufmg) =vo(ou(ye) = 7;)

14
=Yo (Pﬁ(,_ygl (014(;{)))

ou (o, )
— o (Wby{l <_Nr)> — Yoo Try ¢ (@),

w ﬁ;‘

where we use Lemmas 5.5(2) and 10.2 at the last equality. Since we have
O e N 7
Tng/T; (8§ u)=—r_u
forueO ity > We obtain

Euc(14x) =Yg, (—n'~ '8 ")

forx e pi?, by (10-3). This implies
3

(10-4) e (14+x) = Yy (—n'~'6] ")

for x € p? M because Tr; Jky -k — ky is surjective. The claim follows from (10-4)
and Proposmon 5.3(1). (]

Lemma 10.4. We have rsw(ty ¢ y.c, VE,) = n'¢, mod U1

Proof. By Proposition 5.2(1), we may assume that x =1, ¢ =1. By Proposition 9.5
and Lemma 10.3, we have

(10-5)  1sw(Tn.clwyy Y1) = Neygp 2 (15w (G Yag)) = n'¢, mod Up.
Since T is a tamely ramified extension of E¢, we have
(10-6) rSW(Tyc, VE,) = rsw(r,,,dWT(u, Yrp) mod Ul;

by Proposition 5.2(2). The claim follows from (10-5) and (10-6). U
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Proposition 10.5. We have rsw(t; y ¢, Yx) =1sW(7T¢ 5 c) YK )-

Proof. By t; y.c =Indg, /k Tn¢ x.c, We have

(10-7) 1SW(T¢, y,c» Wk ) = Nrg, /k (0SW(Tn ¢, VE,))-

Hence, the claim follows from Lemmas 4.5 and 10.4. O
Lemma 10.6. We have Sw(t; 5 ) = 1.

Proof. This follows from Lemma 10.4 and (10-7). [l

Lemma 10.7. The representation t; . is irreducible.

Proof. We know that the restriction of 7, ¢ , . to the wild inertia subgroup of W,
is irreducible by Corollary 2.6. Assume that 7, , . is not irreducible. Then we have
an irreducible factor 7’ of 7, , . such that Sw(z’) = 0, by Lemma 10.6 and the
additivity of Sw. Then, the restriction of t’ to the wild inertia subgroup of Wg
is trivial by Sw(z’) = 0. On the other hand, we have an injective homomorphism
Tncye = T |WE: by Frobenius reciprocity. This is a contradiction. u
Proposition 10.8. The representation t; . is irreducible of Swan conductor 1.

Proof. This follows from Lemmas 10.6 and 10.7. ]
11. Epsilon factor
11A. Reduction to special cases. In this subsection, we show the equality

e(Te,x,c0 W) = &(T¢ x .00 YK)

of epsilon factors assuming some results in the special case where n = p¢, chK =p
and f = 1. The results in the special case will be proved in the next subsection.

Lemma 11.1. We have

ME /K, Yg) = Gv) / ‘ if n' is odd,
e _(_E(p)(%n/)(_?l)(nm_l)f if n' is even,
_(_1)%(p—1)fN if p#2,
MTY/E;, — :
( ;/ ¢ WE{) {(p:{H) lfpzz'

Proof. We have
MTE Ee, YE) = MTEEL, Yee) MEL Ee, yre ) = MTE/EL, Yrie).
If p # 2, then we have

)\(T{u/Eu’ wE?) _ —<—€(p)<27n/) (_71)(p”—1)/2>fN _ _(_1)%([)_1)“]

by Lemma 8.4, since f N is even. The other assertions immediately follow from
Lemma 8.4. O
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Lemma 11.2. We have
(=1 ifp=2ande<2,
Vi
MM /T, ) = {(kL), otherwise.
N

Proof. Let K ) and K(,) be nonarchimedean local fields of characteristic 0 and p
respectively. Assume that the residue fields of K () and K ;) are isomorphic to k.
We take uniformizers @) and @) of K (g) and K ) respectively. We define T
similarly as Tgu starting from K ). We use similar notations also for other objects
in the characteristic zero side and the positive characteristic side. We have the
isomorphism

Ors /P7s <> Opn  [p7e

— wru
&(p) c. e o)’ fot+ &1,

§o+&1o7p Yo

&.(p)

of algebras, where &g, & € k. Hence, it suffices to show the claim in one of
the characteristic zero side and the positive characteristic side by [Deligne 1984,
Proposition 3.7.1], since Gal(Mg"l(p)/Tg‘f(p))2 =1 and Gal(M;‘f(O)/T;“’(O))2 =1,
where we use upper numbering filtration of Galois groups.

First, we consider the case where p # 2 and ch K = p. Then, we have d M T = F
by Proposition 6.2 and the fact that f N is even. Hence, & M/ T is unramified
by (6-1). Hence, we have

MME[TE V) = oGy 72 )" = (1)

by [Henniart 1984, Proposition 2; Bushnell and Henniart 2006, Proposition 23.5]
and (6-1).

We consider the case where p = 2. Assume that e > 3 and ch K = 0. We have
D= 265?“—‘ + 1 in the notation of Proposition 6.2 with (L, K, a) = (M, T}, &;).
Then, we have D € (Mé“x)z. Hence, we have kp =1, dMéu/T[u =1 and

wz(IndMQU/TZu 1) =1
by Proposition 6.2 and (’f) = 0 mod 2. Therefore we have
)‘(Méu/Tgua wT[") = S(IndMéu/TCu 1, chu) = g(l@Pe, wT[") =1

by Theorem 6.1.

Assume that e =2 and ch K = 2. Then we see that d;[m = 1 by Definition 6.3.
(XY

Hence, § M Ty is the unramified character satisfying
u u u = —_ f
Spp/rp(ry) = (=1)
by Theorem 6.4. Then we see that
MME T ) = e(ndyyp 7o 1, Y1) = e@pap e ® 1%, ) = (=17,

where we use Theorem 6.1 at the second equality.
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Assume thate=1andch K =2. Letk M /Ty be the quadratic character associated
to the extension M é“ over TC“. Then we have

MM T ) = (ke e, Yre)

by Theorem 6.1 similarly as above. We can check that the norm map NrMéu /1Y
induces

1 2 1 2 -1 2
UMéu/UMéu—)UT;u/UTg], 1+u8§ =14+ —u)og.
Then, by Lemma 5.5, we have

(11-1) ey (1+ o x) = wO(ArtT(u(l +arx)(8) — &)

Artre (14 x)(8; ")
- I)Z’O pM/u 671 —
7% 51
¢

= Yo(Try/E, (X))

for x € (’)T; noting that ky = k. Hence, we have rSW(KMéu /T 1[/7;1) = a; by
Proposition 5.3(1). By Proposition 5.3(2), we have

eenm 7o re) = Kpgp 7o () = Kpgp e (1) = (=D
where we use NrMéu /7 (8;) = aEl + 1 and (11-1) at the last equality. U
Lemma 11.3. We have
Ty 0 (51) = {gl(pe T Z ji ;f_p:'_ :
Proof. Vanishing for 1 <i < p® —2 follows from (9-9). We have also

Tng”/T;‘(rS )—TrM’”/T”(r_l+8 (g +e))=F""(p = 1)

by (9-9). a

Lemma 11.4. We have

1 ifp#2,
872/, (8W(Tn 0, VE,)) {(p"q—i-l) ifp=2.
Proof. If p =2, the claim follows from Lemmas 8.3(1) and 10.4, since T{u is totally
ramified over E;.
Assume that p # 2. Then we have dTu/Eu = (=1 +1)/2<p’ by Proposition 6.2.

Hence, we have 8Tu/Eu(( 1=z ’) =1 by Lemma 8. 3(2) Therefore, we have

81p/E, (SW(Tu,p, YE)) = S12/E (n'¢p)

. n/(_l)(p"—l)/2
=dr2/pp (0 (=D ”/2>=(— =1

gV
by [Gallagher 1965, (1)], Lemmas 8.3(2), 10.4 and the fact that f N is even. [l
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Lemma 11.5. Assume that n = p°. Then we have &(t¢ y ¢, Vi) = (¢ ¢, Vi)
mod M pe (C)

Proof. Let m be the representation of GL,(K) corresponding to 7 , . by the
local Langlands correspondence. By the proof of [Bushnell and Henniart 2014,
Proposition 2.2], Propositions 8.6 and 10.5, we have

GL, (K)A

T c-IndL Ul

for a character A : L/ U; — C* which coincides with A; ;. on K*Uj. Then,
the claim follows from [Bushnell and Henniart 2014, Lemma 2.2(1)], because
L? Ujl/(K>< Ujl) is the cyclic group of order p°. ([

Proposition 11.6. We have e(t; y ¢, Yk) = (¢ y.c, Vi )-
Proof. By Proposition 3.2 and 7; y . >~ Indg, /k Tn ¢ y.c, it suffices to show that

ME /K AR &t ypeo WE) = ()"0 @y e
By Lemma 10.4, we may assume x = 1 and ¢ = 1. Hence, it suffices to show
(11-2) ME /K A e (T, Vi) = (1)L

Assuming that (11-2) is proved for n = p¢, we show (11-2) for general n. Let
¢ denote the representation of Wg, given by ©; in (2-12) and 7,.. We put
1//E[ =n'" 11//55 Applying the result for n = p¢ to E¢, <p§ in place of K, w, we

have .
6ty 0 W) = (D71,

where €, denotes € for n = p°. Since det, a.¢ 18 unramified as in the proof of
Proposition 8.6, we have

(11-3) (g ve) =det () e(z, o, Yp) = (=D
We note that the inflation of the character in (2-9) by ©, factors through
Wg, > {1} xZ, o+ (@72 fn,).
If p # 2, then we have (n/(pé, —<p2)E[ = (";/), where
() EJJ(ES)? x EXJ(E]) — (1)
denotes the Hilbert symbol. Hence, we have

gy feve) GG Cam @) i
ety VE) | (=1)(En-2-§2 @ -2)f if p=2

by (2-9), Lemmas 4.2 and 10.4. Then we have (11-2) by Lemma 11.1, equa-

tions (11-3) and (11-4).
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Therefore, we may assume that n = p°. By Lemmas 11.1 and 11.5, it suffices to

show that 1 it p£2,

N(p¢+1) _
&(Tn,c, WE;) g - {(_I)H-Gof if p=2.

By Proposition 5.1, we have
& ng, e )" =005, (W (Ta g, WED) T AT/ Egy Ve )" e g lwyy, Y1)
By this, Lemmas 11.1 and 11.4, it suffices to show that

—(=DFPDIN - if p ),

ool V1) = {<—1)‘+f°f (34) ifp=2
pe

This follows from Lemma 11.2 and Proposition 11.7. U
_ o1
We set Dy = (Sg .
Proposition 11.7. Assume that n = p°. Then we have

—(=D)FPDIN(LY ifp £,

5(&1,{’ wMg"): i(_l)H»eof lfpzz

Proof. First, we reduce the problem to the positive characteristic case. Assume
that ch K = 0. Take a positive characteristic local field K, whose residue field
is isomorphic to k. We define M g’l(p) similarly as M gﬁ“ starting from K,). We use
similar notations also for other objects in the positive characteristic side. Then we
have the isomorphism

O M

3 ~ 3 2 £ £ £ 2
¢.(p) /pM?,l(p) — OMéu /pMéu ’ SO +$1 w-MZLvl(p) +€2 ZD-Mg(p) i SO +€l w-MCu +S2wM4£u

of algebras, where &, &, &3 € k. Hence, the problem is reduced to the positive
characteristic case by [Deligne 1984, Proposition 3.7.1].

We may assume K = [, ((¢)). We put Ky =F,((r)). We define Mé"‘m similarly
as M} starting from K;). We use similar notations also for other objects in the

Ky-case. We put f"=[M;": M} ;,]. We have

Suap s, (T5W(En, .1y Y ) = (=D !

by Lemma 10.3. We have A(Mé”/Mgﬁ"J(l), 1/’M;“(1>) = 1, since the level of wMéu(]) is
2 — p® by Lemma 11.3. Then, we obtain ’

(11-5) e V) = (D ey Yn, )
by Proposition 5.1. By (11-5), the problem is reduced to the case where f = 1. In
this case, the claim follows from Lemmas 11.11 and 11.16. (|

11B. Special cases. We assume that n = p¢, ch K = p and f =1 in this subsection.
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11B1. Odd case. Assume that p # 2.
Lemma 11.8. We have wMéu(—ag’q (1 +xmym) =1 for x € k.
Proof. For x € ky, we have
Vap (8] (14 xemy)) = Yap (=078 — ;)6 +20) = Yagp (—r7'8)),

because TrMéu/T{u (8z) =0and [Méu : T;‘] = p°. If p® # 3, then we have the claim,
because Tryu 70 6 =0
We assume that p® = 3. Then we have

Yy (= ~187) = Yo (=2r2) = Yo(Tiriy i, (=28~ 3) = Yo(—=N Tre i, (r ) =1
by Tz (67)=2r""and r*=—1. O
Let 6; be as in (9-10).
Lemma 11.9. We have
Ny (1 -+ x@é”‘“/z ) =1+ (—2r)1-P)/2 Py + %wfwéu mod pﬁwéu
forx € ky.
Proof. We put T = 1+x0,"* e . By ] —0; = (—2r)7'67 in (9-11), we have

6, = —2—1r$?((x’l(T — 1) —1)""

gP—1/2

Substituting this to x ! (T — Dé; =0, , we have

(T*>—2T +1— xzwi[éu)(p_])/z(T - (—2r)<‘—P>/2waMéu =0.

The claim follows from this. O

Lemma 11.10. We have
Zgn,{(l‘i‘waéu) _(( 1)(P 1)/2p)e0<kN)
xeky

Proof. Let &, . be as in Section 9C. We note that the left-hand side of the claim
does not change even if we replace &, ; by &, ¢- We have

(11-6) Zgn§(1+wam Zénc 1+ (=27)=P)/2 P wau) 1

xekN xEkN

= (1= i)

XEkN

. x2 pe—1
- Sl

xEkN

—1



LOCAL GALOIS REPRESENTATIONS OF SWAN CONDUCTOR ONE 77

where we use Lemmas 9.7 and 11.9 at the second equality and (10-4) at the last
equality. The last expression in (11-6) is equal to

> vn @7 (= Dx?) = Y v, () = (=D P2y (L)

kaN xEkN

by (2-16), (8-2), Lemma 11.3 and N = 2ey. O
Lemma 11.11. We have e(&nc, Yap) = _(_1)%<<p—1>eo)%).
Proof. We have

£, Yan) =p 0 D En e (=80 T (1t xmye) W (=87 T (A xyp))

xeky
= —(—1)%((1’—1)60)(#)sn’g(_af‘#l)—l
by Proposition 5.3(2), Lemmas 11.8 and 11.10. We have
5n,§(—558+1) = S/’{(—652+1)(_1)%(P*1)%(pe+1)N
= Sé,g(—5fe+l) = Sr/lyc(_(_zr)(pe-‘rl)%(l—p)) _1
where we use

—-1)/2 1-p)/2
Nrww a0 P eyn) = (=20 177 Py

at the third equality and k3 C Nry e (N, £)) at the last equality. Thus, we have
the claim. O

11B2. Even case. Assume that p = 2.
Lemma 11.12. We have TrMéu/K (8?”“1) =0 and

¢ 1 ife=1
Trym i (87) = ’
mp/k (87 ) {0 ife>2.
Proof. These follow from S?e — 0 = a;l +1. O
-1 —1
Lemma 11.13. We have NrNé“/Mé“ (08, ) =9,

Proof. We have Nty y0 (6;) = 87 by 67 — 6 = 8¢11; and 17 — e = 8. The claim
follows from this. O

Let op € Gal(N gﬁ“ /M 2“) be a generator of Gal(N g“ /M é“) determined by

oo(ng) —me =1 and o0¢(O;) — O =n;.

Lemma 11.14. Let 1, ; : Gal(N é“/Mé“) — C* be the homomorphism induced
by E,/hg (see Lemma 9.9). Then we have i, ;(09) = —+/—1.



78 NAOKI IMAI AND TAKAHIRO TSUSHIMA
Proof. Let s, t be as in (9-4). We take o € IMg“ such that ©, (o) = ((1, ¢, 52),0).

Recall that ) s 2ir2)
¢/((1,I,S))=§<l,s + >t )eRg

O<i<j<e—1
is a generator. Then it suffices to show that o (n;) —n, =1 and 0 (6;) — 0, = n;.
We can check the first equality easily. To show the second equality, it suffices to
show that o (6;) — 6, = nge". By (2-11), we have

e—1

— 2 2y2 "

o(y) =y =s +§(zﬁ;+t} mod pyp.
1=l

Byt =0(B;) — B, Trryer, (1) =1 and (9-14), we have
or(yé)—yg’zn{—b1+s2+ Z 2+ mod P
O<i<j<e—1
Hence, by (9-15) and (9-19), we have
ze—l

o(6;)—6,=) din; mod pys
i=0

with some d; € k*. By (9-19), we have

e—1
Y-y =) —vi+ D, T+ Y H -9
i=0 I<i<j<e—1 0<i<j<e—1

Therefore, again by (9-15) and (9-19), we have
do=bi+s>+ > 4 N A =45 =0

O<i<j<e-—1 I<i<j<e-—1
This implies o (6,) — 6, = 52", since we know that o/(8,) — 6, — 2" € F by
Lemma 9.8 and o (n;) —n; = 1. O
Lemma 11.15. We have
/ 1+:%2—71 l'fe = l’
S(Sn,g’ ‘//MQU) = 1—v=1 .

Proof. By Proposition 5.3, equation (10-4), Lemmas 11.3, 11.12 and 11.13, we
have

(7)o Yap) =272 8 (87 (8, )™ g (87 T (A 4x8,1)

xEﬂ:Q
27 PA-g, (48D ife=1,
27 2a+g, (45 DT ifex2.
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First assume that e = 1. Then we know the equality in the claim modulo w,(C) by
Lemma 11.5. Hence it suffices to show the equality of the real parts. This follows
from (11-7). In particular, we have 55,;(1 + 8;1) =—1.

Next, we consider the general case. We put o} = 1/(8? —é+1Dand o’ = a?.
Let éé’l’ ¢ denote éé’ , in the case where K and @ are replaced by F» (")) and &'.
By applying Lemma 11.14 to &, . and &; | ., we have &, . =&, .. We know
that Eé,l,g(l + 8{1) = =1 by the result in the case e = 1. Hence, we have
& (148;") = +/=T, which shows the claim. O

Lemma 11.16. We have
eEncs ap) = (=D
Proof. The epsilon factor (&, ¢, wMéu) equals 8(5,/1’ o ’(ﬂMéu) times

(1+\/7)73(2e+1) ife 7&2’

—1
V2

_(1+\>/§—71)73(26+1) ife =2
by Lemma 4.2, equation (9-12) and Lemma 10.3. Hence, the claim follows from
Lemma 11.15. O

Appendix: Realization in cohomology of Artin—Schreier variety

We realize 7, in the cohomology of an Artin—Schreier variety. Let v,_, be the
quadratic form on A?;;? defined by

1
Vn-2(iizizn—2) = =7 Z Viyj-

I<i<j<n—2
Let X be the smooth affine variety over k¢ defined by
XV —x = y" M v, o (O)1ien—2)  in Al
We define a right action of Q < Z on X by
(x,y, Oiizizn—2)((a, b, ¢), 0) -

= <x + Z(by)pi +ecoaly+b"), (a(pg+l)/2yi)1§i§n—2>,
i=0

(x, ya (yi)lf[fn—Z) Fr(l) = (x]?’ yp’ (y[p)lfifn—2)~

We consider the morphism

Tp—2: AZ;1 — A]1&0, (y, (yi)l§i§n72) = ype—H + Vn72((yi)l§i§n72)~
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Then we have a decomposition
(A-1) HT'(X. Qo= @ HTAE 1, Ly)
veF/\{1}
as O x Z representations. Let p, be the representation over C of Q x Z defined by

- _ —1
B e e (%5

and ¢, where (”T_l) means the twist by the character ((a, b, ¢), m) — p
Lemma A.1. If p # 2, then we have detv,_, = —(—2n")" € [F;/([F;)z.

Proof. This is an easy calculation. U

m(n—l)/Z.

Proposition A.2. We have t, > p,.
Proof. Let Y be the smooth affine variety over k* defined by
xP —x = v, 0 ((0)1=i=n—2) in A

We define a right action of Q X Z on Y by

(¥, O 1=izn-2)((@, b, €), 0) = (x, @7 D2y <00,

(x, O)1<i<n—2) Fr(1) = P, (3 )1<i<n—2)-
Using the action of Q X Z on Y, we can define an action of Q x Z on
HY 2 (AL vE 5Ly,

Then we have
(A-2)  H' AR L) = H (A, 7 L) @ HI 2L, vF ) Lyy)

by the Kiinneth formula, where the isomorphism is compatible with the actions of
0 x Z. By (A-2), it suffices to show the action of Q X Z on

(A-3) 202 v L) (51

is equal to the character (2-9) via ¢.
First, consider the case where p # 2. The equality of the actions of Q follows
from [Denef and Loeser 1998, Lemma 2.2.3]. We have

A DY v = (21 (<(5)) v
e = (~e (=) v

by Lemma A.1. The equality of the actions of Fr(1) € Q x Z follows from [Deligne
1977, Sommes trig. Scholie 1.9] and (A-4).
If p =2, the equality follows from [Imai and Tsushima 2020, Proposition 4.5]

and (-2) = (= 1)3"02), O
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DIVISORS OF FOURIER COEFFICIENTS
OF TWO NEWFORMS

ARVIND KUMAR AND MONI KUMARI

For a pair of distinct non-CM newforms of weights at least 2 and having
rational integral Fourier coefficients a; (n) and a,(n), under GRH, we obtain
an estimate for the set of primes p such that

w(a1(p) —ax(p)) < [Tk + 1 +K'7],

where @ (n) denotes the number of distinct prime divisors of an integer n and
k is the maximum of their weights. As an application, under GRH, we show
that the number of primes giving congruences between two such newforms
is bounded by [7k + 1 + k'/*]. We also obtain a multiplicity-one result for
newforms via congruences.

1. Introduction and statement of the results

For an elliptic curve £ /Q and a prime p of good reduction, let N, (E) := p+1—a(p)
be the number of points of the reduction of E modulo p. Assume that E is not
Q-isogenous to an elliptic curve with torsion. Then Koblitz’s conjecture [7] says
that the number of primes p < X for which N, (E) is prime is asymptotically equal
to Cr(X/(log X)?), where Cg is a positive constant depending on E. In particular,
N, (E) is prime infinitely often when p runs over the set of primes. This conjecture
is still open but there are many results towards this in the literature (see [17]).
Indeed, Koblitz’s conjecture can be seen as a variant of the twin prime conjecture
(for more details, see [7]).

Inspired by Koblitz’s conjecture, Kirti Joshi [6] studied the prime divisors of
N,(f):= P 1+ 1—a(p), where a(p) is the (integer) p-th Fourier coefficient of
a newform f € Sx(V), the space of cusp forms of weight k£ and level N. Note that
for the Ramanujan delta function A € S12(1), @(N,(A)) > 3 for any p > 5, where
w(n) is the number of distinct prime divisors of an integer n. This shows that, in
general, the obvious variant of Koblitz’s conjecture is not true for modular forms of
higher weights. In fact, Joshi shows that there exist infinitely many cusp forms f;,
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(which need not be eigenforms) of increasing weight k; and of level 1 such that
(N, (fi,)) > 2 for all primes p.

If f is a non-CM newform of weight k > 4 then in the same paper Joshi gives an
estimate for the primes p for which N, (f) is an almost prime, i.e., has few prime
divisors. More precisely, under GRH and Artin’s holomorphy conjecture, he uses a
suitably weighted sieve due to Richert to prove that

X
a-n fp =X:eWp () =[S+ 1+ Viogk ]} > s

where [ -] is the greatest integer function. He also proves a similar result for the
function (N, (f)), where Q2 (n) counts the number of prime divisors of n with
multiplicity.

One can interpret N, (f) as the difference of p-th Fourier coefficients of the
normalized Eisenstein series E; and the newform f. This leads us to study the
number of prime divisors of the difference between the p-th Fourier coefficients of
any two distinct cuspidal newforms which allows us to deduce many interesting
consequences about congruences between newforms, multiplicity-one results, etc.
More precisely, we prove the following.

Theorem 1.1. Let fi € Si,(N1) and f> € Sk,(N2) be non-CM newforms with integer
Fourier coefficients ay(n) and a>(n), respectively, of weights at least 2. We also
assume that fi and f> are not character twists of each other if k| = k,. Put

k = max{ky, k»}.
Then under GRH, we have

(1-2) |{P <X:ai(p) #ax(p), w(ai(p)—ax(p)) < [7k+%+k1/5]}| > (IOg—X)Z

If k > 6 then the term k'/> appearing in (1-2) can be replaced with the smaller term
~logk.

We remark that because of Deligne’s estimate of Fourier coefficients, for any p,
N, (f) in (1-1) never vanishes, whereas a;(p) — a>(p) may be zero. Therefore we
remove such primes from (1-2).

Remark 1.2. In Theorem 1.1 and all the subsequent results in this section, by GRH,
we mean the generalized Riemann hypothesis holds for all the number fields Ly,
h > 1 (see Section 2B for the definition of Lj), i.e., the Dedekind zeta functions
associated with L;, have no zeros in the complex region Re(s) > % for all A.

We now state a few applications of our main result. Unless stated otherwise,
throughout the paper we shall work with forms f; and f, as in Theorem 1.1. We
also assume that a newform is always normalized so that its first Fourier coefficient
is 1. An immediate consequence of Theorem 1.1 is the following.
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Corollary 1.3. Let f| and f> be newforms as in Theorem 1.1. Then under GRH
there exist infinitely many primes p such that a,(p) # ax(p) and

w(ai(p) —ax(p)) < [Tk+ 3 +k'7].

We now recall a multiplicity-one result which says that if a; (p) = a»(p) for all
but finitely many primes p, then f; = f>. Rajan [14] has extensively generalized
this result by proving that if a;(p) = a»(p) for a set of primes p of positive upper
density, then f] is a character twist of f>. This is known as a strong multiplicity-one
result. Recently, in [12], a variant of this result for normalized Fourier coefficients
has been obtained. In this direction, we prove in Proposition 4.2 that, under GRH, if

(1-3) |{P <X:a(p)= az(p)}i > X13/14+g

for any € > 0, then fj is a character twist of f,. As aconsequence of Theorem 1.1, we
obtain the following interesting result that can be seen as a variant of a multiplicity-
one result in terms of congruences.

Corollary 1.4. Let fi and f; be non-CM normalized newforms of weight k1 and k;
with integer Fourier coefficients a|(n) and az(n), respectively. Put k = max{k, k;}
and assume GRH. If there exist primes £1, €3, ..., £, such that n > [7k + % +k1/5]
and, for each 1 <i <n,

(1-4) ai(p) =ax(p) (mod¥;),

for all p except for a set of primes of order o(X/(log X)?), then ki = ko and f, is a
character twist of f.

Proof. On the contrary, assume that f] is not a character twist of f,. For 1 <i <n,
let Bi(X) ={p < X :ai(p) # a(p) (mod ¢;)}. Put B(X) = J/_, Bi(X). Then,
for p ¢ B(X),

by - £y | (a1(p) —aa(p)) = w(ai(p) —ax(p)) = n.
In particular,

{P < X:a1(p) # ax(p) and w(ai(p) — ax(p)) < [Tk + 5 +k'/°]} € BOX).

But from our assumptions in (1-4) we have |B(X)| = o(X/(log X)?) and this
contradicts Theorem 1.1. O

We now mention the last application of Theorem 1.1 which is related to the
number of congruence primes of a newform. Recall that for a newform f; € Si(Ny)
with integer Fourier coefficients a;(n), a positive integer D is called a congruence
divisor if there exists another newform f, € S (N,) with integer Fourier coefficients
ap(n) which is not a character twist of f; such that f; and f, are congruent
modulo D, that is, a;(n) = ay(n) (mod D) for all (n, N{N) = 1. Indeed, this is
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equivalent to the condition that a;(p) = a>(p) (mod D) for all (p, NyNy) = 1. If
D is a prime, then D is called a congruence prime and we refer to [3] for a nice
overview of the subject. A congruence divisor of a newform is an important object
to study as it is connected to many well-known problems. To name a few, a bound
of the largest congruence divisor is related to the ABC conjecture, and if k = 2,
then the congruence primes for f| are related to the prime divisors of the minimal
degree of the modular parametrization to the elliptic curve attached to f; via the
Eichler—Shimura mapping (see [11, p. 179-180]). It would be also of great interest
to bound the number of congruence primes of a newform (see remark on page 180
of [11]). However, if we fix two newforms, then the following result gives a bound
on the number of congruence primes which is immediate by Corollary 1.3.

Corollary 1.5. Let f) and f> be newforms as in Theorem 1.1. Suppose there exists
a positive integer D such that f| and f, are congruent modulo D. Then under GRH

(D) <[Tk+5+k'7].

Each prime divisor of D gives a congruence between f| and f5; therefore,
Corollary 1.5 ensures that the number of primes giving congruences between two
newforms is bounded uniformly in terms of their weights and not on the levels.
This is the novelty of this result.

We now discuss some results about the function 2(a;(p) — ax(p)), where p
varies over the set of primes. Using a similar idea as the proof of Theorem 1.1, we
obtain the following.

Theorem 1.6. Let f| and f> be as in Theorem 1.1. Then under GRH, we have

[{Pp<X:ai1(p) #a2(p) and Q(a1(p)—az(p)) < [13k+3++ogk ]} >

X
(log X)*
It is clear that Theorem 1.6 also has applications of similar nature to that of

Theorem 1.1 mentioned above and we would not repeat it here.

Remark 1.7. It is possible to obtain an upper bound of the right order of magnitude
for the estimate in Theorem 1.6. In fact, we can do so by using Selberg’s sieve and
the ideas used in the proof of [6, Theorem 2.3.1]. More precisely, under GRH, one
can obtain that if fj and f, are as in Theorem 1.1, then

{p = X:a1(p) £ ax(p) and 2@ (p) —ax(p)) = [3QH—1I]}] « s

From the above estimate, it follows that under GRH

[P = X () —aapy is primel| < s
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In particular, the natural density of the set {p : a;(p) —ax(p) is prime} is zero. It
would be interesting to obtain a suitable lower bound of this set or at least to know
whether there are infinitely many primes p for which a;(p) — a>(p) is a prime.

In fact, all the above results are valid even if we replace a;(p) — ax(p) with
a1 (p) +ax(p). Also, similar results but with better bounds hold in Theorems 1.1
and 1.6 if we assume Artin’s holomorphicity conjecture in addition to GRH. It is
also worth mentioning that the full strength of GRH is not essential to prove our
theorems. Rather, a quasi-GRH, which assumes a zero-free region for the associated
Dedekind zeta functions in the region Re(s) =1 —¢ for some € € (O, %), is sufficient
for our purpose (see the discussion and results proved in [13]). In this case, we
obtain similar results to Propositions 2.1 and 4.1, with the only difference being
that the exponent of x becomes 1 — € instead of % However, it then requires a more
careful analysis of handling the error terms in the subsequent part of the proof of
our results, which will not be carried out here.

Contents and structure of the paper. The theorem of Deligne connecting the
theory of £-adic Galois representations to Fourier coefficients of newforms opens
the door for obtaining many new results regarding the arithmetical nature of these
coefficients. This connection and the Chebotarev density theorem play a prominent
role in this paper. These are recalled in Section 2. To prove our results, we first
establish Proposition 4.3 which gives an asymptotic formula for the number of
primes p up to X for which a;(p) # a>(p) and a;(p) — a(p) is divisible by a
fixed positive integer. Proof of Proposition 4.3 requires computations of the image
of the product Galois representations attached to f; and f> and this is obtained in
Section 3. Finally, we apply a suitably weighted sieve due to Richert, recalled in
Section 5, to prove our results. To establish the sieve conditions with the required
uniformity of parameters, Proposition 4.3 plays a crucial role. We use the ideas
employed in [6; 17] to prove our main results in Sections 6 and 7.

Notation. For any real number X > 2, 7 (X) denotes the number of primes less
than or equal to X. Along with the standard analytic notation <, >>, O, o, ~ (the
implied constants will often depend on the pair of forms under consideration), we
use the letters p, ¢, g, £1, £2, etc. to denote prime numbers throughout the paper.

2. Preliminaries

We summarize some standard results without proofs which will be used throughout
the paper. We closely follow [2] for our exposition.

2A. Chebotarev density theorem. We recall the Chebotarev density theorem which
is one of the principal tools needed for proving the main theorems of this paper.
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Let K be a finite Galois extension of (2 with the Galois group G and degree ng.
For an unramified prime p, we denote by Frob,, a Frobenius element of K at p
in G. For a subset C of G, stable under conjugation, we define

7c(X) :={p < X : p unramified in K and Frob, € C}.

The Chebotarev density theorem states that

IC]
e (X) ~ —m(X).
|G|
We will use the following conditional effective version of this theorem which
was first obtained by Lagarias and Odlyzko [8] and was subsequently refined by
Serre [16]. To state this, let dx be the absolute value of the discriminant of K /Q

and ¢k (s) be the Dedekind zeta function associated with K.

Proposition 2.1. Suppose ¢k (s) satisfies GRH. Then

C C
we(X) = %n(}() +0 (%X”z(log dx +ng log X)).

In addition to GRH for ¢k (s), by assuming Artin’s holomorphy conjecture (which
states that the Artin L-function associated to any nontrivial representation of the
Galois group Gal(K /Q) has an analytic continuation on the whole complex plane)
one can improve the error term in the above asymptotic formula for ¢ (X).

2B. mod-h Galois representations. Let Gg = Gal(Q/Q) be the absolute Galois
group of an algebraic closure @ of Q. Let k > 2, N > 1 and £ be a prime. Suppose
f € Sk (N) is a newform with integer Fourier coefficients a(n). The work of Eichler,
Shimura and Deligne (see [1]) give the existence of a two-dimensional continuous,
odd and irreducible Galois representation

pre: Ga — GLa(Zy),

which is unramified at p { N£. If Frob, denotes a Frobenius element corresponding
to such a prime, then the representation p s has the property that

tr(ps.e(Froby)) = a(p),  det(py.e(Froby)) = p*~'.
By reduction and semisimplification, we obtain a mod-¢ Galois representation,
pre:Ga — GLa(Fe),

where F, :=27/¢7.
Let h = ]_[;:1 E;f" be a positive integer. Using the £;-adic representations at-
tached to f, we consider an h-adic representation given by products of mod-£;’s
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representations

Pfh - G@ —> GLQ( 1_[ Zgj).

l<j=t

For each 1 < j <t, we have the natural projection Zgj A /E';j Z, and hence we
obtain a mod-A Galois representation given by

prn:Ga— GL2< I1 zw;-"z) => GL2(Z/h2).
l<j=t
If p{ Nh is a prime, then p , is unramified at p and
tr(p s (Frob,)) =a(p) (modh), det(p 7.4 (Frob,)) = p*~!  (mod h).

Let fi € Sk, (N1) and f> € Sk, (N2) be newforms having integer Fourier coefficients
ai(n) and ay(n), respectively. Then one can consider the product representation py,
of ps,.n and py, p, defined by

on:Go— GLao(Z/hZ) x GLy(Z/ hZ),
o= (pf.h(0), pp.1(0)).

Let <7, denote the image of Gg under p,. By the fundamental theorem of Galois
theory, the fixed field of ker(p,), say Ly, is a finite Galois extension of @ and

2-1) Gal(L,/Q) = .
Let %, be the subset of o7, defined by
¢h ={(A, B) € ) 1 tr((A) = tr(B)}.

We now define the following function on the set of positive integers which will play
an important role throughout the paper. For an integer 4 > 1, define

|%h|

2-2 Sh:
(2-2) (h) A

and 8(1) := 1. Since the trace of the image of complex conjugation is always zero,
én # ¢, and hence §(h) > 0O for every integer h.

3. Technical results

Let fi and f, be newforms as before. The main aim of this section is to obtain
an asymptotic size of §(£") for n = 1, 2 and this requires the computation of the
cardinalities of <7~ and %;». Building on the work of Ribet [15] and Momose [10],
Loeffler [9] has determined the image «7» of the product Galois representations.
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More precisely, Loeffler [9, Theorem 3.2.2] has proved that that there exists a
positive constant M ( f1, f») such that, for all primes £ > M (f1, f») andn > 1,

(3-1) o = {(A, B) € GLo(Z/€"Z) x GLy(Z/£"Z) :
det(A) = oM~ det(B) =vP 7 v e (z/0" D)}

In other words, the mod-£" representations of two newforms (that are not character
twists of each other) are as independent as possible. In the rest of the paper, we
denote the constant M (f, f») by M and without loss of generality, we assume that
M > 3. Clearly, for £ > M,

(3-2) ém ={(A, B) € pm : tr(A) =tr(B)}.

3A. Combinatorial lemmas. Here we obtain results about cardinalities of .«7» and
@y for any £ > M. We first assume that

An=ged(@ — 0" ki =1,k — 1)
and
(3-3) A, = {1 v Y v e @z/en ) *).
Recall that £ > 3. We now consider the group homomorphism
¢ (Z)0"7) — A, defined by ¢(v) = (171, v,

Since ¢ is surjective and its kernel {v € (Z/¢"Z)* : v*» = 1} is a cyclic subgroup
of (Z/€"Z)* of order A,, we obtain

|(Z/£nz)><| . E”_Z”_l
An IV

We first recall the following result proved in [2, Lemma 3.3].

(3-4) Al =

Lemma 3.1. For any prime £ > M,
] = 5= D+ )2

Using Lemma 3.1, we now compute || for any n > 1.

Lemma 3.2. For any prime £ > M and integer n > 1,
|| = iz”"—”(z D3+ o).

Proof. Let i : o/in — <7, be the natural map defined by
(3-5) (A, B) > (A (mod ¥), B (mod?)).
Since it is a surjective group homomorphism, we have

| pn| = [ker(Y)[|].
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Therefore, in view of Lemma 3.1, to evaluate || it is sufficient to compute
|ker(y)|. For that we first compute the cardinality of the set

[y € GLy(Z/€"7) : det(y) = d, y =1d (mod ¢)},

where d € (Z/¢"Z)* such that d = 1 (mod ¢) is fixed and Id is the identity element
in GL,(F,). Any general element of the above set will be of the form

1+x¢ ¢
2 14wl)’

where 0 < x, y,z,w < "1 with the condition that
(1 +x0) (1 +wb) — yz0* =d.

As d =1 (mod ¥¢), the above equation reduces to
d—1
x(14+wl) = T—Fyz@—w.

Since 1 + wt € (Z/£"Z)* for such w, for any choices of 0 < y, z, w < £"~! the
above equation gives a unique x. Therefore

(3-6) [y € GL2(Z/0"Z) : det(y) =d, y =1d (mod )} = 3"~V
Now, we note that

ker(¥) = [{(A, B) € o : (A, B) = (Id, 1d) (mod ¢)}

’

therefore from (3-1)

T S SN S
(di,d2)e, AcGLy(Z/£"Z) BeGLy(Z/("Z)
det(A)=d, det(b)=d;
A=Id (mod¢) b=Id (mod¢)
In the above, congruence conditions on A and B compel that d| =d, = 1 (mod £),
and hence using (3-6) gives

ker(p)| =€~ Y"1

(d1,dr)eN,
di=dr=1 (mod €)

Since the sum appearing on the right side of the above equation is the cardinality of

the kernel of the natural (surjective) reduction map A, — A given in (3-5), we have
Al )
ker(y)| = — £00=1,
[A1]

Now using (3-4) in the above yields the desired result. U
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Our next aim is to compute the cardinalities of 4; and %,2. Though an explicit
computation is possible, we only obtain asymptotic formulas here and that is
enough for our purpose. To simplify our notation, we denote the set of quadratic
and nonquadratic residue elements in (Z/£"Z)* by Q, and Qy,, respectively.

Lemma 3.3. For any prime £ > M,

26
16| = — + O ().
Al

Proof. From the definition of %

62| = Z {(A, B) € GLa(F¢) x GLa(F) :

(dy,dr)e
det(A) =di, det(B) = dy, tr(A) = tr(B)}|

S 3 SND SINED SNt

tel, (d],dz)EA] AEGLz(ﬂ:z) BGGLZ([F[)
det(A)=d; det(B)=d,
tr(A)=t tr(B)=t

Split the sum over A into three parts, namely

(3-7) |%I=Z[Z+Z+Z]2121

tek, = (di,dy)en;  (di,d)eAr  (di,dr)eN~ AeGLy(Fy) BeGL,(Fy)
?—4d, €0, 1?=4d, 12—4dyeQf det(A)=dr  det(B)=dp
tr(A)=1 tr(B)=t

and we denote the corresponding sums by S;, S and S3, respectively. Thus

Si=y > )N DM ¢

1€Fy (dy,d2)eA| A€GLy(Fy) BeGL,(Fy)
12—4djcQ, del(A)=d,  det(B)=d>
tr(A)=t tr(B)=t
To proceed further, note that for given d € F and ¢ € [, one can obtain the following
result by employing an elementary counting argument:

4o ift?—4de 0,
(3-8)  |{y € GLa(Fy) : det(y) =d, tr(y) =t}| = { £? if 1> =4d,

02—t ift?—4d e Q5.
Using (3-8) gives

Si=@+0y; . > 1

tely (dy,dr)eA BeEGLy(Fy)
t2—4d16Q1 det(B)=d,
tr(B)=t

SCGE2) 3 D SRS SRR D ) SN
tely = (di, ey (di,dr)eA;  (di,d2)eA~ BeGLy(Fy)
t274d1€Q1 t274d1€Q1 1274d1€Q1 det(B)=t,

2—4dre 2=4d, 2—4dre ¢ tr(B)=t
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Again using (3-8)

51=<zz+6)2[@2+5) Yoo+ )Y 1+ (-0 1].

tely (d1,dr)e (dy,d2)eM (dy,d2)eA
?—4d, €0 1?—4d e Q, 1?—4d,eQ
1?—4dre Q) 12=4d, 12 —4d,e 0

Collecting the terms containing £* gives

=0 Y 1+0@)

tel, (di,dy)eN
12—4d,€Q,

Similarly, we have

5=t X 1ro@ 5=t ¥ 1roe)
telFy (dy,dy)eN telFy (dy,dr)eN
2=4d, ?—4di€Qf

Combining all together, we have, from (3-7),

[Gl=e>" Y 1+ 00)

tely (dy,dr)eN

and now using (3-4) completes the proof. (I

To compute |2 |, we first prove the following result which is a generalization of
(3-8) for the ring Z/¢Z.

Lemma 3.4. Foranyd € (Z/0*Z)* and t € 7/{*Z, we have

(3-9) |{y € GL2(Z/€%Z) : det(y) = d, tr(y) =t}
G+ -0 ifrP—4d =0,

jet—e if 01> —4d =0 (mod ),
N PARENA if > —4d € Q»,
=0 if > —4d € Q5.

Proof. 1t is clear that
|{y € GLo(Z/0°Z) : det(y) = d, te(y) =1} = |41,

where A4 :={(a, b, c) € (2/622)3 ca’?—at+bc=—d}. To compute |.4'| we divide
the set .4 into three disjoint subsets .41, .45 and .43 based on the following three
cases, respectively. Hence

(3-10) | A= [ M|+ | 2] + |A3].
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Case (i): a = 0. Then the condition bc = —d forces that b and ¢ both have to be
units and for any b there exists a unique c¢. Hence

|| =02 —¢.

Case (ii): a # 0 and bc = 0. The latter condition implies that either » or ¢ is 0,
or both are (nonzero) zero-divisors of Z/¢>Z. The total number of such pairs is
202 — 14 (£ — 1)> = 3¢? — 2¢. Therefore,

(3-11) | 5] = |{a € Z/*Z - a® — at +d = 0} x (3¢% —20).

We now claim that

¢ ift?—4d =0,

0 if0#1*—4d=0 (mod¢),
(1) |aeZ/fZ:a—ar+d=0) =10 "0 (mod £)

2 ift —4d€Q2,

0 ifr>—4d € Q5.

To prove this, we see that if 1> —4d = 0, then any a = % (mod £) is a solution of
a® —at +d =0 and there are £ such choices for a. Next, assume that 0 # > —4d =
0 (mod ¢). If a®> — at + d = 0 has solutions, say x and y, then

x—y)l=Gx+y) —dxy=12—4d=0 (mode).

Therefore, x — y =0 (mod {) = 12 —4d = (x — y)2 = 0, which is a contradiction.
The last two cases are clear.
Thus using (3-12) in (3-11) gives the cardinality of .45.

Case (iii): @ %~ 0 and bc # 0. In this case, bc can be either a (nonzero) zero-divisor
or a unit. Clearly, the number of choices for b and ¢ such that bc is a given nonzero
zero-divisor is 2¢(£ — 1) and for a given unit the number of such choices is > — £.
Therefore, we have

(3-13) | M| =|laeZ/?Z:0+#a”*—at +d =0 (mod £)}| x 2¢(€ — 1)
+|{a € 2/0?Z : a* —at +d € (2/*D)*}| x (> —0).

If a> — at +d = m¢ for some m € [, then from (3-12)

if 12 —4(d —mt) =0,

if 0 # 12 —4(d —mt) =0 (mod £),

if 12 —4(d —mt) € Qr <= t*—4d € Q»,
if 12— 4(d —mt) € Q5 < 1> —4d € 05.

Ha€Z/e*7 :a*—at+d =mt}| =

S N O
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Note that there exists a unique m € F; such that 1> —4(d —m¢) = 0, and in that
case 0 # 2 —4d =0 (mod ¢). Therefore

(3-14) [{a€Z/*Z:0#a*—at+d=0 (mod0)}|

0 ift>2—4d =0,
e if 0# 1> —4d =0 (mod ¢),
|2t —1) ift?—4d e Q,,

0 if > —4d € Q5.

As we have £% — 1 choices of a in this case, (3-12) and (3-14) immediately gives

(3-15) |[{a €Z/0°Z:a* —at +d € (Z/¢*7)}|

2 —0—1 ift’—4d=0,

2 —t—1 if0#£1>—4d =0 (mod?),

0?2 —20—1 ift*>—4d € 0,

2 —1 if 1> —4d € Q5.

Substituting (3-14) and (3-15) in (3-13) and then combining all the above three

cases in (3-10) gives the desired result. Ol
We are now ready to give a desirable estimate for |%|.

Lemma 3.5. For any prime £ > M,

12
|€2] = — + 0.
A2

Proof. We use similar arguments as in the proof of Lemma 3.3, and hence we will
only give an outline of the proof here. We write

I DED DD D D DI

1€Z/0?7 (di,d2)EN2 AeGL,(Z/¢*Z) BeGL,(Z/¢*Z)
det(A)=d, det(B)=d>
tr(A)=t tr(B)=t

We split the sum over A into four parts, namely

I%zI=Z[Z+Z+ > +Z}

teZ/e27 ~ (di,d)eNy  (d1,da)eN; (d1,dr)eN (di,dr)eN
12—4d, €0, 1?=4d, 0#£12—4d,=0 (mod¢)  1*—4d € Q5

2 12

AeGLy(Z/€*Z) BeGLy(Z/0?7)
det(A)=d, det(B)=d,
tr(A)=t tr(B)=t

and denote the corresponding sums by S}, S), S5 and S so that

(3-16) €2l = S1+ S5+ S5+ S,
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Now applying Lemma 3.4, we obtain

Si=r+) Y oL

t€Z/€27 (d1,d2)€A2 BeGL,(Z/627)
t?—4d1€Q,  det(B)=d,
tr(B)=t

As before, splitting the middle sum into four parts and applying Lemma 3.4 yields

Si=+6) Y [<e4+e3> PR GERAEN I

tez/027 (di,dr)eN (d1,dr)eN>
t2—4d, e, 1?—4di€Q,
1?—4dreQ, ?=4d,
+ (=% > GRS }1
(d1,dr)eAr (dy,dr)er
12—4d e Q, 1?—4d1€Q,
0=t2—4d»=0 (mod ¢) 12—4d,e 05

and then collecting the terms containing £3 gives

si=8 3y > 140w,
t€Z/€27 (di,da)eAr
1*—4d1€Qr
Computing ), S5 and S} in a similar manner and substituting in (3-16), we have
Gal=0 Y > 1+oe
teZ/¢27 (di,d2)eNr

and finally using (3-4) completes the proof. U

Let h = €}' €57 - - - £;". Since the fixed field of ker(p) is contained in the com-
positum of fixed fields of ker(p, ), from (2-1)

|| < |yl |yl || and |G| < |Gl €l [Cpnl.
For any prime £ and integer n > 1, o is contained in the set

{(A, B) € GLo(Z/£"Z) x GLo(Z/£"Z) :
det(A) = "7 det(B) = v v e (Z/0" D)},

and hence a simple counting argument gives
o/ | < €7 and % | < £,
Therefore now it is clear that, for any integer & > 1,

(3-17) || < b’ and |6,| < hS.
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3B. Asymptotic size of §(£). Recall that, for any positive integer & > 1,

|6
s(h)y = ——.
<7 |

An immediate consequence of the results in the previous section is the following.

Proposition 3.6. If £ varies over primes then, forn =1, 2,
1
Sy ~— as £ — oo.
En

Finally, we state the following multiplicative property which plays an important
role to prove our main result.

Proposition 3.7 [2, Proposition 3.6]. For primes €1, £, > M with €| # £», we have

8(€1€2) = 6(£1)8(£2).

4. Analytic results on primes

Recall that f| and f, are non-CM newforms with integer Fourier coefficients which
are not character twists of each other. For a positive integer # > 1 and a real number
X > 2, consider the function

(4-1) ThpXh= Y 1
p=X,(p.,hN)=1
hi(ai(p)—az(p))

The representation oy, defined in Section 2, is unramified outside 2N . Also, it is
ramified at all the primes ¢ | & because its determinant contains a nontrivial power
of the mod-£ cyclotomic character which is ramified at £. However, there may exist
some primes dividing N at which p;, is unramified. It follows that a prime p is
unramified in L only if either (p, hN) =1 or p | N. Since the image of Frobenius
elements under p;, generate <7,, we can write

T p (X, h) = |{p < X : p unramified in L, p,(Frob,) € %”h}| + 0(1),

where the error term is due to the possible primes divisors of N which are unramified
in L. Since the trace and the determinant maps are stable under conjugation, the
group 7, and the set %}, are also stable under conjugation. Now applying the
Chebotarev density theorem (see Proposition 2.1) for the field L, we obtain the
following.

Proposition 4.1. Let f| € Sk, (N1) and f> € Sk,(N2) be non-CM newforms with
rational integral coefficients a;(n) and ay(n), respectively. Assume that f| and f;
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are not character twists of each other. Let N =lcm(Ny, Ny) and h > 1 be an integer.
If GRH holds for the field Ly, then

(4-2) 7 5 (X, h) =8(h) (X)) + O(h°X/? log(hN X)).

We remark that to establish Proposition 4.1, we need to use (3-17) and the
following variation of a result of Hensel (see [16, Proposition 5, p. 129]):

(4-3) logdr, < o log(hN ).

For our purpose, we now use Proposition 4.1 to obtain the following result giving
an upper bound for the set of primes p with a;(p) = a>(p). This may be also of
independent interest.

Proposition 4.2. Let f| and f, be newforms as before. Then under GRH

{p <X :ai(p) = ax(p)}| = O(X /M.

Proof. Clearly, for any prime ¢,

[{p =X :ai(p)=ax(p)}] < 7p. (X, O+ O(D).
Hence using Proposition 4.1, for a large prime ¢,

{p<X:ai(p) =ax(p)}| = 0(@) +O0°X"? log(¢N X)).

14
Now by Bertrand’s postulate, we choose a prime ¢ between X'/1*/log X and
2(X /14 /1og X) and this proves the result. O

Note that in Proposition 4.2, GRH is used for the field L, for all but finitely
many primes £.

We remark that for newforms of weight 2 and by making use of various abelian
extensions, in [13, Theorem 10], a better estimate in Proposition 4.2 is obtained.

We now define

(4-4) 75 (X h) = Z 1.
p=X
h|(a1(p)—ax(p))
a1 (p)#az(p)

Using Propositions 4.1 and 4.2 we deduce the following.

Proposition 4.3. Let f| and f, be newforms as in Proposition 4.1 and h > 1 be an
integer. If GRH holds for the field Ly, then
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Remark 4.4. Indeed, the estimates given in Propositions 4.1 and 4.3 are also valid
for the set of primes p < X with & | (a;(p) 4+ a2(p)). This can be achieved by
considering the set 6] = {(A, B) € 4, : tr(A) = —tr(B)} instead of €, in Section 3
and following the same arguments.

Remark 4.5. In the above propositions, if one assumes Artin’s holomorphy con-
jecture in addition to GRH, then an improved error term can be obtained. More
precisely, in Propositions 4.1 and 4.3, we have O (h3X'/?log(hN X)) instead of
Ohox1/? log(h N X)) which gives the estimate for Proposition 4.2

(4-6) (P < X:a1(p) =ax(p)}| = OX"P%).
5. Sieving tool: Richert’s weighted one-dimensional sieve form

We will prove Theorem 1.1 by using a suitably weighted sieve due to Richert [4].
The sieve problem we encounter here is a one-dimensional sieve problem in the
parlance of “sieve methods”. We will use notation and conventions from [4].

Let A be a finite set of integers not necessarily positive or distinct. Let P be an
infinite set of prime numbers. For each prime £ € P, let Ay:={a €. A:a=0 (mod ¢)}.
We write

(5-1) [Al=X+4+r; and |A¢|=8U)X +ry,

where X (resp. 6(£) X) and ry (resp. r¢) are a close approximation and remainder to
A (resp. Ay), respectively. For a square free integer d composed of primes of P, let

Aj={ae A:a=0 (modd)}, &)= 1—18(6) and rg = Ay —38(d)X.
eld
Notice that the function § depends on both A and P. For a real number z > 0, let
P@)= [] ¢ and W= [] (a-s@).

LeP,l<z LeP l<z

Hypothesis 5.1 [4, p. 29, 142, 219]. For the above setup, we now state a series of
hypotheses.

Qq: There exists a constant A; > 0 such that

1
OSS(E)SI—A— forall £ eP.
1

(1, L): If2<w <z, then

—L< Y 8®logl—log— < A,
w

w=l=z

where Ay > 1 and L > 1 are some constants independent of 7 and w.
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R(1,a): Thereexist 0 <a < 1 and Az, Ay > 1 such that, for X > 2,

> n@d)?3° @ g < Ay
X(X
d= (log )43

(log X)?

For A and P as above and for real numbers u, v and A with u < v, define the
weighted sum

B logg
(52 WAPvu)= Y (1_ 2 A(l_ulogX)).

acA XWVv<g<xt/u
(a,P(X"/"))=1 qla,qeP

We now state the following form of Richert’s weighted one-dimensional sieve.

Theorem 5.2 [4, Theorem 9.1, Lemma 9.1]. With notation as above, assume that
Hypothesis 5.1 for Q1, Q2(1, L) and R(1, @) hold for suitable constants L and «.
Suppose further that there exists u, v, A € R and As > 1 such that

1 2 4
—<u<v, —=<v=—, O0<A<As.
(07 (07 o
Then
WA P.v.u ) > XWX Favouay— — &
b b 9 9 p— 9 9 9 (10gX)1/14 9

where c is a constant depends at most on u and v (as well as on the A;’s and o) and

2eY v oav—1
(5-3) F(a,v,u,A) =—1/|log(ov—1) — Aaulog — + A(au — 1) log .
av u ou—1

Here y is Euler’s constant and X is the approximation of < given in (5-1).

6. Proof of Theorem 1.1

We shall closely follow the arguments of [6]. The idea is to apply Theorem 5.2 to
the situation

A:={lai(p) —ax(p)| : p < X, a1(p) #ax(p)} and P:={:€> M},

where M = M (f1, f>) is the constant in Section 3. It is clear that, for any £ € P,

Al =[{p < X :a1(p) #az(p). £ | (a1(p) —a2(p)}| =7}, 1, (X, O).

Applying Proposition 4.3, under GRH, we obtain

X
Ayl =8(0) —— ,
| Ael ()IOgX+re
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where r; = O(£8X'?log((N X)) + O(X'3/%). If d is a square free integer com-
posed of primes from P, then from Propositions 3.7 and 4.3 we have

6-1)  8(d) = ]_[ 8() and rg= 0@d®°X"?log(dNX))+ O(X"¥/%).
Lld LeP

To apply Theorem 5.2, we now verify that hypotheses 1, Q,(L, 1) and R(1, @),
given in Hypothesis 5.1, hold for our choice of A and P.

Lemma 6.1. Let f and f, be newforms as before. Then we have the following:

(1) Hypothesis 21 holds with a suitable Aj.
(2) Hypothesis Q2,(1, L) holds with a suitable L.

(3) Under GRH, the hypothesis R(1, o) holds with any a < ﬁ.

Proof. By Proposition 3.6 the validity of hypotheses €2; and €2,(1, L) are immediate
because if £ € P then §(¢) ~ % and this proves hypothesis €2 while the latter one
can be achieved by using Mertens’s theorem (see [6, Lemmas 4.6.1, 4.6.2, 4.6.3]).
So we only give a proof of part (3). From [5, p. 260], we know that 3°(" <
d(n)31083/10e2 « € Therefore, for any positive constant Az, from (6-1), we have

Z ,u(d)2 3w(d) |7"d| < Z (d6+6X1/210g(dNX)+X13/14).
d<L d<L
~ (og x)43 ~ (og X)43

We now see that, for any o < -

14>
X
n(@d)*3°@ |rg| <
XX; (log X)?
d= (log X)A3
and this completes the proof. (Il

Next we need to choose sieve parameters «, u, v, A satisfying conditions in
Theorem 5.2. For k > 2 we take

k=1 14k+1 56k 1

(6-2) o=

k=1 et A= —.
4k YT k=1 VT K175

Clearly, é <u<wv, % <v< g and 0 < A < 1. This shows that these parameters

satisfy the conditions required for applying Theorem 5.2, and hence for our choices

of A and P, we obtain
Fo( ) cL
o, v, u, ) — ———— |
(log X)? (log X)1/14

Note that here we have used the fact that 4| > X /log X and W(X) > 1/log X for
X > 0 which follows immediately by using Proposition 3.6. Also for the choices

WA, P, v, u, 1) >
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of sieve parameters «, u, v, A given in (6-2), the function F(«, v, u, A), defined by
(5-3), can be computed explicitly and is given by

F(k_l 56k 14k+1 L) e (14K log 3+log 42k — (1+14k) log(13257))
14k k—1" k—1 "k/5) 28k6/5 '
Also, F(a, v,u,A) >0 for k > 1.71.... Therefore for a fixed weight k > 2 one

can choose X, sufficiently large, such that F (o, v, u, A) — (cL)/(log X)/1% > 0. In
other words, we have

(6-3) WA, P,v,u, ) > Tog X2

There are at least X /(log X)? many primes p < X which make a positive contribution
to the left-hand side of (6-3). Therefore to complete the proof of the first part of
Theorem 1.1 it is sufficient to show that, for any such prime p,

w(ai(p) —ax(p)) < [Tk + 5 +&'7].
Let p be such a prime. Then (a;(p) — az(p), X'/¥) =1 and
logg
6-4 1= 1= 0.
- Z < ulogX) =

Xl/qu<X1/"
ql(ar(p)—az(p))

Therefore, we write

65) w@p@) -wEy= Yy 1= Y 1+ > L

ql(ai(p)—az(p)) X <g<x/n g=Xxu
ql(ar(p)—az(p)) ql(ai(p)—ax(p))

Now to estimate the first sum on the right of (6-5) we use (6-4) and obtain
1 log g
l<—4u .
2 7 2 oeX
Xl/“<q<X1/“ Xl/“<q<X1/“
ql(ai(p)—ax(p)) ql(ai(p)—ax(p))

For the second sum we observe that if ¢ > X'/* then log g /log X > % that gives

logg
1<u .
2. Isv ) oy
g=Xx"n g=Xx"
ql(a1(p)—ax(p)) ql(ai(p)—ax(p))

Substituting the last two inequalities in (6-5) yields

logg 1 = loglai(p)—ax(p)|
<—-+u .
logX — A log X

1
o@p)—mp) << +u Y

ql(ar(p)—az(p))
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Using Deligne’s estimate we know |a;(p) —ax(p)| < 4p*=D/2 Therefore for any
p < X as above, we have
k—1 log4
+u g .
2 log X

1
w(ai(p) —ax(p)) < 5 +u

Substituting the values of # and A from (6-2) and choosing X large enough completes
the proof of the first part of the theorem.

Finally, the last assertion of the theorem when k > 6 can be achieved by taking
A =1/+/logk instead of A = 1/k'/3 in the above proof and then following the same
arguments.

7. Proof of Theorem 1.6

The idea of the proof is similar to the proof of Theorem 1.1 with minor modifications.
We shall apply Theorem 5.2 with the same setting as in Section 6. For k > 2, we
choose the sieve parameters as

k—1 26k + 1 30k 1
= -, u:—’ ’U:—, = .
14k k—1 k—1 Viogk

Again, these parameters satisfy the conditions required for Theorem 5.2 and the
corresponding function F(«, v, u, A) > 0 for k£ > 1.006. Hence as in the proof of
Theorem 1.1, the corresponding weighted sum satisfies

(7-1) WA, P,v,u, A) >

(log X)?'
Next we observe that
Hp<X: 2l @p)—a(p), X" < <X} = > (wp.p(X, )+0(1)),
XI/USKSXI/“

where the error term is due to the presence of those primes p such that p | {N and
02| (a1(p) — az(p)). Applying Proposition 4.1 gives that the left side of the above
equality is equal to

1 1
L /2+€ 12
X) Y £2+O(X > Z).
X1/v<p<X1/u XWv<g<xl/u

Since u > 26, we have

X
72 |[{p<X: @1 @p) —ap), X'’ <t< x| =0<(1ogx>2)'

We conclude, by combining (7-1) and (7-2), that there are at least X /(log X )2 many
primes p < X such that
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(@) a1(p) —a>(p) does not have any prime divisors less than X!/?,

(b) for primes ¢ | (a1(p) — ax(p)) with X7V <& < X'/ €24 (a1(p) — az(p)),
(c) the contribution of p to the sifting function W(A, P, v, u, 1) is positive, i.e.,

logg
1— M1-— 0
2 ( “log x ) ”
Xl/L'Sq<X1/u
qll(a1(p)—a2(p))

In order to complete the proof, we will show that if p < X is a prime satisfying the
three conditions above then

Q(ai(p) —ax(p)) < [13k + 1 +Vlogk].
Let p < X be a prime satisfying (a), (b) and (c). Then, as in the proof of Theorem 1.1,

Qap-aEy= Y 1+ Y 1<%+u y o led

log X
XV eg<x!/u g=X q"|(a1(p)—az(p))
qll(ai(p)—ax(p)) q"(a1(p)—ax(p))

which gives

log |ai(p) —ax(p)|

1
Qai(p) —ax(p)) = 5 +u log X

Now applying Deligne’s estimate and arguing as in the proof of Theorem 1.1, we
get the desired result.
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DESINGULARIZATIONS OF QUIVER GRASSMANNIANS
FOR THE EQUIORIENTED CYCLE QUIVER

ALEXANDER PUTZ AND MARKUS REINEKE

We construct torus equivariant desingularizations of quiver Grassmannians
for arbitrary nilpotent representations of an equioriented cycle quiver. We
apply this to the computation of their torus equivariant cohomology.

1. Introduction

Quiver Grassmannians are projective varieties parametrizing subrepresentations of
quiver representations. Originating in the geometric study of quiver representations
[Schofield 1992] and in cluster algebra theory [Caldero and Chapoton 2006], they
have been applied extensively in recent years in a Lie-theoretic context, namely as
a fruitful source for degenerations of (affine) flag varieties [Cerulli Irelli et al. 2013;
2017; Feigin et al. 2017; Piitz 2022]. This approach allows for an application of
homological methods from the representation theory of quivers to the study of such
degenerate structures.

The resulting varieties being typically singular, a construction of natural desingu-
larizations is very desirable. For quiver Grassmannians of representations of Dynkin
quivers this was accomplished in [Cerulli Irelli et al. 2013] building on [Feigin and
Finkelberg 2013], and for Grassmannians of subrepresentations of loop quivers
in [Feigin et al. 2017] (in other directions, this construction was generalized to
representations of large classes of finite dimensional algebras in [Crawley-Boevey
and Sauter 2017; Keller and Scherotzke 2014; Leclerc and Plamondon 2013]).

In the present paper, we synthesize the approaches of [Cerulli Irelli et al. 2013;
Feigin et al. 2017] and construct desingularizations of quiver Grassmannians for
nilpotent representations of equioriented cycle quivers, thereby, in particular, desin-
gularizing degenerate affine flag varieties [Piitz 2022].

As an important application, this allows us to describe the equivariant cohomology
of degenerate affine flag varieties and more general quiver Grassmannians, in
continuation of the program started in [Lanini and Piitz 2023a; 2023b].

In the first section, we recall some background material on quiver Grassmannians
for nilpotent representations of the equioriented cycle quiver. In Section 3 we give
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an explicit construction for desingularizations of quiver Grassmannians for nilpotent
representations of the equioriented cycle, along the lines of [Cerulli Irelli et al. 2013].
We prove that the desingularization has a particularly favorable geometric structure,
namely it is isomorphic to a tower of Grassmann bundle. Consequently, it, admits a
cellular decomposition which is compatible with the cellular decomposition of the
singular quiver Grassmannian. In Section 4, we recall the definition of certain torus
actions on cyclic quiver Grassmannians, together with the necessary framework
to compute torus equivariant cohomology. Finally, in Section 5 we prove that the
desingularization is equivariant with respect to the torus action as introduced in
[Lanini and Piitz 2023a]. This allows to use the construction from that paper for
the computation of torus equivariant cohomology to all quiver Grassmannians for
nilpotent representations of the equioriented cycle.

2. Quiver Grassmannians for the equioriented cycle

In this section we recall some definitions concerning quiver Grassmannians and
representations of the equioriented cycle. We refer to [Kirillov Jr. 2016; Schiffler
2014] for general representation theoretic properties, and to [Cerulli Irelli et al.
2012] for basic properties of quiver Grassmannians.

Generalities on quiver representations. Let Q be a quiver, consisting of a set of
vertices Qo and a set of arrows Q| between the vertices. A Q-representation M
consists of a tuple of C-vector spaces M¥) for i € Q¢ and tuple of linear maps
My MD - MD for (a:i — J) € Q1. We denote the category of finite dimensional
Q-representations by repp(Q). The morphisms between two objects M and N are
tuples of linear maps ¢; : M @ — N fori € Qg such that @joMy = Ny og; holds
forall (w:i — j) e Q.

Definition 2.1. For M erepc(Q) and e € N0, the quiver Grassmannian Gr, (M)
is the closed subvariety of HierGrei (M ®) of all subrepresentations U of M such
that dimg U®) = ¢; for i € Q.

For an isomorphism class [N] of Q-representations, the stratum Spyy is defined
as the set of all points (that is, subrepresentations) U € Gr.(M) such that U is
isomorphic to N. By [Cerulli Irelli et al. 2012, Lemma 2.4], Spyj is locally closed
and irreducible. If there are only finitely many isomorphism classes of subrepre-
sentations of M, as will be the case in the following, the Spyj thus define a finite
stratification of the quiver Grassmannians.

Every basis B of M € repc(Q) consists of bases

B = k e my])
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for each vector space M® of the Q-representation M, where m; := dim¢ M©
foralli € Qq, and [m]:={1, ..., m}.

Definition 2.2. Let M € repc(Q) and B a basis of M. The coefficient quiver
Q(M, B) consists of:

(QMO) The vertex set Q(M, B)y = B.

(QM1) The set of arrows Q(M, B)|, containing .(& : v,(ci) - v((zj )) if and only if
(¢ :i — j) € Q) and the coefficient of véf ) in M, v,((’) is nonzero.

Representations of the equioriented cycle. For n € N, by A, we denote the equior-
iented cycle quiver on n vertices. Hence the set of arrows and the sets of vertices are
in bijection with Z,, := Z/nZ; more precisely, we have (A, )9 = Z/nZ and arrows
o; i —i+1foralli € Z/nZ. Here and in the following, we consider all indices
modulo 7 unless specified differently.
A A,-representation M is called N-nilpotent for N € N if
M

di+N-1

oM

Qi N-2

o---oM,

Ai+1

oM, =0

for all i € Z,, i.e., all concatenations of the maps of M along the arrows of A,
vanish after at most N steps. M is called nilpotent if it is N-nilpotent for some N.
From now on we use the short hand notation M; for the map along the arrow «;.

Example 2.3. Leti € Z, and let £ € Z. Consider the C-vector space V with basis
B ={by, ..., by} equipped with the Z,-grading given by deg(by) =i +k—1¢€ Z,.
Take the operator A € End(V') uniquely determined by setting Aby = by for any
k < € and Awy = 0. The vector space of the corresponding A, -representation over
the j-th vertex is spanned by the elements of B of degree j. Let m; be the number
of these basis elements. In this basis, the map from vertex j to j + 1 is given by
a m; X m;;1 matrix with ones on the diagonal below the main diagonal and all
other entries equal to zero. It is immediate to check that this A, -representation is
nilpotent. We denote this representation by U; (£).

Proposition 2.4 [Kirillov Jr. 2016, Theorem 7.6.(1)]. Every indecomposable nilpo-
tent representation of A, is isomorphic to some U;(£).

Example 2.5. Observe that the basis B from Example 2.3 can be obviously rear-
ranged into the union of ordered bases

BY = {vﬁ” :relk]} forieZ,,

where k; is the number of elements b € B with deg(b) = i. With respect to B, the
coefficient quiver of U;(£) has the form:



112 ALEXANDER PUTZ AND MARKUS REINEKE

By [Kirillov Jr. 2016, Theorem 1.11], every nilpotent A, -representation is iso-
morphic to a A,-representation of the form

M= P viwec,

ieZ, Le[N]

with d; y € Z>¢ for all i € Z, and € € [N]. Here N is the nilpotence parameter
of the representation and the tensor product with the C-vector spaces counts the
multiplicities of the indecomposable summands.

Let CA,, be the path algebra of A, and define the path

pi(N):=({+ Nlajtn-10Qiyn-—20--0Qiy10;|Q)
for all i € Z,, and some fixed N € N. We define the path algebra ideal
Iy =(pi(N):ieZ,) CCA,,

generated by all paths of length N, and we denote the truncated path algebra
CA, /Iy by AN The following is a special case of [Schiffler 2014, Theorem 5.4].

Proposition 2.6. The category repc(A,, In) of bounded quiver representations is
equivalent to the category mod@(A,gN)) of modules over the truncated path algebra.

Remark 2.7. The U;(N) for i € Z, are the longest indecomposable nilpotent
representations in repc(A,, Iy).

Let P; e repc(Ap, In) be the A, -representation starting at vertex i € Z, corre-
sponding to the projective indecomposable AfZN)—module, and let I; € repc(Ap, Iy)
be the A, -representation ending at vertex j € Z, corresponding to the injective inde-
composable A;N)—representation. We can identify bounded projective and bounded
injective representations of the cycle, via indecomposable nilpotent representations
(see [Piitz 2022, Proposition 4.2]):
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Proposition 2.8. Forn, N e Nand all i, j € Z, the projective and injective repre-
sentations P; and I; of the bound quiver (A, 1y) satisfy

Pi=U(N)=ILiyny-1 and L[ =U; ny11(N) = Pjny1.

Remark 2.9. In particular, U;(N) is projective and injective in repg (A, Iy). If
we want to emphasize the injective nature of an indecomposable A, -representation
we sometimes use the notation U (j; £) :=Uj_,11(£).

Parametrization of irreducible components. In Section 3 we will construct desingu-
larizations of all quiver Grassmannians associated to nilpotent representations of the
equioriented cycle, which requires knowledge of their irreducible components. Let
us first recall the approach: since there are only finitely many isomorphism classes
of nilpotent A,-representations in any fixed dimension, the stratification of every
quiver Grassmannian into strata Sy is finite. Since the strata are irreducible, the
irreducible components of quiver Grassmannians are therefore of the form Sjy for
certain isomorphism classes [ N], which provide a natural labeling (and a canonical
representative) of the components.

For arbitrary nilpotent representations of the equioriented cycle the structure of the
irreducible components of the associated quiver Grassmannians is not known. In the
special case that all indecomposable direct summands of the A,-representation M
have length N = wn (for w € N) and e = (wk, ..., wk) € Z", we have an explicit
description of the irreducible components of the quiver Grassmannian Gr, (M) [Piitz
2022, Lemma 4.10]:

Lemma 2.10. Let M denote the A,-representation ®cz, U (i; wn) ®C% withw eN
and d; € Z>g foralli € Z,, define m := Zieznd,- and e := (wk, ..., wk) € 7". The
irreducible components of Gre(M) are in bijection with the set

Cr(d) = {peZ;O:pi <d; forall i € Z,, Zpi :k}
i€z,
and they all have dimension wk(m — k).
Remark 2.11. A representative of the open dense stratum in the irreducible com-
ponent corresponding to p € Ci(d) is

U, ::@U(i;wn)@@p".
ieZ,

Example 2.12. Letd; =1 for all i € Z,. Then by Lemma 2.10 the irreducible com-
ponents are parametrized by the k-element subsets of [n] and the representatives are

Pui;on
jel
for I € ([Z]). The dimension of the irreducible components is wk(n — k).
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3. Construction of the desingularization

The approach to the construction of desingularizations of quiver Grassmannians for
the equioriented cycle quiver carried out in this section is a synthesis of the approach
of Cerulli Irelli et al. [2013] for Dynkin quivers and the approach of Feigin et al.
[2017] for the loop quiver. We will construct another quiver for which certain quiver
Grassmannians yield desingularizations, which relies on certain favorable homolog-
ical properties similar to those in [Cerulli Irelli et al. 2013, Section 4]. Note that the
present case is not immediately covered by the generalizations [Crawley-Boevey
and Sauter 2017; Keller and Scherotzke 2014; Leclerc and Plamondon 2013], and
our construction has the advantage of being of a very explicit linear algebra nature.

Bounded representations of the equioriented cylinder. In this subsection we intro-
duce a map A :repg(A,, Iy) — repe(Q, I) for some bound quiver (Q, I) such that
each quiver Grassmannian associated to A (M) is smooth for all M € repc(A,, Iy).
We start with the definition of Q and the ideal 1. Let An, ~ be the quiver with
vertices (An,N)O ={@,k):i eZ,, k e [N]} and arrows
(Ann), = {eik: (i,k) = (i,k+1) such that i € Z,, k € [N —1]}

U{Bik: (. k) — (i+1,k—1) suchthat i € Z,, k € [N]\{1}},
which we call an equioriented cylinder quiver. We define in, ~ as the ideal in the
path algebra CA, y generated by the relations

Biky1odik =ciy1k—10Pik and airiy—10Bin=0
foralli € Z, and all k € [N — 1]\ {1}.

Example 3.1. A4’4 is the following quiver:

Bs.4 4,3
3,4 4,3) “,4)
033 “4,2) —> (1,1) — (1,2) Baa
B33 Ba2 a1 o
/ Tous Bisl \
(3,3) “,1) 2,1 (1, 3)
B3.2 o,
o3 [ a3, B2, : /ﬂl,s
Boa (3,2) «— (3,1) «— (2,2) a3

2.4

ﬂz,k A,z
012,3

2,3 1,4
2.3 bia 1.4
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We define a functor A :repp(A,, Iy) — repC(An,N, in,N) on objects by

AM):=M = ((M(i’k))iez,,,ke[zv], (Ma,,, Mg,,.)iez, keiN—11)s

with
mMED = p® for k=1,
MO = Mk 20 Misi_30--0Misy o M;(MD) for k > 2,
Ma,-vk =M k1l a0 for k > 1,
M,Bi,k = MR s pplthk=D) for k> 2,

where the inclusions in the last row arise naturally from the definition of the vector
spaces of the representation M. Here M; denotes the map along the arrow «;.

Example 3.2. Letn=N=2and M =U(1;2)d U (2; 2). The Azyz—representation

A(M) is c
(10) v
7N
C? C?
(3’)\ c 4@

Proposition 3.3. A :repp(A,, Iy) — repC(An’ N in, ~) as defined above induces a
bijection Ay y : Homa,(N, M) — HomAn N(N, M) for all N, M erepc(A,, Iy)
and hence is a fully faithful functor.

Proof. By construction of A, the vector spaces constituting M e repC(An, N, in, N)
are subspaces of the corresponding vector spaces constituting M. Hence each
morphism in Homa , (N, M) induces a morphism in Hom An.N(N , M ) whose com-
ponents at the additional vertices are obtained by restriction. It is immediate to
check that this induces the desired bijection Ay a, Ay m(idy) = idy; and that
AN M@)o AN u(¥) = An pm(¢ o) holds for all ¢, v € Homa, (N, M) and all
N, M erepc(A,, In). O

Now we want to describe the image of the indecomposable U;(£) under A. Let
Asox N be the infinite band quiver of height N, that is, the quiver with vertices (i, k)
forieZandke[N]andarrows ;i : (i, k) = (i, k+1) and B; . : (i, k) = (i+1, k—1)
whenever both vertices exist. Define a map of quivers ¢ : Asoxy — An N, induced
by sending each index i € Z to its equivalence class i € Z,. This extends to a
push-down functor @ : repe(Acoxn) — repC(An, ~) with

(q)(v))(i’k) :@V(H_m’k)’ ((D(V))ai,k :@Vai+rn,k’ (q)(v))ﬂi,k :@Vﬂi+m,k
reZ reZ reZ

for all V e repc(Asoxn). Consider the Ao y-representation V (i; £) with vector
spaces V (i; £)UH) =C for (j, k) € (Asoxn)oWithi <j<i+f—land 1 <k <i+f—j
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and zero otherwise. The maps along the arrows of A« are identities if both
the source and target space are one-dimensional and zero otherwise. Using the
explicit definitions of the functors A and @, and the explicit descriptions of the
representations U; (£) and V (i; £), we can now directly verify that

AU () = PV (s D).

Analogously, we define Ao« y-representations V (i, k; £) consisting of vector
spaces V (i, k; £)U") =C for (j, r) € (Asoxn)o With j >i and i +k < j+r <i+k+¢
and W (i, k; £) with vector spaces W (i, k; £)") = C for (j, r) € (Asoxn)o With
j<iandi—{<j+r<i-+k.

Example 3.4. For N =4 the quiver Asoxn iS

(=54 (4,49 (3,492,914 0,4 1.9 2,49 3.4

AYAYAYAYAYAYAVAVAR

(—=5,3)(—=4,3)(=3,3)(-2,3)(—-1,3) (0,3) (1,3) (2,3) (3,3)

NININININTNINN TN

(-4,2)(-3,2)(—2,2)(—1,2) (0,2) (1,2) (2,2) (3,2) 4,2)

SNINTINININTNSNT N

4. H (3, D)2, H(-1,1) (0,1) (1,) (2,1) G, 1) 41

Its representation V (1, 3) is of the form
AV AVAVAVAVAVAVAY
\/\/\/\/\/\/\/\/\
/\/\/\/\/&/\/\/\/

From now on we erase all zeros and arrows connected to zeros from the picture.
Hence we obtain
C

7\

C C C

72\ and  W@3.2= 7\ ]
Vi, 2,2)= C C C C
VAR /N7

C C C C
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Homological properties of the category of cylinder representations. In this section,
we follow closely the approach of Cerulli Irelli et al. [2013] to establish certain
favorable homological properties of the image of the functor A.

Proposition 3.5. The simple, projective and injective objects in repC(An’ N> in, N)
are given by

Sik =PV, k;0), Piri=dV(3ik;N—-k)), Lii=dW(3k, N—-k)),
respectively, for all (i, k) € (An,N)O-

Proof. For the simple objects this is immediate. The parametrization of the projective
and injective representations is a direct computation using the formula based on
paths in the quiver A,,, ~ (see [Schiffler 2014, Definition 5.3]) and their relations
from in, ~ as described in the beginning of this section. O

Theorem 3.6. The category rep@(An, N fn, ~) has global dimension at most two.

Proof. It suffices to construct projective resolutions of length at most two for all
simple representations in repC(An, N in, ~). These representations are denoted by
S;i « and consist of a single copy of C at vertex (i, k) and all other vector spaces and
the maps are zero. The projective resolutions of S; | are of the form

0— P,‘,z — P,"l —> Si,l — 0
and for S; ; with k > 2 this generalizes to
0— Pk —> P1s—1®Pjy1 — Pip— Six— 0. O

Example 3.7. For N =4 and S; 3 we obtain the following projective resolution:

Pii13 Pii12® Pig P Si3
C C C C
VARY NVARY 7\
C () — C? cC — C cC — C
\VVARY VARVEVARN VARV
C C C C? C C C
VAR NN N VVARN
C C C C? C C C

Lemma 3.8. For M € repc(An, Iy) the injective and projective dimension of M is
at most one and ExtlA : (M, M)=0.

n,N>n,N
Proof. 1t suffices to compute the projective and injective dimension of the image of
all indecomposable representations U; (£) € repp(A,, Iy), by exhibiting projective
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resp. injective resolutions, namely
0— Pi,i—',—l — P,'y] — 0l(£) — 0, 0— lj(], f) — Ij,l — Ij_&g_,_] — 0,

where j :=i+4¢— 1 and hence U (j; £) = U;(¥).
It remains to prove vanishing of all

Ext; o (Wi(0), Up(e)).

We apply the functor
HomAn,N jn,N (_’ Uj (e/))

to the above projective resolution of Ui (0), simplify the terms involving projectives,
and obtain the exact sequence

0— Hom(U; (£), U;(€')) — U; (€)' D & ;") 4D — Bxt (U5 (), U; (€')) — 0.
By definition of A, the map « is the canonical surjection

Ui = (Uj(@)ize—10--- 0 Uj(€);) (U;€)D),
proving the desired Ext!-vanishing. U

Example 3.9. For N =4 we obtain the following projective and injective resolutions
of U;(3) =U({ —2; 3):

Pig Pi U;(3)
C C
\ VARY
() — C C — C
\ VARVIVARY VARY
C C C C C C
v 7N NN 7NN
C C C C C C C C
Ui —2;3) Ii > Ii 54
C C
VARY A
C — C C — C
7\ 7NN /
C C C C C C
VARVIVARY 7NN TN /'

C C C C C C C C
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The restriction functor. For each W € repC(An, N in, ~) we define the representa-
tion res W € repp(4A,, Iy) by

res W= (WD) icz,, (Wg,, 0 Wy, Diez, )

This induces maps resy w : Hom An,N(V’ W) — Homay,, (res V, res W), by forgetting
the components of the morphisms at the vertices (i, k) with k > 2. Hence we
obtain a functor res : rep@(An, N, in ~N) = 1epc(Ay, In). The proof of the following
proposition is immediate by the construction of A and res.

Proposition 3.10. res oA (M) = M holds for all M € repgc(Ay, Iy).

The desingularization map. In this subsection we provide the construction of the
desingularization map, again closely following [Cerulli Irelli et al. 2013]. An
example is given below.

Definition 3.11. An isomorphism class [N] of A,-representations is called a
generic subrepresentation type of M € repc(A,, Iy) to dimension vector e, if
the stratum Syyy is open in Gr(M). The set of generic subrepresentation types is
denoted by gsub,(M).

Remark 3.12. By construction, for some [N] € gsub, (M) the closure of the stra-
tum Spy; is an irreducible component of Gr.(M), and all irreducible components
are obtained in this way.

Remark 3.13. In general, there is no explicit description of the gsub,(M). But
if the indecomposable summands of M are all of length wn for n, w € N, we can
apply Lemma 2.10.

Example 3.14. Let » = 3, N = 2 and consider the quiver Grassmannian for
M=U; (2?0 U,(2)°®U3((2) and e = (1, 2, 3). It has eight isomorphism classes
of subrepresentations but only two irreducible components. Namely Sy, , for
Ny = U>(2)* @ Us(2) and N, = U;(2) ® Ux(2) @ Us(1)?. The stratum of N; is
seven-dimensional whereas the stratum of N, is only five-dimensional.

For [N] € gsub, (M) we define a map from a quiver Grassmannian of the cylinder
quiver to a quiver Grassmannian of the cycle quiver

TN : GrdimN(M) — Gr.(M)
by nny(U) :=resU forall U € GrdimN(Z\;I).
Proposition 3.15. For each [N] € gsub,(M) the map

y i Gry, (M) — Gro(M)

is injective over Sinj.
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Proof. Let U € Sy € Gr (M), then dim U = dim N and
' (U)={V eCry M) : VI =UD forall i €2,}.

In particular U is contained in n,;l(U ) C Gry, N(M)- It remains to show that
n,gl(U) = {U}: By construction of res and A it follows that U602 c v and
dim¢ U2 = dime V%2 holds for all V € Ty ! (U) since U and N are isomorphic.
This implies that U@ = v holds for all i € Z,. Inductively, it follows that
V=U. O

Proposition 3.16. For each [N] € gsub,(M) the fiber of my over U € Gre(M) is
my'(U) = Fy = {F €Gry, (M) : U C F}=Gry 5 gim (M/0).

Proof. Observe that dim U =dim N, so that dim¢ gab = dimg NGD foralli e Z,
and the first nontrivial choice of a subspace F @k is over vertices (i, k) with k > 2.
The inclusion Fy C n&l (U) holds since my (F) = U is clear by definition of Fy;
and the construction of the restriction functor. The other inclusion follows since
every point V of the fiber n;l(U ) has to contain the vector spaces of U in its
vector spaces V&K over each vertex (i, k) of An, N, in order to map to U. The
isomorphism between Fy and the quiver Grassmannian is a direct consequence of
the explicit description of the fiber. ]

We are now ready to state the main result of the paper, which is proved after the
next proposition.

Theorem 3.17. Let M € rep(Ay, In). The map

o= |_| TN |_| Gry, (M) — Gr.(M)
[N]egsub, (M) [N]egsub, (M)

is a desingularization of Gro(M).

Remark 3.18. Using Proposition 3.16, we can compute the fiber dimensions for
the desingularization to examine whether it is small, in the spirit of [Feigin and
Finkelberg 2013, Section 2]. This is the case for the quiver Grassmannian Gr, (M)
from [Lanini and Piitz 2023b, Example 3.13] where Q = Ajand M = U;(2) & Slz.
In general, desingularizations of quiver Grassmannians for the cycle are not small.
It already fails for the loop quiver (i.e., A1) and the quiver Grassmannian Gry(N)
where N = U;(2)2.

For the proof of Theorem 3.17 we recollect the main properties of the maps 7y :
Proposition 3.19. Let M € repc(A,, In) and [N] € gsub,(M). Then:

(i) The variety Gry, | N(I\;I ) is smooth with irreducible equidimensional connected
components.
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(ii) The map wy is one-to-one over Sinj.
(iii) The image of my is closed in Gro(M) and contains ‘TN]
(iv) The map my is projective.

Proof. By Theorem 3.6 and Lemma 3.8 we can apply [Cerulli Irelli et al. 2013,
Proposition 7.1] to each quiver Grassmannian Gr, | AA,(M ) and obtain the properties
stated in (i). Proposition 3.15 is exactly part (i1). The remaining parts are proven
analogous to [Cerulli Irelli et al. 2013, Theorem 7.5] since the functor A is fully
faithful by Proposition 3.3. |

Proof of Theorem 3.17. By [Cerulli Irelli et al. 2021, Proposition 37], we obtain

that . o
Gryim g (M) = Sy

since M is rigid by Lemma 3.8. With the properties of An, N-representations from
Theorem 3.6 and Lemma 3.8, the maps 7y as in Proposition 3.19 and A as in
Proposition 3.3, the rest of the proof is the same as for [Cerulli Irelli et al. 2013,
Corollary 7.7]. U

Remark 3.20. In particular, Cerulli Irelli et al. [2021, Proposition 37] proves the
conjecture from [Cerulli Irelli et al. 2013, Remark 7.8], about the irreducibility of
Gro(M) in [Cerulli Irelli et al. 2013, Corollary 7.7] for arbitrary representations M
of a Dynkin quiver.

The following result generalizes [Feigin et al. 2023b, Theorem 7.10].
Theorem 3.21. For each [N] € gsub,(M) the quiver Grassmannian GrdimN(M) is
isomorphic to a tower of fibrations

GrdimN(M) =X > X,—> = Xy= HGI‘,;(;‘,N)(C"%(LN)

ieZ,

),

where #i := dim N and i := dim M and each map X — Xy + 1 fork e [N —1]
is a fibration with fiber isomorphic to a product of ordinary Grassmannians of
subspaces.

Proof. Every point U of the quiver Grassmannian Gr, | 1(,(1\;1 ) is parametrized by a
collection of subspaces U % € M@0 for i € 7, and k € [N]. In particular it is a

point in i -
GI‘;,(Cm) = 1_[ 1_[ Grﬁ(i,k) (Cm ‘ )
ieZ, ke[N]

Define X as the image of Gry, | N(M ) in the variety Grj ()™ which is defined
analogous to Gr; (C'™), with the only difference that the second product runs over
{k,k+1,..., N} instead of [N]. Hence Gry, 5 (M) = X; follows by construction.
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We proceed by decreasing induction starting from k = N. Every point in the
product of Grassmannians of subspaces Gr; (1)) can be extended to an element
of Gry, N(A;I ) since the upper vector spaces of an element in the quiver Grassman-
nian are not related. This implies X y = Gr; ()N as desired.

Now assume that the vector spaces U k) are fixed for all i € Z, and k' > k.
Since U has to be contained in the quiver Grassmannian it has to satisfy the relations

A

M,

Ai+1.k

o Mg, ., UKD c y@+LkD forall j € Z,.
Hence the next layer of vector spaces U "% requires

A;I,g,._ pi-tkb c gyl and A;Iaik Uh c glith forall i € Z,.

1k+1

This is equivalent to the choice of a point in the Grassmannian
Grj6.0 _pG-1.4+1) (U(i’k)/l\;flgifl,k+l U(i_l’k+1))

because every map My, , is a projection where the last m &0 — i GEHD coordinates
are sent to zero and each Mg, , is an inclusion. g

Remark 3.22. The explicit description of the desingularization in Theorem 3.21
allows to construct a cellular decomposition of Gry, (M) (see Theorem 5.5). In
particular, it implies that Gry, 1 (M) is smooth.

4. Torus equivariant cohomology and equivariant Euler classes

In this section we briefly recall definitions and constructions concerning torus actions
on quiver Grassmannians, torus equivariant cohomology and torus equivariant Euler
classes. More details on the general theory is found in [Arabia 1998; Brion 1998;
Goresky et al. 1998; Gonzales 2014]. The application to quiver Grassmannians is
introduced in [Lanini and Piitz 2023a; 2023b]. In Section 5 we provide examples
and apply our desingularizations to the computation of equivariant cohomology of
quiver Grassmannians for the equioriented cycle.

Moment graph and torus equivariant cohomology. Let X be a projective algebraic
variety over C. The action of an algebraic torus 7 = (C*)” on X is skeletal if the
number of T'-fixed points and the number of one-dimensional 7'-orbits in X is finite.
We call a cocharacter x € X,(T) generic for the T-action on X if X7 = X x(@©,
By X*(T') we denote the character lattice of 7. The T-equivariant cohomology
of X with rational coefficients is denoted by H7(X).

Definition 4.1. The pair (X, T) is a GKM-variety if the T-action on X is skeletal
and the rational cohomology of X vanishes in odd degrees.

Remark 4.2. By [Brion 2000, Lemma 2] this is equivalent to [Lanini and Piitz
2023a, Definition 1.4].
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The closure E of every one-dimensional T-orbit E in a projective GKM-variety
admits an T -equivariant isomorphism to CP!. Thus each one-dimensional T-orbit
connects two distinct 7-fixed points of X.

Definition 4.3. Let (X, T) be a GKM-variety, and let x € X.(T) be a generic
cocharacter. The corresponding moment graph G = G(X, T, x) of a GKM-variety
is given by the following data:

(MGO) The T-fixed points as vertices, i.e., Go = X' .

(MG1) The closures of one-dimensional 7-orbits E = E U {x, y} as edges in Gy,
oriented from x to y if limy_,¢ x (A).p = x for p € E.

(MG2) Every E is labeled by ag € X*(T) describing the T-action on E.

Theorem 4.4 [Goresky et al. 1998, Theorem 1.2.2]. Let (X, T) be a GKM-variety
with moment graph G = G(X, T, x) and set R := H}(pt). Then

Hy(X) = {(fx) € @R ) fxe — fyg €EQER for any E:EU{xE,yE}egl}.

x€Go
Remark 4.5. The characters from (MG2) are only unique up to a sign. This sign

does not play a role in Theorem 4.4. Hence we can fix our favorite convention.

BB-filterable varieties. In this subsection we describe a class of varieties which
admit an explicit formula for the computation of their equivariant cohomology.
Let X be a C*-variety. By X*" we denote its fixed point set and X1, ..., X,, denote
the connected components of X", This induces a decomposition

(4.6) X=JW. with W= {xeX:lin})z.xeX,-},
—>
ie[m]

where W; is called attracting set of X;. Since decompositions of this type were first
studied by Bialynicki-Birula [1973], we call it a BB-decomposition.

Definition 4.7. We say that W; from (4.6) is a rational cell if it is rationally smooth
at all w € W;. This in turn holds if

H*Ame WD) (W, Wi\ {w}) ~Q and H"(W;, W; \ {w}) =0
for any m # 2 dimg(W;) (see [Gonzales 2014, p. 292, Definition 3.4]).
Definition 4.8. A projective T-variety X is BB-filterable if:
(BB1) The fixed point set X is finite.

(BB2) There exists a generic cocharacter x : C* — T, i.e., X X(@©) = xT guch that
the associated BB-decomposition consists of rational cells.
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Theorem 4.9 (see [Lanini and Piitz 2023a, Theorem 1.15]). Let X be a BB-filterable
projective T -variety. Then:

(1) X admits a filtration into T -stable closed subvarieties Z; such that
o=7ZyCZiC---CZy_1CZ,=X.

(2) Each W; = Z;\ Z;_ is a rational cell, for all i € [m].
(3) The singular rational cohomology of Z; vanishes in odd degrees, for i € [m].

(4) If, additionally, the T -action on X is skeletal, each Z; is a GKM-variety.

Euler classes and cohomology module bases. For the precise definition of Euler
classes we refer the reader to [Arabia 1998, Section 2.2.1]. Instead we give three
properties which are enough to determine the equivariant Euler classes in our setting.

Lemma 4.10 (see [Brion 1998, Corollary 15, Lemma 16, Theorem 18]). Let Y be

a T-varietyandy € YT

(1) If Y is smooth at y then Eur(y,Y) = (= 1dim(¥) det T,Y, where det T,Y is
the product of the characters by which T acts on the tangent space T,Y .

(2) If Y is rationally smooth at y then Eur (y, Y) =z-detT,Y, for some z € Q\{0}.

) If w: Y — X is a T-equivariant resolution of singularities and Y| < oo,

then
Bur.X)"'= Y Eur(n.1)7.

yeYT m(y)=x
Remark 4.11. Lemma 4.10 differs from [Brion 1998] by using Euler classes instead
of equivariant multiplicities which are inverse to each other up to a sign.

Definition 4.12 (see [Gonzales 2014, Lemma 6.7]). Let X” = {x{, ..., x,,}. For
i € [m], the local index of f € Hp(X) atx; € X7 is

Jy
L(H= Yy —2—
Jj€lmlx;jeZ; Eur (xj’ Zi)
The next theorem gives an explicit formula to compute a basis for H7.(X) as free
module over Hy (pt). Observe that everything depends on the order of the fixed

points which is in general not unique.
Theorem 4.13 (see [Lanini and Piitz 2023a, Theorem 2.12]). Let (X, T) be a
BB-filterable GKM-variety with filtration

S=ZoCZ1C---CZy=X

as in Theorem 4.9. Let XT = {x1, ..., xn} with x; € W; = Z; \ Zi_1. There exists
a unique basis {Q(i)}ie[m] of Hy(X) as free module over Hy (pt), such that for any
i € [m] the following properties hold:
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() 6 =0 forall j <i.

(2) 64 =Bur(x;, Z)).

(3) 1;(0V) =0 forall j #i.

Remark 4.14. Observe that (1) and (2) imply I; Oy =1 by Definition 4.12.
Torus action on cyclic quiver Grassmannians. We briefly recall torus actions

on quiver Grassmannians for the equioriented cycle (see [Lanini and Piitz 2023a,
Section 5]).

Remark 4.15. From now on we assume the choice of a basis B of M such that
the connected components of Q (M, B) are in bijection with the indecomposable
direct summands of M. Such a choice is always possible by [Kirillov Jr. 2016,
Theorem 1.11].

A grading of M € repg(A,) with respect to a fixed basis is a map wt: B — 75,
This induces an action of A € C* by

Ab =AM p,
Remark 4.16. Combining several weight functions wty, ..., wtp : B — 78, we
can define the action of A = (X;) j¢[(p) € (CHP by
Ab = l_[ )L;’th(b) b= )‘\thl(b) L ‘)\‘vl;tu(b) b

J€lD]

Observe that this action extends to the quiver Grassmannian Gr,(M) only un-
der some additional assumptions about the grading (see [Lanini and Piitz 2023a,
Lemma 5.12]).

Theorem 4.17 (see [Lanini and Piitz 2023a, Theorem 6.6]). Let M be a nilpo-
tent representation of A, with d-many indecomposable direct summands, and let
e < dim M be such that Gre(M) is nonempty. Let T := (CH! act on Gre(M)
as in [Lanini and Piitz 2023a, Lemma 5.12]. Then (Gro(M), T) is a projective
BB-filterable GKM-variety.

Remark 4.18. If the desingularizations constructed in Theorem 3.17 are T'-equi-
variant, this theorem implies that we can compute the 7"-equivariant cohomology of
all quiver Grassmannians for nilpotent representations of A, using Theorem 4.13.

From now on we assume that 7" := (C*)?*! acts on Gr,(M) as in [Lanini and Piitz

2023a, Lemma 5.12]. Here d is the number of connected components in Q(M, B)
and the additional parameter comes from cyclic symmetry. The weight functions of
the action are defined implicitly by the formula used in [Lanini and Piitz 2023a,
Section 5.2].
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5. Torus equivariant desingularization and application

In this section we apply the methods from the previous section to compute Euler
classes at singular points and torus equivariant cohomology of quiver Grassman-
nians for the equioriented cycle using their desingularizations as constructed in
Theorem 3.17. It remains to show that these desingularizations are torus equivariant.

Torus action on the desingularization. Let M € repc(A,, Iy) be nilpotent with
d-many indecomposable direct summands, and let T := (C*)?*! act on Gr,(M) as
in [Lanini and Piitz 2023a, Lemma 5.12].

Remark 5.1. A choice of basis B of M € repc(A,, Iy) induces a basis B of
M e repC(An, N> in, ~) such that the connected components of Q(M , é) are in
bijection with the images of the indecomposable summands of M. In particular
the basis B¢ over the vertex (i, k) of An ~ is a subset in the basis BET¢—1 of
cardinality m; yx 1 — ¢ where c is the corank of the map My, ,o0---oMy, if k > 2
and BU® = B® for k = 1. This allows us to extend the T-action to the vector
spaces of M by extending the weight functions according to the inclusions of the
basis described above. In other words, all basis vectors of B which have the same
image in B get the same weight.

Proposition 5.2. The T -action on the vector spaces of M as defined in Remark 5.1
extends to every quiver Grassmannian Gry(M).

Proof. We have to show that the 7 -action is compatible with the maps of the qulver
representation M. By construction of the action and the representation M, this
follows immediately from the compatibility of the 7T-action (on the vector spaces
of M) with the maps of M as shown in [Lanini and Piitz 2023a, Lemma 5.12]. [J

Lemma 5.3. The desingularization of Theorem 3.17 is T -equivariant.

Proof. With Proposition 5.2, the statement follows immediately from the con-
struction of the grading as in Remark 5.1 together with the description of the
desingularization in Theorem 3.17. ([

Remark 5.4. The T -equivariance of the desingularization allows us to use [Lanini
and Piitz 2023a, Lemma 2.1(3)] for the computation of equivariant Euler classes
at the singular points of Gr,(M). This allows us to apply [Lanini and Piitz 2023a,
Theorem 2.12] about the construction of a basis for the 7T-equivariant cohomology
to all quiver Grassmannians for nilpotent representations of the cycle.

Cellular decomposition of the desingularization.

Theorem 5.5. For [N] € gsub,(M) the T -fixed points of GrdimN(M) are exactly
the preimages of the T-fixed points of Siny C Gre(M) under wy. The C*-attracting
sets of these points provide a cellular decomposition of Gry,  «(M).



DESINGULARIZATIONS OF QUIVER GRASSMANNIANS FOR CYCLE QUIVER 127

Proof. The T-equivariance of wy from Lemma 5.3 gives the desired description of
the fixed points. Now we prove that the C*-attracting sets of these fixed points from
the BB-decomposition are cells. By [Carrell 2002, Lemma 4.12], they provide an
a-partition, i.e., there exists a total order of the fixed points

Gry g MDY ={p1, ..., pr}

such that |_|SI: 1 Wi is closed in Gry; | N(M ) for all s € [r]. It remains to show that
they are isomorphic to affine spaces. This is induced by the cellular decomposition
of Gr,(M) and the T- equivariance of the desingularization:

Assume p € Grdlm N(M ) is a T-fixed point. The vector space p"K) over the
vertex (i, k) of An ~ 1s a point in the Grassmannian of subspaces Grja.n (C’"( k)).
By construction of the C*-action (as in Remark 5.1), the attracting set of p@-¥
in Grji.0 (C’ﬁ(i'k>) is a cell. The attracting set of p in the whole quiver Grassmannian
is the intersection of these cells along the maps of M. We proceed by induction on k.
For k = 1 there is nothing to show because there are no maps between the vector
spaces. If k =2, we have the original vector spaces of the representation M and one
additional layer of subspaces therein. The relations between the coordinates in the
attracting sets are the same as for Gr, (M ). Hence they are cells by [Lanini and Piitz
2023a, Theorem 5.7]. The maps of M along the arrows g; x of A,, N are inclusions
and the maps along «; ; are projections where the last m @K — m@k+1 coordinates
are sent to zero (see [Lanini and Piitz 2023a, Proposition 4.8]). Thus we obtain that
the intersecting relations for each k € [N] are of the form as described in [Lanini
and Piitz 2023a, Theorem 5.7]. This implies the desired isomorphisms to affine
spaces. O

Remark 5.6. In the setting that

M:@Ui(a)n) and e= (wk,...,wk)eZ"
ieZ,
it is possible to strengthen the results concerning the desingularization (see [Feigin
et al. 2023a, Sections 2.5 and 2.6]). Namely, Gr,(M) has ( ) exphcltly described
irreducible components (see Example 2.12) and the cells of Gry, | N(M ) are the
strata of the corresponding 7T '-fixed points.

Example. Now, we provide an explicit example for the constructions from the
previous sections. Let M := U (4) ® U>(2) @ U,(2) be a A,-representation and fix
the dimension vector e = (2, 2). The quiver Grassmannian Gr,(M) has five strata
(i.e., isomorphism classes of subrepresentations) with the representatives:

Vi=Ui14), Vai=560U03), V3:=U0:02)8U22),
Vi=U1Q@Ux2), Vs5:=S8 @8 Ux?2).
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The stratum of V, is three-dimensional, the strata of V|, V5 and V4 are two-
dimensional and the stratum of V5 is one-dimensional. This is computed using
[Piitz 2022, Proposition 4.4] and [Cerulli Irelli et al. 2012, Lemma 2.4].
Let the basis B of M be the union of the standard basis for each indecomposable
summand of M. Then its coefficient quiver is
o—>

QM. B) =

[¢]

where the arrows from left to right have o : 1 — 2 as underlying arrow in A,. The
arrows from right to left have 8 : 2 — 1 as underlying arrow. We define the action
of ¥ := (¥, 1, 2, ¥3) € T := (C*)*! and 1 € C* on B as

Y1 0701/1 Yo N o7o A3
V2 4

vy e s
Y2Y00 V3 260 25
V3Wo Y1 )/03 27 2\

These actions extend linearly to the vector spaces of M and to the whole quiver
Grassmannian by [Lanini and Piitz 2023a, Lemma 5.12]. Moreover,

x:C* =T, ir> (A2 A 10

is a generic cocharacter by [Lanini and Piitz 2023a, Theorem 5.14]. We apply
[Cerulli Irelli 2011, Theorem 1] to compute the fixed points of both actions:

— = =
ps=07o p6=H p7=07 7

[ ]
o
Q
[
Q
[

Here the black vertices indicate the corresponding subrepresentation of M. The
pairs p; and p», p3 and p4, and pe, p7 are each isomorphic as subrepresentations
of M. The attracting sets of the fixed points are cells by [Piitz 2022, Theorem 4.13].
Their dimension equals the number of out going arrows in the following moment
graph which is computed using [Lanini and Piitz 2023a, Theorem 6.15].
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Ds
RN
! < .
| ZR with labels
N ’ ‘ \\\\) ey = €3 — €
Pe \ P4 > = e—€ -8
\\ h - —~
\ ~_ . | —>= €3—€, -6
} N } > = € — €3+ 38
N ‘ \\\\A\‘/ - > = €1 —€+36
pP3 \ P2
~o | oA
P1 }
" Ps

The labels are expressed as linear combination of the characters

€ : T — C, Vo, Y15 -+, Ya) =y for i €[d],
§: T — C*, (Y0, Y15 - -+ > ¥d) > V0.

2.4

2,3 Bar.a

2,3) (1,1 | 2,1 {3

129

Here the dashed lines were used to highlight the symmetries of the labeling and
avoid to write the labels in the picture.

There are four points which are not rationally smooth. Namely the tangent
spaces at py, p2, pe and p; are four-dimensional, whereas Gr, (M) itself is three-
dimensional. We can read this from the picture as follows: the number of edges
adjacent to a point is the dimension of its tangent space and the number of outgoing
edges is the cell dimension. The irreducible components are obtained as closure
of the strata of the points pg, p7 and ps, because their strata are not contained in
the closure of any other stratum. These are generic subrepresentation types of M
for dimension vector e = (2, 2). Hence the desingularization of Gr.(M) consists of
three components.

The extended quiver A2,4 is
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For the basis induced by the basis B of M, the coefficient quiver of M is

Here the separating lines between the vertices indicate if they live over the inner or
outer vertex of A, 4 in that position. Representatives for the extended representations
of the generic subrepresentation types are

With the explicit description of the cellular decomposition of the quiver Grass-
mannians Gry, v (M), Gry, . v (M) and Grgy v (M) from Theorem 5.5, it is a
straightforward computation that their moment graphs are

P31
|
| )P7,1 P12 with labels
N . - S BN Ly = € — €
L L ‘ ~4 -
Pe,1 D62 \ P42 5= 6—€ =39
N R > = e3—€ =6
} A | ->Z € —63+38
\"u T \\3\" ->Z= € —€6+38
P32 \ P22 D23
\\ ‘ i ~
< 4 !
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Here p; ; is the preimage of p; in Gr, | 7 (M). Moreover, from the cellular decom-
positions we obtain the isomorphisms

Grg. p, (M) = Gr(C?),  Gry, y, (M) = FI(SL3),  Gry, v, (M) = Gry(C).

With the moment graph of the desingularization as described above, it is possible
to compute the Euler classes at the singular points of Gr,(M) using Lemma 4.10.
For example we obtain

1 1

@ —@—a-3)  (@-a)la—at3)
28

T (G- —€ —0)(e1 — e +35)

Eur(p1, Zs) =

where Z5 = U?:l W;.
We compute the following basis of H7.(Gr.(M)) as free module over H; (pt):
oV =(1,1,1,1,1,1,1, 1),
0P =(0,e3—€,0,e3—€r, 6] —€2+38, 63— €] — 8, €3 — €] — 8, €3 — €] — 8),
(p(3)=(0,O,62—61—8,63—61—8,0,62—61—8,63—62,63—61—8),
oW = (e3—€ex)(e3—€1 —8)-(0,0,0,1,0,0,1,0),
o® = (] —e2+38) (e — €3 +38)-(0,0,0,0,1,0,0,0),
9©® = (e—€1 —8)(e3—€1—8)-(0,0,0,0,0,1,1,0),
0D = (e3—ex)(e2— €1 —8)(e3 — €1 —8) - (0,0,0,0,0,0, 1, 0),
e® = (e5—€1 —8)(e3—€1—8)-(0,0,0,0,0,0,0,1).

Observe that the special role of pg in this example allows to generate more zero-
entries as in the general setting of Theorem 4.13.
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VARIETIES OF CHORD DIAGRAMS,
BRAID GROUP COHOMOLOGY
AND DEGENERATION OF EQUALITY CONDITIONS

VICTOR A. VASSILIEV

For any finite-dimensional vector space F of continuous functions f :
R! — R! we consider subspaces in F defined by systems of equality condi-
tions f(a;) = f(b;), where {a;, b;}, i =1, ..., n, are some pairs of points
in RL. It is proven that if dim F < 2n — I (n), where I (n) is the number of
ones in the binary notation of », then there necessarily exist independent
systems of n equality conditions defining the subspaces of codimension
greater than n in 7. We also prove lower estimates of the sizes of the
inevitable drops of the codimensions of some of these subspaces.

Next, we apply these estimates to knot theory (in which systems of
equality conditions are known as chord diagrams) and prove the inevitable
presence of complicated nonstable terms in sequences of spectral sequences
computing cohomology groups of spaces of knots.

1. Main results

Let 7V be an N-dimensional vector subspace of the space C°(R!, R!) of continuous
functions R! — R'. Typically, a collection of n independent conditions of the form

ey flai) = f(bi),

where a; # b;, i =1, ..., n, defines a subspace of codimension # in FNifn<N
and only the trivial subspace if n > N. However, for exceptional sets of such
conditions, the codimensions of these subspaces can drop.

For example, if 7V is the space PV of all polynomials of the form

(2) arxN +ax¥ T 4 fayx
in the variable x, then all subspaces defined by arbitrarily many conditions
flai) = f(—a)
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contain the [%]—dimensional subspace of even polynomials. Of course, the case of
polynomials is very specific, but the situation when the dimensions of subspaces
in FV defined by some n independent conditions (1) are greater than max(N —n, 0)
can be unavoidable by a choice of space FV.

Definition 1. An unordered pair {a, b} of distinct points in R! is called a chord.
An unordered collection of n pairwise distinct chords is called an n-chord diagram.
The subalgebra of CO(R!, R") corresponding to the n-chord diagram

3) {tar, b1}, ... {an, Dy}}

consists of all functions satisfying n conditions (1) with these a;, b;. These n con-
ditions (and the corresponding n chords) are independent if the codimension of this
subalgebra in C(R', R') is equal to n. (We say that an affine or vector subspace 7T
of a function space K has codimension n if for any point ¢ € 7 there exist n-
dimensional affine subspaces in K intersecting 7 at this point only, and all affine
subspaces of higher dimensions passing through ¢ intersect 7 along subspaces
of positive dimensions.) Two independent n-chord diagrams are equivalent if the
corresponding subalgebras in CO(R!, R") coincide. A resonance of a chord diagram
is a cyclic sequence of k > 3 its pairwise different chords such that one point of
each chord also belongs to the preceding chord in this sequence, and the other its
point also belongs to the next chord.

For example, two chord diagrams are equivalent if one of them contains the
chords {a, b} and {b, c}, the other contains the chords {a, b} and {a, ¢}, and all
other chords in them are common.

Proposition 2. An n-chord diagram is independent if and only if it does not contain
resonances. Two independent n-chord diagrams are equivalent if and only if they
can be connected by a chain of elementary flips described in the previous paragraph.
The space of independent n-chord diagrams is a smooth connected 2n-dimensional
manifold.

Proof. The proof is elementary. (]

1.1. Results for the case of N > n.

Proposition 3. If N > 2n — 1, then the codimension of the subspace in the space PV
of polynomials (2), defined by n conditions (1) of an arbitrary independent n-chord
diagram (3), is equal to n.

Proof. First, the assertion of our proposition will be true if we replace in it the
space PV by the (N + 1)-dimensional space PN of all polynomials of degree N.
Indeed, any n-chord diagram has at most 2n distinct endpoints a;, b;, therefore by
interpolation theorem the evaluation morphism from the space of such polynomials
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to the space of real-valued functions on the set of these endpoints is epimorphic,
and hence the preimage of any subspace of codimension n of the latter space also
has codimension n in PV. However, adding the constant functions preserves the
subspace of PN defined by any chord diagram, therefore the codimension of the
considered subspace in PV is also equal to 7. (Il

Denote by I (n) the number of ones in the binary notation of n.

Theorem 4. Ifn < N < 2n — I (n), then for any N-dimensional vector subspace
FN c COR!', R") there exist independent n-chord diagrams (3) such that the
codimension of the subspace in FV consisting of functions satisfying all the corre-
sponding conditions (1) is less than n. The dimension of the set of such exceptional
n-chord diagrams is at least 3n — N — 1 in the following exact sense: there exists
a nontrivial element of the (N — n + 1)-dimensional homology group of the 2n-
dimensional manifold of all independent n-chord diagrams, such that each cycle
representing this element necessarily intersects our set.

In particular, if n is a power of 2 then the minimal dimension of the func-
tion spaces FV in which any independent n-chord diagram defines a subspace of
codimension exactly » is equal to 2n — 1.

A more general result can be formulated in terms of configuration spaces; see,
e.g., [1] for the current state of the theory of these spaces.

Definition 5. The n-th configuration space B(X, n) of a topological space X is
the (naturally topologized) space of unordered subsets of cardinality n in X. The
regular bundle &, with base B(X, n) is the vector bundle, whose fiber over an
n-point configuration is the space of real-valued functions on the corresponding set
of points.

Theorem 6. Suppose that N > n and for some natural r the cohomological product

) [ [wn—niaic10)

i=1
of Stiefel-Whitney classes of the regular bundle &, is not equal to 0 in the ring
H*(B(R?, n), Zy). Then for any N-dimensional vector subspace FN of the space
COUR', R") there exists an independent system of n conditions (1) such that the
subspace of FV defined by this system has codimension <n —r in FV.

The first statement of Theorem 4 follows immediately from this theorem (the
case r = 1) and statement 5.3 of [3] asserting that the classes

wy € HY(B(R?, n), Z»)

are nontrivial for all k <n — I(n); see also Proposition 30 in Section 6 below. The
second statement of Theorem 4 will be proven at the end of Section 3.
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Corollary 7. A. If two natural numbers n and N satisfy one of the following pairs
of conditions:

(1) n>=6, N=n,

2) n=10, N=n+1,
B)n=14 N=n+2o0rn+3,
4) n>=16, N=n+4,

5) n=18, N=n+35,

(6) n>20, N=n+6,

(7 n=24, N=n+1,

@) n=28 N=n+8orn+9,
9 n=32, N=n+10orn+11,

then for any N -dimensional vector subspace FN C CO(R!, RY) there exists a system
of n independent conditions (1) defining a subspace of codimension <n —2 in FN.

B. Ifn and N satisfy one of the following pairs of conditions:
(1) n>=18, N=norn+1,

2) n=22, N=n+2,

(3) n=26, N=n+3,

4) n>=30, N=n+4,

5) n=36, N=n+35,

6) n>40, N=n+6o0rn—+17,

(7 n=44, N=n+8 orn—+9,

then for any N-dimensional subspace F¥ C CY(R', R") there exists a system of
n independent conditions (1) defining a subspace of codimension <n —3 in FV.

C. Ifn and N satisfy one of the following conditions:
(1) n>30and N =n orn+1,

2)n=44 and N =n+2 or n+3,
B)n=52and N=n+4 orn+35,

@4 n=5and N=n+6 orn+17,

then for any N-dimensional subspace F¥ C CO(R!, R!) there exists a system of
n independent conditions (1) defining a subspace of codimension <n —4 in FV.

D. Ifn and N satisfy one of the following conditions:
(1) n=48 and N =n or n+1,



CHORD DIAGRAMS, BRAID GROUP COHOMOLOGY AND EQUALITY CONDITIONS 139

2)n=60and N=n+2 orn+3,

B)n=68and N=n+4 orn+35,

then for any N-dimensional subspace FN C CO(R!, R') there exists a system of
n independent conditions (1) defining a subspace of codimension <n —5 in FV.
E. Ifn and N satisfy one of the following conditions:

() n>=64and N=n orn+1,

2)n=76and N =n+2 or n—+3,

then for any N-dimensional subspace FN C CO(R!, R') there exists a system of
n independent conditions (1) defining a subspace of codimension <n — 6 in FN.

F. If we have n > 80 and N =n or n+ 1, then for any N-dimensional subspace
FN c COR!, RY) there exists a system of n independent conditions (1) defining a
subspace of codimension <n — 17 in FV.

See Section 6 for the proof of this corollary. Its lists can easily be continued and
the corresponding calculations can be programmed.

Remark. The first statement of Theorem 4 looks very similar (and is closely related)
to the result of [2] estimating the dimensions of spaces of functions R?> — R!
realizing n-regular embeddings of the plane. The main effort of our proof of
Theorem 6 is a comparison of the configuration spaces used in these two problems,
see Lemma 16 below.

1.2. Results for the case of N < n.

Theorem 8. If N < n and for some natural r the product

(5) [ [wn-wi2ic1(E)

i=1
of Stiefel-Whitney classes of the bundle &, is not equal to 0 in the ring
H*(BR*,n), Zo),

then for any N-dimensional vector subspace FN¥ C CO(R!, R!) there exists an
independent n-chord diagram, such that the subspace of F" consisting of functions
satisfying the corresponding system of equality conditions is at least r-dimensional.

If N = n, then Theorems 6 and 8 coincide tautologically.

Corollary 9. If N >2, then for any N -dimensional vector subspace FN¥ c CO(R!, R")
there exist independent n-chord diagrams with arbitrarily large n such that the
corresponding systems of equality conditions have nontrivial solutions in F" .
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Indeed, it is enough to prove this for N =2 and numbers n equal to powers of 2.
In this case w,_y+1(£,) # 0 by the previously mentioned result in [3]. U

Remark. This corollary has also an elementary proof. Indeed, any 2-dimensional
subspace of C°(R!, R') contains a nonzero function taking equal values at some
two different points a, b € R!. Then this function necessarily satisfies the equality
conditions f(a) = f(b) for a continuum of different pairs {a, b} C [a, b.

Corollary 10. All statements of Corollary 7 will remain valid if in each of its
conditions we replace the value of N by 2n — N (e.g., N=n+4by N =n—4) and
simultaneously the corresponding conclusion “there exists a system of n independent
conditions (1) defining a subspace of codimension <n —r in FN” by “there exists
a system of n independent conditions (1) defining a subspace of dimension > r
in FN7,

Remark. In terms of [6], the subspaces of anomalous codimensions defined by
chord diagrams in finite-dimensional function spaces are responsible for the nonsta-
ble regions of the (p, g)-planes of the spectral sequences converging to cohomology
groups of spaces of long knots R! — R? defined by functions from these function
spaces. These domains are the only possible sources of cohomology classes of the
knot space (including O-dimensional classes, i.e., knot invariants) not of finite-type.
In Section 7 below, we prove some facts about filtrations of simplicial resolutions
of discriminant spaces in finite-dimensional knot spaces, estimating the deviation
of the corresponding spectral sequences from stable ones.

2. Scheme of proof of Theorem 6

Denote by CD,, the set of equivalence classes of independent n-chord diagrams. It
has a natural topology induced by the topology of the variety of subalgebras of codi-
mension 7 in C(R', R"). To describe this topology without infinite-dimensional
considerations, let .A be a sufficiently large finite-dimensional vector subspace of
C(R, R), such that all subspaces of A defined by independent n-chord diagrams
(that is, the intersections of .4 with subalgebras of C°(R', R!) corresponding to
these chord diagrams) have codimension exactly n in .4, and the nonequivalent
n-chord diagrams define different subspaces. (For reasons similar to the proof
of Proposition 3 we can take for such a space A the space PM, M > 2n + 1,
or any space containing it; taking P?"~! is not enough because nonequivalent
n-chord diagrams can define equal subspaces in it). We can and will assume that A
contains FV, because otherwise we can replace A by its sum with FV.

The set CD,, is embedded into the Grassmann manifold G (A, —n) of subspaces
of codimension 7 in A, and inherits a topology from this manifold. It is easy to see
that this definition of a topology on CD,, does not depend on the choice of A.



CHORD DIAGRAMS, BRAID GROUP COHOMOLOGY AND EQUALITY CONDITIONS 141
Suppose that N > n. Let A, (FY) C G(A, —n) be the set of all subspaces of
codimension 7 in .A whose sums with 7V have codimension at least  in A.

Proposition 11. The class in H*(G (A, —n), Z;) Poincaré dual to the homology
class of the algebraic variety A, (FN) is equal to r x r determinant:

WN—n+r WN—n+r+1 WN—n+r42 --. WN—n42r—-2 WN—n+2r—1
WN—n+r—1 WN-n+r WN-n+r+l1 --- WN—n+2r-3 WN—n42r-2

(6) WN-n+r-2 WN—-n+r—1 WN—p+r ... WN-n+2r—4 WN—n+2r-3
b

WN —n+2 WN —n+3 WN—-n+4 -+ WN—ptr WN —n+r+1

WN —n+1 WN—n+2 WN-n+3 -+ WN-ntr—1 WN —n+r

where w; are the Stiefel-Whitney classes of the tautological bundle on G(A, —n).

Proof. Let 1, be the vector bundle on G (A, —n) whose fiber over the point {L}
corresponding to the subspace L C A is the space of linear functions on .4 vanishing
on L. Consider the morphism of this bundle to the constant bundle with fiber (FV)*,
sending any such linear form to its restriction to FV. The variety A,(F") can
be redefined as the set of points {L} such that the rank of this morphism does not
exceed n — r. By the real version of the Thom—Porteous formula (the proof of
which literally repeats its complex analog given in [4, Section 14.4], after standard
replacements of Chern classes by Stiefel-Whitney classes, Z by Z5, etc.) the class
in H*(G(A, —n), Z,) Poincaré dual to this variety is equal to the determinant of
the form (6) in which all the symbols w; are the Stiefel-Whitney classes of the
virtual bundle —1,.

The constant bundle on G (A, —n) with the fiber A* is obviously isomorphic to
the direct sum of 7, and the bundle dual (and hence isomorphic) to the tautological
bundle. Therefore —1,, and this tautological bundle belong to the same class of the
group K (G(A, —n)), in particular have the same Stiefel-Whitney classes. O

These Stiefel-Whitney classes w; (—t,) are equal to the i-dimensional compo-
nents w;(z,) € H (G(A, —n), Z») of the class w™!(t,), where
w(ty) =1+wi () +...

is the total Stiefel-Whitney class of the bundle 7, see Section 4 in [5]. If the inter-
section of the subset CD,, C G(A, —n) with A,(F") is empty, then the restriction
homomorphism H*(G (A, —n), Z,) — H*(CD,,, Z,) maps the class (6) to zero.
Theorem 6 therefore reduces to the following lemma.

Lemma 12. If the class (4) is not equal to 0, then the restriction of the class (6) to
the subvariety CD,, C G(A, —n) is a nontrivial element of the group

H N="H(CD,, 7).
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3. Proof of Lemma 12

Let R2 C R? be the half-plane {(a, b) | a < b} C R?. Any point (a, b) of R% can be
identified with the chord {a, b}, and any element of the configuration space B(R? , n)
with an n-chord diagram. Let us denote by & C B(R2, n) the set of dependent
(that is, containing resonances) n-chord diagrams. Consider the diagram

B(R2,n) «+—=— B(R2,n)\ E

(7 ”l

CD, —=— G(A, —n)
where 7 is the map sending any chord diagram to its equivalence class.

Lemma 13. The restriction of the regular vector bundle &, (see Definition 5) to
the subset B(R%, n) \ € C B(R?, n) is isomorphic to the bundle pulled back by the
map 7 from the bundle t,, over CDy,.

Proof. The bundle 1, is isomorphic to its dual bundle 7, i.e., to the quotient of the
trivial bundle with fiber A by the tautological bundle over G (A, —n).

Consider the following homomorphism from the trivial bundle with the fiber A
over B(R2,n) \ E to &,: over any n-chord diagram I it sends any function
f e Ac COR! R to the function on the set of chords of this chord diagram,
whose value on any chord {a;, b;} is equal to the difference f(b;) — f(a;). By the
first characteristic property of the space A this morphism is surjective; by definition
of inclusion CD,, C G(A, —n) its kernel is equal to the fiber of the tautological
bundle over the point 7 (I") € CD,,. Therefore our homomorphism induces an
isomorphism between the bundles 7*(z,’) ~ 7*(z,) and &,. O

Lemma 14 (see [3] or Proposition 31). The square of any positive-dimensional ele-
ment of the ring H*(B(RZ?, n),Z>) is equal to zero, in particular w (&) = w(&,)
and w; (§,) = w; (§,) for any i. U

Lemma 15. The determinant of the form (6) in which all classes w; are replaced
by w;(&,) is equal to the product (4) in H*(B(R2, n), Z,).

Proof. The matrix (6) is symmetrical with respect to the southwest/northeast
diagonal, hence calculating its determinant mod 2 it suffices to count only those
products of r matrix elements which are self-symmetric with respect to this diagonal.
By Lemma 14 such products, not all factors of which lie in this diagonal, are also
trivial. ([

Lemma 16. The inclusion B(R%, n)\ & — B(R?, n) induces a monomorphism of
cohomology groups H*(B(R?, n), Z,) — H*(B(R2, n)\ B, Z»).
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Lemma 16 will be proved in Section 5. Lemma 12 follows from Lemmas
13-16 and the functoriality of Stiefel-Whitney classes. Namely, by Lemma 16
if the product (4) is nontrivial in H *(B(R?, n), Z,), then it is nontrivial also in
H*(B(R%, n)\ E, Z»). By the Lemmas 13—15 this element of H*(B(R%, n)\ g, Z»)
is equal to the class induced by the map 7 from the determinant (6), so this
determinant is also nontrivial.

Proof of the last statement of Theorem 4. By Lemma 16 and statement 5.3 of [3],
under the conditions of this theorem the class wy_,11(§,) is not trivial. We can
then take an arbitrary element of the group Hy_,+1(B(R2, n)\ E, Z,) on which
this class takes nonzero value: any cycle realizing such an element intersects the
set 17 L(A1(FN)). a

4. Proof of Theorem 8

Now suppose that N < n. Let A,(F") be the subset of G(A, —n) consisting of
planes whose intersection with 7 is at least r-dimensional.

Proposition 17. The class in H*(G(A, —n), Z,) Poincaré dual to the variety
A (FN) is equal to r x r determinant similar to (6), in which N — n in all lower
indices is replaced by n — N, and w; are Stiefel-Whitney classes of the bundle t,.

Proof. The projection along the fibers of the tautological bundle over G(A, —n)
defines a morphism from the constant bundle with fiber 7V and base G(A, —n) to
the bundle dual (and hence isomorphic) to 7,, i.e., to the quotient of the constant
bundle with fiber A by the tautological bundle. The set A, (FV) can be defined as
the set of points at which the rank of this morphism does not exceed N — r. Our
proposition follows from the real version of Thom—Porteous formula applied to this
morphism. ]

The rest of the reduction of Theorem 8 to Lemma 16 repeats that of Theorem 6; the
Stiefel-Whitney classes of the bundles —1,, and 7,, participating in the corresponding
Thom—Porteous formulas are the same by Lemma 14.

5. Proof of Lemma 16

5.1. Generators of Hopf algebra. We will prove the dual statement: the map
H,(B(R%,n)\ E,Z,) - H,(B(R2, n), Z,) induced by the identical embedding is
epimorphic.

According to [3], all stabilization maps

H(B(R*, n), Z2) — H(BR* n+m),Zy)

induced by the standard inclusions B(R?, n) — B(R%, n+m) are injective. There-
fore, all elements of the group H,(B(R?, n), Z,) are given by polynomials in the
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multiplicative generators of the Hopf algebra H, (B(R?, 00), Z,), and it suffices to
prove that all these generators and their products participating in the construction
of these elements can be realized by cycles lying in B(R%, n) \ E.

These generators [M;] € H,j_ (B(R?,27), Z,) were defined in Section 8 of [3]
by the following cycles M; C B(R?,27). Arbitrarily choose two opposite points of
the circle of radius 1 centered at the origin in R?. Take two circles of small radius
& with centers at these points and arbitrarily choose a pair of opposite points in
each of them. Take circles of radius &> centered at all obtained four points and
choose a pair of opposite points in all of them. Continuing, after the j-th step we
obtain a 2/-configuration in R2. This construction involves 1 +2+4 4 .. 4+2/1
choices of opposite points in some circles, hence the set M; of all possible 2/-
configurations that can be obtained in this way is (2/ — 1)-dimensional. It is easy
to see that this set is a closed submanifold in B(RZ?, 27 ), and therefore it defines
an element [M;] of the group sz_l(B([Rz, 201),75), j > 1. Finally, define the
element [My] € Ho(B(R2, 1), Z») as the class of a single point.

Unfortunately, these cycles with j > 1 contain configurations with resonances,
and, moreover, all configurations of class M; do not lie in [R{%r. To avoid these
problems, we modify the previous construction by (1) replacing the circles with
squares, (2) taking these squares of the same level (i.e., arising on the same stage
of the construction) of varying sizes depending on their centers, and (3) shifting the
resulting configurations into the half-plane Ri C R?; see Section 5.4 below.

5.2. Preparation for the construction.

Definition 18. A segment in the plane R? with coordinates a and b is called vertical
(respectively, horizontal) if the coordinate a (respectively, b) is constant along it. A
straight resonance of an n-point configuration in R? is a closed chain of strictly
alternating vertical and horizontal segments, all whose endpoints belong to our
configuration.

Proposition 19. Letr a and b be two real numbers such that b — a > 8. If all points
{ai, b}, i =1, ...,n, of an n-chord diagram (3) satisfy the conditions

®) la; —al <2, b —b| <2,

and the corresponding n-configuration {(a;, b;)} C B(R%, n) has a resonance, then
it has a straight resonance.

Indeed, if two chords {a;, b;} and {ay, by} satisfying the conditions (8) have
common points, then either a; = ay or b; = by, but not a; = by. O

We will construct our basic cycles in the set of configurations satisfying the
condition of Proposition 19 for some a and b, and prove that they do not have
configurations with straight resonances.
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Figure 1. 8-configuration of the class M;.

Let us fix a very small number & > 0. Define the basic square ] C R? as the
union of four segments consecutively connecting the points

(-1,-1),(-1,1),d, D, d,=1)

and again (—1, —1). Fix an arbitrary continuous function x : L0 — [¢, 1] equal
identically to 1 on segments

) [(—1+4¢,1),(1,1)] and [(1,—1+¢), (1, D],
equal to & on segments
(10) [(—1,-1),(—=1,1—¢)] and [(—1,—-1),(1—¢, —1)],

and taking some intermediate values in the remaining e-neighborhoods of corners
(—1,1) and (1, —1), see Figure 1.

5.3. First example. Let n = 4. Arbitrarily choose two opposite points A and —A
of the basic square. Consider two squares of the second level obtained from the
basic square by the affine maps

Xt—>A4ex(A)X and X+—> —A+4+ex(—A)X

(in particular, centered at the points A and —A), and arbitrarily choose two opposite
points in each of these squares.
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None of the 4-configurations thus obtained can have a straight resonance (i.e., to
be the set of corners of a rectangle with vertical and horizontal sides). Indeed, two
points of different squares of second level can be joined by a vertical (respectively,
horizontal) segment only if the centers A and —A of these squares are very close
to the centers of the opposite horizontal (respectively, vertical) sides of the basic
square. But in this case the values of the function x at the points A and —A are
different, our two squares of second level have different sizes, and the segments
connecting two opposite points in one of them and two opposite points in the other
cannot be opposite sides of the same rectangle.

Therefore shifting all obtained 4-configurations by a fixed vector (@, b) € R?
with b —a > 8, we get a 3-dimensional cycle in space B(R%, 4) \ E.

5.4. Construction of cycles M i (see Figure 1). The general construction is an
iteration of the previous one.
Namely, define two sequences of natural numbers u; and T;, j > 2, by recursion

(1) ur=1, T, =2, uj:uj_1+Tj_1+2, Y}IMJ"—I-Tj_l—l-l for j>2.

Define the subset M; C B(R?,2) as the space of all choices of two opposite
points in the basic square [J. Suppose we have defined the (2/~! — 1)-dimensional
subvariety A;Ij, | C B(R?,2/~1), j > 2. Then the (2/ — 1)-dimensional subvariety
M i C B(R?, 27) is defined as the space of all 2/-configurations consisting of

(i) a 2/~!-configuration obtained from some configuration of the class M i_1 by
the affine map R? — R? given by

(12) {X+— A+ex"(A)X},

where A is some point of the basic square [J;

(ii) a 2/~!'-configuration obtained from some configuration of the class M i1 by
the map

(13) (X > —A+ex"(—A)X},
with the same A, see Figure 1.

Any 2/-configuration of the class 1\7Ij uniquely determines the set of 2/ — 1
squares participating in its construction: it consists of the basic square [J and the
images under maps (12), (13) of two collections of 2/~! — 1 squares participating
in the construction of two 2/~ !-configurations of class M ;1. This set is obviously
organized into (the set of vertices of) an oriented binary tree. Namely, it has two
squares of the second level, four squares of the third level, etc. Every square of the
[-th level is centered at a point of some square of (I — 1)-st level; we connect the
two corresponding vertices by an edge of the tree oriented towards the vertex of
level . Any point of our configuration belongs to a square of the j-th level, i.e.,
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to a leaf of the tree. We say that a point of the configuration is subordinate to this
square of level j containing it, and also to all squares of lower levels connected
with it by an oriented path in our binary tree. Conversely, we say that all these
squares dominate such a point of the configuration; in particular, any square of
level I dominates exactly 2/~/*! points.

Lemma 20. The length of the sides of the smallest square participating in the
construction of a 2/ -configuration of class M ; is not less than 2el

Proof. This follows by induction from the last condition (11) because both subsets
constituting our 2/-configuration are obtained from certain 2/~!-configurations of
the class M;_ by homotheties (12), (13) with coefficients > gt ]

Lemma 21. The absolute values of the coordinates a, b of all points of configura-
1

tions of class Mj do not exceed 1 +& +e>+---+e/71 < -

Lemma 22. [Ifa square of level | participating in the construction of a configuration
of the class M; has sides of length d, then all 2171+ points of this configuration

subordinate to this square lie in the \/Efld—g) -neighborhood of this square.

Proof. Proofs of these two lemmas follow directly from the construction. ]

Finally, we move the obtained subvariety M; C B(R?, 2/) into B(R?, 2/) shifting
all its 2/ -configurations to R%r by some translation {X — X+(a, b)}, where h—a > 8.
Denote by V; the resulting cycle in B (R2,29).

It is easy to see that V; is the image of an embedding M; — B (R?, 27) (where
the manifold M; was defined in Section 5.1), which is homotopic to the identical
embedding; in particular, it defines the same homology class in Hy,(B(R?,2/), Z5).
Indeed, such a homotopy is defined by (1) a family of functions connecting the
function y with the function equal identically to 1 in the space of positive functions
0 — R!, (2) a deformation of all circles to squares, and (3) the continuous shift of
the plane by the vector (@, b). Therefore, to realize the homology class [M i1bya
cycle from B(Ri) \ E it remains to prove the following statement.

Theorem 23. The variety V; does not contain 2/ -chord diagrams with straight
resonances.

The proof of this theorem for arbitrary j is not as simple as for j = 2, it uses the
following generalization of straight resonances.

Definition 24. For any positive number 8, a segment in R? is called §-horizontal
(respectively, §-vertical) if the tangent of the angle between this segment and a hor-
izontal (respectively, vertical) line belongs to the interval [0, §). An n-configuration
in R? is 8-resonant if there exists a closed chain of strictly alternating §-vertical and
8-horizontal segments in R? such that the endpoints of any of its segments belong
to our configuration.
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Figure 2. Discrepancy preventing resonances.

Theorem 23 now follows from the following statement.

Theorem 25. If the number ¢ participating in the construction of the cycle M [ is
sufficiently small, then the set M ;i does not contain " +1_resonant 2/ -configurations.
5.5. Example and idea of the proof of Theorem 25. Let us again consider the
case j = 2. If a 4-configuration of the class M, is g2-resonant, then some points of
opposite squares of second level participating in its construction are connected by
segments almost parallel (up to angles with tangent < £2) to a vertical or horizontal
segment. Let us assume for certainty that these are almost vertical segments. Then
the centers A and —A of these squares are very close to the centers of the opposite
horizontal sides of the basic square, in particular the function x takes the value 1 at
one of them and the value ¢ at the other. The a-coordinates of two points of our
£2-resonant 4-configuration, placed in the bigger square of second level, differ by 2,
see Figure 2 (left). On the other hand, these two points are connected by a chain of
three segments of our 2-resonance passing through the smaller square, therefore
this difference is estimated from above by the sum of (a) the length of the sides of
the small square and (b) twice the maximal possible difference of a-coordinates of
endpoints of the e2-vertical segments of our 2-resonance. The last difference is
estimated from above by the maximal difference of b-coordinates of points of our
configuration (which is at most 2 + & + 2) multiplied by the allowed bending &2 of
the segments of our e2-resonance. This sum is of order &2, a contradiction.
Further, let j be arbitrary; suppose that our configuration of class M jise
resonant, and two squares of second level participating in its construction are located
near the centers of horizontal sides of the basic square. Our exponents (11) are
chosen in such a way that the upper endpoints of any two &% !-vertical segments

u_,-+1
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connecting the points subordinate to different squares of the second level cannot
lie too close to the opposite vertical sides of an arbitrary square subordinate to the
bigger (upper) square of second level: indeed, by an estimate similar to that from
the previous paragraph the difference of the a-coordinates of these endpoints is
much smaller than the minimal distance between these vertical sides.

If j > 2, then there remains a possibility that these two endpoints lie in neigh-
borhoods of opposite horizontal sides of such a square (see Figure 2, right) and are
connected by some £%+!-resonant chain inside the upper square of second level.
In this case, let us connect directly these two endpoints by a segment and forget
about the part of our % *!-resonance involving the points from the lower square.
The exponents (11) are chosen so that the tangent of this segment with a vertical
line is estimated from above by %-'*!, and we obtain a %~ !-resonance inside
the upper square only, which is prohibited by the induction hypothesis.

5.6. Proof of Theorem 25. Let us support this reasoning with strict estimates.

Suppose that Theorem 25 is proved for all cycles M;, i< Jj. By the construction,
any 2/-configuration I € M ; splits into two subsets of cardinality 2/=! with mass
centers at some opposite points A and —A of the basic square [, any of these
subsets lying in the ~/2¢ /(1 —&)-neighborhood of the corresponding point A or —A.

Suppose that our configuration I' € M ;18 g"i*!_resonant. If the entire chain of its
points participating in this resonance is located in only one of these two subsets of I,
then we get a contradiction with the induction hypothesis for i = j — 1, because
this subset is homothetic to a configuration of the class M;_;, and " ! < gi-171,

So, our chain should contain &% !
connect some points from these two subsets. Therefore, the corresponding points
A and —A are very close to either the center points of opposite horizontal sides of
the basic square [, or to the center points of its vertical sides. These two situations
can be reduced to each other by the reflection in the diagonal {a = b} of R?, it is
therefore sufficient to consider only the first of them.

Consider a " *!-vertical segment of our resonance chain which has endpoints
in both these subsets; let Ay be its endpoint in the upper subset. Starting from Ay,
our chain somehow travels inside this upper subset and finally leaves it along some
4i+1_vertical segment; let By be the upper point of the latter segment.

-vertical or %+ !-horizontal segments, which

other ¢

Lemma 26. (1) The difference between the a-coordinates of points Ay and By is

estimated from above by Te"i +1,

(2) The difference between the b-coordinates of Ag and By is estimated from below
by gli-1+1,

Proof. (1) This difference is estimated from above by the sum of (a) the maximal
difference of the a-coordinates of the points of the lower 2/~!-subconfiguration
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of our 2/-configuration I, (b) the difference of the a-coordinates of the point Ag
and the other endpoint of the segment of our chain connecting Ay with this lower
subconfiguration, and (c) the similar difference for the point By. By Lemma 21,
formulas (12)—(13) and the definition of the function yx, the first of these differences
is estimated from above by 2% *t1(1 + 0(¢)); the other two are estimated by the
heights of these two segments (which by Lemma 21 are smaller than %) multiplied
by their tangents with the vertical direction (which are estimated by &% *! since
these segments are £**!-vertical). Thus, the entire sum is estimated from above by
e tl(64 O(e)) < Tei .

(2) Let us consider two paths in the binary tree of squares participating in the
construction of our configuration I' € M;, starting from the basic square and
consisting of all squares dominating the point Ag (respectively, Bp). Let [J; be
the last (of highest level) common square of these two sequences. By Lemma 20,
the length of its sides is at least 2¢7-1*!: indeed, this square is obtained from
a square participating in the construction of a 2/~!-configuration of class M i1
by a homothety with coefficient ¢ x (A) for some point A from the central part
of the upper side of the basic square (where y = 1). The next two squares in
these sequences (or their final points Ay and By if L is a square of the last j-th
level) are different, therefore these next squares (or points) are centered at (or
coincide with) some points of opposite sides of [J;. These cannot be vertical
sides: indeed, in this case by Lemma 22 the a-coordinates of our points Ay and By
would differ by 2e%-171(1 + O(¢)), which contradicts statement (1) of our lemma,
because by (11) ei-1+! > g4+ Therefore, these are horizontal opposite sides,
and hence the difference of their b-coordinates is estimated from below by the
number 2e7-171(1 4+ O(¢)) > eli-1*1. Moreover, by Lemma 22 the last estimate is
also valid for the difference of the b-coordinates of the points Ag and By subordinate
to some squares centered at points of these sides. U

Corollary 27. The segment [Ag, Bo) is -1 -vertical.

Proof. By the previous lemma, the absolute value of the tangent of the angle between
this segment and the vertical direction is estimated from above by 7% ~%i-1, which
by (11) is less than %-1*! (since we can assume that & < %). O

In particular, this segment [Ag, Bo] is not £ *!-horizontal, so Ay and By cannot

*1_resonance chain. Now consider the closed chain

be neighboring points in our &%
of segments in the upper subset of our M ;-configuration I', which consists of the
segment [Ag, Bp] and the part of our initial gt _resonance chain connecting these
two points inside this upper subset of I". This closed chain is a £%-'*!-resonance,
which contradicts the induction hypothesis over j. This contradiction finishes the

proof of Theorem 25, and hence also of Theorem 23. U
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Finally, every product [M; |- [M;,]---[M jq] of multiplicative generators of the
Hopf algebra H,(B(R?, 00), Z,) such that 2/' 4272 4 ... 42Js = n can be realized
by the set of all n-configurations, some 2/! points of which form a configuration
of type Mjl shifted to R%r along the vector (0, 8), some other 2/2 points form a
configuration of type sz shifted along the vector (56, 64)... and the last 2/
points form a configuration of type M ;, shifted along the vector (87 — 8, 87). The
values of both coordinates of the points of any of these groups are very far from the
coordinates of the points from any other group, thus all obtained n-configurations
do not contain resonances. This finishes the proof of Lemma 16 and hence also of
Theorems 6 and 8. O

6. Proof of Corollaries 7 and 10

Proposition 28. All the statements of Corollary 7 (respectively, Corollary 10) are
monotonic on N: if for a triplet of numbers (n, N, r), n < N (respectively,n > N),
it is true that for any N -dimensional subspace FN C CO(R!, R") there exist systems
of n independent equality conditions defining subspaces of codimension <n —r
(respectively, of dimension r) in FN, then the same is true for the triplet (n, N—1,r)
(respectively, (n, N + 1, r)).

Proof. Apply the hypothesis of this proposition to an arbitrary N-dimensional space
containing FV~! (respectively, contained in F¥+1). 0

Let us recall several results of [3] on mod 2 cohomology of spaces B (R?, n).

Proposition 29 (see [3, Section 4.8]). For any k, the group H*(B(R?, n), Z,) has a
canonical basis whose elements are in a one-to-one correspondence with unordered
decompositions of the number n into n — k powers of 2. In particular, this group is
nontrivial if and only if k <n — I (n).

The standard notation for such a basis element is (21', 2 2Zf), where
Iy >l >--->1; > 1, t <n —k: this is the list (in nonincreasing order) of
all summands of such a decomposition which are strictly greater than 1.

Namely, such a basis element of H *(B(R?, n), Z) is defined by the intersection
index with the closure of the subvariety in B(R?, n) consisting of all n-configurations
such that there exist ¢ distinct vertical lines in R?, one of which contains 21 points
of our configuration, some other one contains 2” of them, etc.

We will also use the abbreviated notation (2f)11, 2522, el 2}1‘2) for these basis
elements, where s; > s, > --- > s, > 1 and 23{ means 2% repeated v; times; if

some v; is here equal to 1 then we write simply 2% instead of 2.

Proposition 30 (see [3, Section 5.2]). The class wi(£,) € H*(B(R?, n), Z5) for
any k < n is equal to the sum of all basic elements of this group described in the
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previous proposition. In particular, all classes wi(€,) with k < n — I (n) are not
equal to 0.

So we have
(14) wy = (2),
(15) wy = (22),
(16) w3 = (23) + (4),
(17) wy = (24) + (4,2),
(18) ws = (25) + (4, 22),
(19) we = (26) + (4, 23) + (42),
(20) w7 = (27) + (4, 24) + (42, 2) + (8),
(21) ws = (28) + (4, 25) + (42, 20) + (8, 2),
(22) wo = (29) + (4, 26) + (42, 23) + (43) + (8, 22),
(23) wio = (210) + (4, 27) + (42, 24) + (43, 2) + (8, 23) + (8, 4),

(24) wir = (211) + (4, 28) + (42, 25) + (43, 22) + (8, 24) + (8, 4, 2),
(25)  wip = (212) + (4, 29) + (42, 26) + (43, 23) + (44) + (8, 25) + (8,4, 25).

Proposition 31 (see [3, Sections 9 and 6]). The cohomological product of two basis
elements of the group H*(B(R?, n), Z») having the form

@m oo moam=l o am=l a2,

where any number 20 i e{l,2,...,m}, occurs pi times in the first factor and
qi times in the second and some of numbers p;, q; can be equal to 0, is equal to

m
(26) ]_[(p’“11)(2'",...,2’",2'"—‘,...,2’”“,...,2,...,2),
i=1 Pi

where any symbol 2! in the angle brackets occurs p; + q; times, all binomial
coefficients are counted modulo 2, and the entire expression (26) is assumed to be
zero if (pm +qm) 2" + (Pm—1 +qu-12"""+ -+ (p1 +qD)2 > n.

Now, all statements of Corollaries 7 and 10 follow immediately from Theo-
rems 6, 8 and the following calculations.

A(1) By (14), (16) and (26), wyws = (4, 2), which is nontrivial for n > 6.
A(2) By (15), (17) and (26),
(27) wywa = (4, 23) + (26),

which is nontrivial if n > 10.
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A(3) By (16), (18) and (26), wzws = (4, 25), which is nontrivial if n > 14. By
(17), (19) and (26),

(28) wawe = (42, 24) + (43, 2),

which is also nontrivial if n > 14.

A(4) By (18), (20) and (26),

(29) wswy = (43, 23) + (8, 25) + (8, 4, 23),

which is nontrivial for n > 16.

A(5) By (19), (21) and (26),

(30) wewg = (214) + (4, 211) + (42, 28) + (43, 25) + (8, 27) + (8, 42, 2),
which is nontrivial for n > 18.

A(6) By (20), (22) and (26),

(31) wrwy = (4, 213) + (43, 27) + (8, 29) + (8, 43),

which is nontrivial for n > 20.

A(7) By (21), (23) and (26),

(32) wgwio = (42, 212) + (43, 29) + (8, 4, 28) + (8, 42, 25) + (8, 43, 22),
which is nontrivial if n > 24.

A(8) By (22), (24) and (26),

(33) wowir = (43, 211) + (8,4, 210) + (8, 43, 24),

which is nontrivial if n > 28.
By (23), (25) and (26),
34 wpwr2
= (44, 210) + (45, 27) + (46, 24) + (47, 2) + (8,4, 212) + (8, 44, 23) + (8, 4s5),
which also is nontrivial if n > 28.

A(9) The class w4 contains summand (8,), therefore by (25) and (26) the product
wiz wi4 contains summands (8>, 44) and (83, 4, 2,), each of which is nontrivial
if n >32.

B(1) By (15), (28) and (26),

(35) W W4 We = (42, 26) + (43, 23),
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which is nontrivial for n > 18. By Theorem 6 this calculation proves the statement
B(1) of Corollary 7 (respectively, Corollary 10) for N =n + 1 (respectively, N =
n — 1), and the case N = n follows by monotonicity, see Proposition 28.

B(2) By (16), (29) and (26), w3 wsw7 = (8, 4, 25), which is nontrivial for n > 22.
B(3) By (28), (21) and (26),
(36) wawewg = (42, 212) + (43, 29) + (8, 42, 25),
which is nontrivial for n > 26.
B(4) By (18), (31) and (26),
37) wswywg = (8,4, 211) + (8, 43, 25),
which is nontrivial if n > 30.
B(5) By (19), (32) and (26),
(38) wewgwio = (8, 4, 214) + (8, 43, 23),
which is nontrivial for n > 36.
B(6) By (32), (25) and (26),
(39) wgwiowi2
= (46, 212) + (47, 29) + (8,43, 214) + (8, 45, 28) + (8, 46, 25) + (8, 47, 22),

which is nontrivial for n > 40. By Theorems 6 and 8, this implies statements B(6)
of Corollaries 7 and 10 for N = n 4 7 (respectively, N = n — 7), and the cases
N =n+6 (respectively, N = n — 6) follow by monotonicity. Notice that the routine
consideration for N = n + 6 based on

(40) wrwowi1 = (43, 211) + (8, 43, 211),

gives the same result in more restrictive conditions, n > 42 only.

B(7) The class w4 contains the summand (8,). Therefore by (34) and (26), the
product wip w2 w4 contains the summand (83, 45), which is nontrivial if n > 44.

C(1) By (15), (36) and (26),
41) W wawe W = (42, 214) + (43, 211) + (8, 42, 27),

which is nontrivial if n > 30. By Theorem 6, this proves statements C(1) of
Corollaries 7 and 10 in the case N =n + 1 (respectively, N = n — 1), and the case
N = n follows by monotonicity.

C(2) By (17) and (38),

42) w4 wewg wio = (8, 43, 212),
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which is nontrivial if n > 44. This proves statement C(2) of Corollary 7 (respectively,
Corollary 10) for N = n + 3 (respectively, N = n — 3), which implies it also for
N =n+2 (respectively, N = n — 2).

C(3) By (19) and (39),
(43) wewgWigwi2 = (8, 45, 214) + (8, 47, 2g),

which is nontrivial if n > 52. This proves statements C(3) for N =n+5 (respectively,
N =n —5) and hence also for N = n + 4 (respectively, N = n — 4).

C(4) The class w4 contains the summand (8;). Therefore by (39) and (26) the class
wgwiowiz W14 contains the summand (83, 47, 2,), which is nontrivial if n > 56.
This proves statements C(4) for N =n+7 (N =n—7) and hence also for N =n—+6
(N=n-6).

D(1) By (41), (23) and (26), wr wawewgwig = (8, 43, 214), which is nontrivial if
n > 48.

D(2) By (17), (43) and (26), wswewgwigwiz = (8, 47, 212), which is nontrivial
if n > 60.

D(3) Since wis4 contains (8,), by (43) and (26) the product wewgwigwipwia
contains the summand (83, 47, 2g), which is nontrivial if n > 68.

E(1) By D(1) and formulas (25) and (26), wy w4 wewgwiowiz2 = (8, 47, 214), which
is nontrivial if n > 64.

E(2) Since w4 contains (8,), by D(2) and (26) the product w4 wewgwigwipwig
contains the summand (83, 47, 21»), which is nontrivial if n > 76.

F. Since w4 contains the summand (8;), by E(1) and formula (26) the class
W)y Wy We W8 W1 W12 W14 contains the summand (83, 47, 214), nontrivial if n > 80.
[l

7. Equality conditions and homology of knot spaces

Let us denote by K the affine space of all C*°-smooth maps R! — R? coinciding
with a fixed linear embedding outside a compact setin R!. Let X be the discriminant
subvariety of IC consisting of all maps which are not smooth embeddings, i.e., have
either self-intersections or points of vanishing derivative. The elements of the
set I\ X are called long knots. There is a natural one-to-one correspondence
between the connected components of this set and the isotopy classes of the usual
knots, i.e., of smooth embeddings S!S R3or ' — S

The variety X is swept out by affine subspaces L(a, b) of codimension 3 in K
corresponding to all chords {a, b} in R! (including degenerate chords with a = b) and
consisting of maps ¢ : R' — R such that ¢ (a) = ¢(b) (or ¢'(a) =0 if a = b). Much
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of the topological structure of X can be described in terms of the order complex
of the (naturally topologized) partially ordered set, whose elements correspond to
these subspaces L(a, b) and their finite intersections (defined by chord diagrams),
and the order relation is the incidence of corresponding subspaces. For any n, the
subspaces in /C defined in this way by independent n-chord diagrams form an affine
bundle over the space CD,, of equivalence classes of such diagrams (including
degenerate ones, containing chords of type {a, a}). The fibers of this bundle have
codimension 3n in ', and its normal bundle is isomorphic to the sum of three
copies of the bundle 7,7 considered in Section 2 (and continued to degenerate chord
diagrams).

The topology of the space K\ X is related by a kind of Alexander duality to the
topology of the complementary space X, in particular, the numerical knot invariants
can be realized as linking numbers with infinite-dimensional cycles of codimension 1
in K contained in X. However, Alexander duality deals with finite-dimensional
spaces only, therefore to apply it properly we use finite-dimensional approximations
of the space K. Namely, we consider infinite sequences KC; C K C ... of finite-
dimensional affine subspaces of K, such that any connected component of IC\ X is
represented by elements of subspaces K; \ ¥ with sufficiently large j, and moreover
any homology class of I\ X is represented by cycles contained in such subspaces.
(The existence of such sequences of subspaces K; follows easily from Weierstrass
approximation theorem). Then for any such subspace K; of dimension d; we have
the Alexander isomorphisms

(44) H* K\ ) ~ Hy 1 (K; N ),

where H, denotes the Borel-Moore homology groups.

To study the left-hand groups in (44) (in particular, such a group with k£ =0, i.e.,
the group of Z-valued invariants of knots realizable in K;) a simplicial resolution of
the space KC; N X is used in [6]. It is a certain topological space o () and a surjective
map o (j) — K; N X inducing an isomorphism of Borel-Moore homology groups.
These groups H.(o(j)~H «(KCj N X) can be calculated by a spectral sequence
{E, g} defined by a natural increasing filtration

(45) 01(j) Coa(j) C--- Ca (),

in particular, Enl’ﬂ ~ E,H_/g (g, () \on=1())).

This filtration is finite if the subspace K; is not very degenerate. Namely, any
space 0,(j) \ 0,—1(j) 1s constructed starting from the intersection sets of X; with
subspaces of codimension 3z in K defined by independent n-chord diagrams. Since
the family of all such planes is 2n-parametric, a generic d;j-dimensional affine
subspace K; meets only subspaces of this kind with n < d;, s0 04,(j) = o (j).
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tq

nonstable

stable

ZE€ros

—d; A O ¢

Figure 3. Spectral sequence for H*(K; \ X).

The formal change E/Y = E" pudj—1—g tUTNS the homological spectral sequence
defined by this filtration into a cohomological one, which by Alexander duality
converges to the left-hand groups of (44). All nontrivial groups Ef*Y, r > 1, of the

last spectral sequence for a generic subspace K; lie in the domain (see Figure 3)

{(p,q):pel—d;,—1],p+q =0}.

If the approximating subspace K; is generic and n is sufficiently small with
respect to d; (namely, n < ﬁ), then all subspaces of K defined by independent n-
chord diagrams intersect K; transversally along nonempty planes. Indeed, if d; > 3n,
then the codimension of the set of d;-dimensional affine subspaces in K, which
are not generic with respect to a plane of codimension 3n, is equal to d; — 3n +1;
therefore the 2n-parametric family of such sets corresponding to all subspaces
defined by n-chord diagrams sweeps out a subset of codimension at least d; —5n+1
(if this number is positive), and for d; > 5n we can choose K; not from this subset.

If K; is generic in this sense, then these intersection sets in K; form an affine
bundle of dimension d; — 3n with base CD,.. By the construction of the simplicial
resolution, this implies that the topology of the sets 0,(j) \ 0,—1(j) essentially
stabilizes at this value of j: forall j' > j the space 6,,(j)\o,—1(j’) is homeomorphic
to the direct product of spaces ¢, (j) \ o,—1(j) and R% =% In particular, we have
natural isomorphisms

. : g d; .
E,t’ﬂ(J) :Ert,m(d;—d,-)(]/) for all j' > j, n <3 and arbitrary .
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Substitutions (44) turn them into natural isomorphisms E??(j’) ~ E{"?(j) for all
p> —%. Moreover, these isomorphisms commute with all the further differentials
of our spectral sequence; the Borel-Moore homology groups of the spaces o, ()
and 0,,(j') for all n < % and j’ > j are naturally isomorphic to each other up to the
shift of dimensions by d;s — d;. The cohomology classes of K\ ¥ arising from this
area of the spectral sequence (i.e., the sequences of nontrivial cohomology classes
of the spaces K\ X, j’ > j, realizable by linking numbers with cycles located
in 0,(j") forn < % and corresponding to one another by these isomorphisms) are
known as finite-type cohomology classes of the space of long knots. Therefore, the
intriguing question about the completeness of the system of these classes in entire
cohomology groups of I\ X (in particular, about the existence of nonequivalent
knots not separated by finite-type invariants) depends on the groups Ef*?(j) in the
nonstable domains, on the deviation of these groups from stable ones, and on the
way in which the nonstable groups E%;?(j) for different j correspond to the same
cohomology classes of spaces K; \ ¥ with different j.

The arguments of the previous sections of this article allow us to say something
about the nontriviality of this problem.

Proposition 32. If 4n—1I(n) > d; > 3n, then for any d;-dimensional affine subspace
K;j C K there exist independent n-chord diagrams such that the corresponding affine
subspaces of IC have nongeneric (i.e., either nontransversal or empty) intersections
with the space K;.

Proposition 33. If2n + I (n) < d; < 3n, then for almost any d;-dimensional affine
subspace K; C K (that is, for any subspace from a residual subset in the space
of all such subspaces) there exist independent n-chord diagrams such that the
corresponding affine subspaces of K have nonempty intersection with K;.

Definition 34. Let £ denote the affine bundle over the space B(R%,n) \ E of
independent n-chord diagrams, whose fiber over any such diagram is the subspace
of codimension 3n in K consisting of maps ¢ : R! — R3 taking the same values
at endpoints of each chord of this diagram. For an affine subspace K; C K denote
by [|(K;) the subset in B(Ri, n) \ E consisting of n-chord diagrams such that the
corresponding fiber of bundle £ contains lines parallel to some lines contained in
the space K;.

Proof of Proposition 32. The normal bundle £+ of £ in K is isomorphic to the
direct sum of three copies of the regular bundle &,. By Lemmas 13 and 14, its
total Stiefel-Whitney class is then equal to (w(&y))? = w(&,), in particular, its
i-dimensional component wj; is not trivial if i <n — I (n).

Make K; a vector space by arbitrarily choosing the “origin” point in it. If all
fibers of the bundle £ are in general position with respect to K;, then a (d; — 3n)-
dimensional vector bundle with the same base is defined, the fiber of which over a
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chord diagram is obtained from the intersection set of K; and the corresponding
fiber of the bundle £ by a parallel translation, after which it passes through the
origin point of K;. The total Stiefel-Whitney class of this bundle is equal to
w(LH) ™' =w(&,) ™!, which by Lemma 14 is equal to w(&,). If di—3n <n—1(n),
then this implies that w,_;(,)(&,) = 0, a contradiction. O

Lemma 35. If d; < 3n, then for almost any d;-dimensional affine subspace K; C K
the codimension of the set ||(K;) in B(R%, n) \ E is at least 3n — d; + 1.

Proof. Consider the space
(46) G(K, dj) x (B(R,2) \ E)

of all pairs {K;, I'} where K; is a d;-dimensional affine subspace of K and I" is
an independent n-chord diagram. Denote by A the subset of this space consisting
of pairs {K;, I'} such that I' € ||(K;). The space (46) and its subset A are both
fibered over the space B(RZ2, 2) \ E of independent n-chord diagrams, and for any
such diagram I' the corresponding fiber of the latter fiber bundle has codimension
3n —d; + 1 in the fiber of the former. Therefore, the codimension of A in the
space (46) is equal to 3n —d; + 1, and the typical fiber of the projection of A to the
first factor of (46) has codimension at least 3n — d; + 1 in the corresponding fiber
of the projection of entire space (46). (I

Proof of Proposition 33. Let us fix a subspace K; for which the condition of the
previous lemma is satisfied. The complement of the set ||(X;) in the manifold
B(R2, n)\ E has then the same homology groups up to dimension 3n — d; as entire
B(R%,n)\ E.

Consider the affine bundle (£1)* over the manifold B(R2 , n)\ E: its fibers consist
of linear functions on X vanishing on the corresponding fibers of the bundle L.
Over the set (B(R%,n)\ E) \ I(K;) a (3n — d;)-dimensional subbundle of (L)
is defined, consisting of functions constant on ;. This subbundle has the same
Stiefel-Whitney class (equal to w(&,)) as the whole (£1)*, since its normal bundle
is isomorphic to the trivial bundle with fiber (1C;)*. If no fibers of the bundle £
intersect the space K, then this subbundle has a nowhere vanishing cross-section:
indeed, we can define an arbitrary Euclidean structure on this subbundle, and choose
in each fiber the linear function of unit norm taking the maximal value on ;. If
3n—dj <n—1(n), then this contradicts the nontriviality of the class wy, ;) (§,). U

Remark. I hope that the further study of the characteristic classes of the bundle £
(and of its analog defined on the space CD,, of equivalence classes of chord diagrams,
rather than on the resolution B(R? , n) \ E of this space) will provide not only the
proofs of the inevitable troubles in the calculation of the cohomology classes of
knot spaces, but also the construction of some such classes not reducible to classes
of finite-type.
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We show that if E is an ample vector bundle of rank at least two with some
curvature bound on Op g+ (1), then E* @ det E is Kobayashi positive. The
proof relies on comparing the curvature of (det E*)* and S*E for large k
and using duality of convex Finsler metrics. Following the same thread of
thought, we show if E is ample with similar curvature bounds on Op g+ (1)
and Opggdet £*) (1), then E is Kobayashi positive. With additional assump-
tions, we can furthermore show that E* ® det E and E are Griffiths positive.

1. Introduction

Let E be a holomorphic vector bundle of rank r over a compact complex manifold X
of dimension n. We denote the dual bundle by E* and its projectivized bundle
by P(E™*). The vector bundle E is said to be ample if the line bundle Op g+ (1)
over P(E™) is ample. On the other hand, FE is called Griffiths positive if E carries
a QGriffiths positive Hermitian metric. Moreover, E is called Kobayashi positive
if E carries a strongly pseudoconvex Finsler metric whose Kobayashi curvature is
positive (we will give a quick review on Finsler metrics and Kobayashi curvature
in Section 2A; or see [Wu 2022, Section 2]).

There are two conjectures made by Griffiths [1969] and Kobayashi [1975]
regarding the equivalence of ampleness and positivity:

(1) If E is ample, then E is Griffiths positive.
(2) If E is ample, then E is Kobayashi positive.

These two conjectures are still open, save for n = 1, in [Umemura 1973; Campana
and Flenner 1990] (for recent progress, see [Berndtsson 2009a; Mourougane and
Takayama 2007; Hering et al. 2010; Liu et al. 2013; Liu and Yang 2015; Naumann
2021; Feng et al. 2020; Demailly 2021; Finski 2022; Pingali 2021; Ma and Zhang
2023]). Note that the converse of each conjecture is true [Feng et al. 2020; Wu 2022].

By Kodaira’s embedding theorem, ampleness of a line bundle is equivalent to
the existence of a positively curved metric on the line bundle. So, the conjectures
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Keywords: Kobayashi positivity, Griffiths positivity, L2-metrics.
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of Griffiths and Kobayashi can be rephrased: Given a positively curved metric
on Opg+ (1), can we construct a positively curved Hermitian/Finsler metric on E?
In this paper, we show that it is so, by imposing curvature bounds on tautological
line bundles of P(E*) and P(E). Since Hermitian metrics on Op g+ (1) are in
one-to-one correspondence with Finsler metrics on E£*, these curvature bounds can
also be written in terms of Kobayashi curvature.

We first consider a relevant case where the picture is clearer. It is known that,
for rank of E at least 2:

(1) If E is Griffiths positive, then E* @ det E with the induced metric is Griffiths
positive.

(2) If E is ample, then E* ® det E is ample.

The first fact can be found in [Demailly 2012, p. 346, Theorem 9.2] and the second
in [Hartshorne 1966, Corollary 5.3] together with the isomorphism (see Appendix)

r—1

/\E:E*@detE.

If we follow the guidance of Griffiths and Kobayashi, we would ask whether or
not the ampleness of E implies Griffiths/Kobayashi positivity of E* @ det E for
r > 2. Our first result is that this can be achieved by imposing curvature bounds
on Op g+ (1).

Let g : P(E*) — X be the projection. Let g be a metric on Op g+ (1) whose
curvature restricted to a fiber ®(g)|p(gx) is positive for all z € X. For a tangent
vector ) € TZLOX and a point [¢] € P(Ef), we consider tangent vectors 7 to P(E™)
at (z, [¢]) such that g, () = n, namely the lifts of 5 to Té”?d)P(E*). Then we
define the function

(1-1) (n,[¢) = inf O, 1) :=m(n, [¢]),
q+(n)=n

where the infimum taken over all the lifts of » to T(i”([)“)P(E *). This infimum is
actually a minimum, see (2-3). On the other hand, since such a metric g corresponds
to a strongly pseudoconvex Finsler metric on E*, and if we denote its Kobayashi

curvature by 6(g) a (1, 1)-form on P(E™), then

(1-2) m(, [£]) = —6(2) (7, 7).

The term on the right is independent of the choice of lifts 7 (we will prove (1-2) in
Section 2A).

Theorem 1. Assume r > 2 and the line bundle Opg+)(1) has a positively curved
metric h and a metric g with ©(g)|p(ez) > 0 for all z € X. If there exist a Hermitian
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metric Q on X and a constant M € [1, r) such that the following inequalities of
(1, 1)-forms hold:

(1-3) Mq* Q> —0(g),
(1-4) q* Q2 < —0(h),

then E* @ det E is Kobayashi positive.

We can of course choose g to be 4 in Theorem 1, but having two different metrics
seems more flexible. The proof of Theorem 1 relies on two observations. First,
starting with g and & on Op(g+)(1), we construct two Hermitian metrics on S¥E
and det E respectively. The curvature of the induced metric on S¥E @ (det E*)* can
be shown to be Griffiths negative for k large (see Section 3 for details). The second
observation (see [Wu 2022]) is that since the induced metric on S¥E ® (det E*)*
is basically an L?-metric, its k-th root is a convex Finsler metric on E ® det E*
which is also strongly plurisubharmonic on the total space minus the zero section.
After perturbing this Finsler metric and taking duality, we get a convex and strongly
pseudoconvex Finsler metric on £* ® det E whose Kobayashi curvature is positive.
So the bundle E* ® det E is Kobayashi positive. Notice that the Finsler metric we
find is actually convex.

The reason why we impose €2, M and inequalities (1-3) and (1-4) in Theorem 1
is the following. On the bundle SKE @ (det E*)X, the curvature of the induced
metric is roughly bounded above by k )", a ¢ —rk)_,, by ¢,y Where a,, and b,
are some positive integrals with ) °, a,, =), b,y =1, and ¢, are positive numbers
related to the curvature of /. It does not seem possible to us that the upper bound
kY, amcm—rk)_, by cy, can be made negative without any assumption. So we
introduce €2 and M to control the upper bound.

With small changes on the proof, one can write down a variant of Theorem 1
where the conclusion is about the Kobayashi positivity of E* ® (det E)! (see the
end of Section 3).

Now let us go back to the original conjecture of Kobayashi and adapt the proof
of Theorem 1 to this case. Let p: P(E) — X be the projection. We recall under the
canonical isomorphism P(E @ det E*) >~ P(E), the line bundle OpEggdet £+)(1)
corresponds to the line bundle Opg)(1) ® p* det E (see [Kobayashi 1987, p. 86,
Proposition 3.6.21]). Let g be a metric on Opg)(1) ® p* det E with ©(g)|p(g,) > 0
for all z € X. For a tangent vector n € TZI’OX and a point [§] € P(E), we similarly

have
(n, [ED— inf O(g)(n', 7)),
p«(m)=n

where n’ are the lifts of 7 to T(lz’([)S]) P (E). Meanwhile, such a metric g corresponds to
a strongly pseudoconvex Finsler metric on E ® det E* and we denote its Kobayashi
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curvature by 6(g) a (1, 1)-form on P(E). As before,

(1-5) inf O, 7)=-0(), 7).
p+()=n

Theorem 2. Assume r > 2 and Opg+ (1) has a positively curved metric h and
Ope)(1) ® p* det E has a metric g with ©(g)|p(g,) > 0 for all z € X. If there exist
a Hermitian metric Q on X and a constant M € [1, r) such that

(1-6) Mp*Q > —6(g),
(1-7) q 2 < —0(h),

then E is Kobayashi positive.

Since the ampleness of E implies ampleness of E* ® det E, one choice for g in
Theorem 2 is a positively curved metric on Opg)(1) ® p* det E, but how much this
choice helps is unknown to us. The proof of Theorem 2 follows the same scheme
as in Theorem 1. We first use 4 and g to construct Hermitian metrics on det E and
SKE* @ (det E)* respectively. The induced metric on [S*E* ® (det E)*]® (det E*)*
is Griffiths negative for k large (see Section 4). Then by taking k-th root, perturbing,
and taking duality, we obtain a convex, strongly pseudoconvex, and Kobayashi
positive Finsler metric on E.

1A. Griffiths positivity. The conclusions in Theorems 1 and 2 are about Finsler
metrics. For their Hermitian counterpart, we need additional assumptions. The
reason is that in Theorems 1 and 2, taking large tensor power of various bundles helps
us eliminate the curvature of the relative canonical bundles Kpg+),x and Kp(g),x,
and after getting the desired estimates we take k-th root to produce Finsler metrics.
However, the step of taking k-th root produces only Finsler, not Hermitian metrics.
So the first step of taking large tensor power is not allowed if one wants Hermitian
metrics.

Let us be more precise. For a metric g on O p g+ (1) with @(g)|p(E;) > ( for all
z € X, we denote ©(g)|p(gx) by w, for the moment. The relative canonical bundle
K p(E+)) x has a metric induced from {a)g_1 }:ex and we denote the corresponding
curvature by yg, a (1, 1)-form on P(E*). For n € TZI’OX and [¢] € P(E}), we
consider -

(. [ED = sup vy, (1. 1),
q+(M=n

where the supremum taken over all the lifts of 7 to T(lz’,([)g“]) P(E*). The supremum is
a maximum under a suitable assumption, see (2-9). Moreover, for z € X, the restric-
tion y,|p( E?) is actually the negative of Ricci curvature —Ric,, of the metric w,
on P(EY).

Any Hermitian metric G on E* will induce a metric g on Op(g+) (1) with
O@)lpE: > 0 and Yelp(Es) < 0 for all z € X. Indeed, in this case, Ol pE:
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is the Fubini-Study metric and its Ricci curvature is positive, so yg|p(er) < 0.
Furthermore, for any n € TZLOX and any [¢] € P(EY),

(1-8) sup v, (71, 1) = r6(g) (7, 1) — ¢*O(det G) (7, 7)
q+()=n

(we will prove (1-8) in Section 2B).

Theorem 3. Assume r > 2 and the line bundle Op g+ (1) has a positively curved
metric h and a metric g induced from a Hermitian metric G on E*. If there exist a
Hermitian metric Q2 on X and a constant M € [1, r) such that

(1-9) Mg*Q>—@r+1)0(g) +q*O(det G),
(1-10) q*Q < —0(h),

then E* @ det E is Griffiths positive.

Theorem 3 could be seen as a Hermitian analogue of Theorem 1. To state
a Hermitian analogue of Theorem 2, we use again the isomorphism between
OpEgdet (1) = P(E ® det E*) and Oppy(1)® p*detE — P(E).

Theorem 4. Suppose that r > 2 and Op+ (1) has a positively curved metric h
and Opg)(1) ® p* det E has a metric g induced from a Hermitian metric G on
E ® det E*. If there exist a Hermitian metric Q2 on X and a constant M € [1,r)
such that

(1-11) Mp*Q>—(r+1)0(g) + p*O(det G),
(1-12) q*Q < —6(h),

then E is Griffiths positive.

In all the theorems above, the existence of the metric 4 comes from ampleness
of E. So the real assumptions lie in (g, €2, M) and the inequalities they have to
satisfy. To weaken or remove these inequalities, one possible direction is to use
geometric flows as in [Naumann 2021; Wan 2022; Ustinovskiy 2019; Li et al. 2021].
Another possible direction is to use the interplay between the optimal L?-estimates
and the positivity of curvature (see [Guan and Zhou 2015; Berndtsson and Lempert
2016; Lempert 2017; Hacon et al. 2018; Zhou and Zhu 2018]).

One example where the assumptions of all the theorems above are satisfied is
given by E = L° ® L¥ @ L7 with L a positive line bundle. The triple (9, 8, 7)
or the rank r = 3 is not that important; the point is to make sure the eigenvalues
of the curvature with respect to some positive (1, 1)-form do not spread out too
far. This example also indicates that a reasonable choice for €2 is probably related
to ci(det E).
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A more sophisticated example, related to approximate Hermitian—Yang—Mills
metrics [Jacob 2014; Misra and Ray 2021; Li et al. 2021], is semistable ample
vector bundles over Riemann surfaces (see Section 7 for details of the examples).

The proof of Theorem 1 is given in Section 3 and almost as a corollary we prove
Theorem 2 in Section 4. The proof of Theorem 3 in Section 5 is a modification
of Theorem 1 but we still write out the details. In Section 6, we prove Theorem 4
based on Section 5.

2. Preliminaries

2A. Finsler metrics. We will use some facts about Finsler metrics on vector bundles
which can be found in [Kobayashi 1975; 1996; Cao and Wong 2003; Aikou 2004;
Wu 2022]. First, we recall the definition of Finsler metrics. Let £* be a holomorphic
vector bundle of rank r over a compact complex manifold X. For a vector ¢ € E7,
we symbolically write (z, ¢) € E*. A Finsler metric G on the vector bundle E* — X
is a real-valued function on E* such that:

(1) G is smooth away from the zero section of E*.
(2) For (z,¢) € E*, G(z,¢) = 0, and equality holds if and only if ¢ = 0.
(3) G(z, A) =|A?>G(z, ¢) for A € C.

A Finsler metric G on E* is said to be:

(1) Strongly pseudoconvex if the fiberwise complex Hessian of G is positive
definite on £\ {zero section}, namely (v/—199G)|gx > 0 for all z € X.

(2) Convex if G!/? restricted to each fiber E ¥ is convex.

Let g be a Hermitian metric on Opg+) (1) with ©(g)|pex) > 0 for all z € X.
Such a g corresponds to a strongly pseudoconvex Finsler metric G on E*. Since
(\/—_1 85G)|Ej > 0, we can define a Hermitian metric G on the pull-back bun-
dle g*E*, where q : P(E*) — X is the projection, as follows. For a vector Z in

the fiber q*EEkZ’m), we define

Giten(Z. Z) = (V=133G)|p:(Z, Z),

where the Z on the right-hand side is viewed as a tangent vector to E7 at { by
the identification of vector spaces ¢*Ef | o =E Yand Ef =T, E7 (see [Wu 2022,
Section 2.2] for a local coordinate description).

Now (¢*E*, G) is a Hermitian holomorphic vector bundle, so we can talk about
its Chern curvature ®, an End ¢* E*-valued (1, 1)-form on P (E™). With respect to
the metric G, the bundle ¢* E* has a fiberwise orthogonal decomposition

Op(—1) @ Opgs (=D,



POSITIVELY CURVED FINSLER METRICS ON VECTOR BUNDLES, II 167

and so ® can be written as a block matrix. Let ®|¢ P (1) denote the block in the
matrix © corresponding to End(Op g+ (—1)). Since Op(g+)(—1) is a line bundle,
Ol0p g (—1) is a (1, 1)-form on P(E™), and it is called the Kobayashi curvature of
the Finsler metric G. We will use 6(g) to denote the Kobayashi curvature

(2—1) Q(g) = ®|0P(E*)(_1).

In order to relate the Kobayashi curvature 8(g) to the curvature ®(g) of g, we
consider coordinates normal at one point. Given a point (zg, [{o]) € P(E™), there
exists a holomorphic frame {s;} for E* around z¢ € X such that

G,z (20, S0) = bij,

(2-2)
Gtz (20, 80) = G .7, (20, S0) = G, (20, G0) = G, (20, S0) =0

where we use {¢;} for the fiber coordinates on E* with respect to the frame {s;}
and {z,} for the local coordinates on X (such a frame can be obtained by (5.11)
in [Kobayashi 1996]). Moreover if €2 is a Hermitian metric on X, then by a linear
transformation in the z-coordinates, we can make

Q 0 0 (20) = 6
320,3 20) = Oap

without affecting (2-2). We will call this coordinate system normal at the point

(0, [¢0]) € P(E™).
Around the point (zg, [{o]) € P(E*), we assume the local coordinates

(Zlv"'vzl’lvw]a"'awr—])
are given by w; = ¢; /¢ fori=1~r—1. So
_Gisit A sy

¢r

is a holomorphic frame for Opg+(—1). Let e* be the dual frame of Opg+)(1)
around (zo, [¢0]) € P(E*) and g(e*, ¢*) = e~®. Then, the curvature ©(g) can be
written locally as

=wWis1+ -+ W1 Sr—1 8

32¢ _ 3%¢ _
o . Ola J
o.p «J 82¢ 2
+ —dw; ANdzg+ —dw; A dw;.
%:Bw,-azg p 1,2,_:8 i OW; ' /

Note that the terms

T a = ¢> = vanish at (zg, [¢o]) by (2-2) and the fact

1
¢ _
4 g(@* o) =G(wis1+-- -+ w181+ ).
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For a tangent vector n € T1 OX, we can write n = Yoo Nag— a . For the lifts 7 of n to

T(ZO [{o])P(E ), we have

(2-3) inf_©(g) (i M= buplolo) Tailp

qx( wp
because ¢> =0 at (2o, [¢o]) and the matrix (¢ -) 18 posmve On the other hand,
using the same coordinate system, the curvature @ of G can be written as

= ZRW; dza/\dZﬁ—i-Z PyidzgAdiD+Y PigduwgndZp+y | QrduwAdin,
kB k.l

Pt Pips and 0, are endomorphisms of ¢g* E*. By [Wu 2022, (2.4)],
for any lift 77 of n to T g ])P(E*) we have

(2-4)  6(g)(, M) G (R, %0, C0)
~ = 2 : ap >0 n E J
— ®|0P(E*)(71)(n’ n) — G—na n.ﬁ == ¢aB|(ZOs[{O]) TIO{ nﬁ’
o8 (;Ov ;-0) a,B

where the last equality is by [Kobayashi 1996, (5.16)].
From (2-3) and (2-4), we see

inf ©(g)(#, ) = —0(2)(7. 1),
qx(M=n

where Ra B>

which is formula (1-2) we claim in the introduction, and when evaluated using
normal coordinates they are ), 8 ol zo.lc0) N 118

2B. Hermitian metrics. This subsection is a special case of Section 2A and it will
be used in the proofs of Theorems 3 and 4. Let G be a Hermitian metric on the
bundle E*. The pull-back bundle ¢* E* — P(E*) with the pull-back metric ¢*G
induces a metric g* on the subbundle Op+(—1). We denote the dual metric
on Opex (1) by g.

Let 2 be a Hermitian metric on X and zg a point in X with local coordinates {z,}
such that ( 5

0
=34
PR )(Zo) ap-

There exists a holomorphic frame {s;} for E* around zg such that
G(si ) =i+ 0(z),

where zy corresponds to the origin in the local coordinates. We use {¢;} for the
fiber coordinates with respect to the frame {s;}. For a point (zo, [{o]) € P(E™),
we assume the local coordinates (zy, ..., z,, Wi, ..., w,—1) around (2o, [¢o]) are
given by w; =¢; /¢ fori =1~r —1. So
st A4y
{r

=wiS1+ -+ W1 Sp—1 ¢
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is a holomorphic frame for Opg+)(—1) and

g e, e) =q"G(wysi+- -+ w181+ 8, WS+ F w1 -1 +5,)
=14+ 0(Iz1) + 0(w» + 0wl |zI*) + O(lw|*|z[%).

The z,-derivative of g*(e, e) is g*(e, e),, = O((1 + |w| + |lw|?)|z]), and hence the
w;-derivatives of g*(e, e),, of any order are zero when evaluated at zo. Therefore,
if we denote g*(e, e) by e?, then at zq

(2-5) d)a]' = ¢ai] = ¢ai]l€ =0 and (log det(¢i‘;))a,; =0

In this coordinate system, the curvature ®(g) is
2 52

9°¢ ¢ _

dz, NdzZ dzy Ndw;

Z azaa- Za Zp +Z 8Zaaw1 Za wj
«p 2 52

%9 %9
dw; Nd dw; N dw
+Zawiaz,g w zﬂ—l-z o, w wj.

For a tangent vector n € Tl 0X, we can write n = Yoo Nag— dz . For the lifts 7 of 1 to

T(ZO [{o])P(E*) we have
(2-6) inf ©(Q)(7. M) =Y bujlozo) Nailp
g+ (M)=n @ p
because ¢, ; = 0 at zo and the matrix (¢;;) is positive. Since G is a Hermitian
metric, the correspondrng Kobayashi curvature is
(2-7) 0(8) = q"O(G)|0pge(~1)s

which is equal to the negative of (2-6) by Section 2A.

Using the same coordinate system, the restriction ®(g)| p( E?) sy’ (/) dw;Ndwj,
so the metric on K p(g+),x induced from {(@(g)|p(,g§))r }Zex has its curvature Ye
equal to

(2-8) > (logdet(¢,7)) 5 dza AdZp+ Z(log det(;7))g j dza A diD;
a’ﬂ
+ "(logdet(¢;)));5 dw, ndZp+ ) (logdet(¢;));; dw; A di;.
i,p i,J

The matrix ((log det(d)if))if) is negative because it represents the negative of
the Ricci curvature of the Fubini-Study metric on P(E?). Moreover, the terms
(log det(¢, ])) wj = =0 at zg by (2-5). As a result, for a tangent vector 1 € TZIO’OX with
n=> Ny a in this coordinate system, we have

(2-9) sup ¥ (i1, 7)) = Y _ (1og det($;7)) 3 co.c0)) M T
4+()=n B

where 7 are the lifts of n to T (Z [; DP(E*).
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Finally, the metric on Kp(g+),x induced from {(©(g)|p(£x) ~'}zex can be
identified with the metric (g*)" ® ¢*(det G*) under the isomorphism

KpE+y/x = Opp+)(—r) ®q* det E
(see [Kobayashi 1987, p. 85, Proposition 3.6.20]). This fact can be verified at one
point using the normal coordinates above. Therefore,
(2-10) Yo =—170(g) —q*O(det G).
So, for any n € TZI’OX and any [¢] € P(Ej),

sup (7, 1) =—r inf O(g)(7, ) — O(det G)(n, 7)
g« (M=n a«(m=n

=r0(g)(7i, 7)) — O(det G)(n, ).
This is formula (1-8) that we promise to prove in the introduction.

2C. Convexity. Let E be a holomorphic vector bundle of rank r over a compact
complex manifold X. Given a Hermitian metric H; on the symmetric power S¥E,
we can define a Finsler metric on E by assigning to u € E length H; (u*, u*)'/?,
We will denote this Finsler metric by Hklﬂk, namely Hkl/Zk (u) = Hy (uk, u*)1/2k,

Lemma 5. Let F| be a vector bundle and F, a line bundle over X. Assume
F> carries a Hermitian metric H. We also assume, for some k, Sk F| carries a
Hermitian metric Hy such that the induced Finsler metric Hk1 2k on F 1 is convex:

H™w+v) < H™ @)+ B @) for u,veF.

Then the Finsler metric (Hy @ H)'/?K on F| @ F; is convex.

Since F; is a line bundle, there is a canonical isomorphism between the bundles
S¥(Fi ® F») and S*Fy ® F5 which we use implicitly in the statement of Lemma 5.
Roughly speaking, Lemma 5 indicates that convexity is not affected by tensoring
with a line bundle.

Proof. Fix p € X. The fiber F;|, is a one dimensional vector space and we let e
be a basis. For x and y € F; ® F,|,, we can write x =X ® e and y = y ® e where
X,y € Fi|,. By definition,

(He ® HY' (x +y) = He @ H* ((x + )", (x +9)H/*
=H @ H' (G + )@, G+ ®@H/*
— Hk((i+§)", ()Z—i—)?)k)]/Zka(ek,ek)l/Zk
< [Hk(i", ik)l/Zk +Hk()~?k, yk)l/Zk] Hk(ek, ek)l/Zk
= (H ® HY'* (x) + (H, ® HY'7*(y).

Therefore the Finsler metric (Hy @ H*)'/?¢ is convex. U
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2D. Direct image bundles. We recall how to construct Hermitian metrics on direct
image bundles and compute their curvature. Let g be a Hermitian metric on
Op(e+ (1) with curvature ®(g). Denote the restriction of the curvature to a fiber,
O(g)|pex) by w; for z € X, and assume w, > 0 for all z € X. With the canonical
isomorphism

Py SE. —> HO(P(EY), Opgsy (k) for k>0

(see [Demailly 2012, p. 278, Theorem 15.5]), we define a Hermitian metric Hy
on SKE by

(2-11)  Hi(u, v) :=/ X (Dy (u), @4 (v)) @, for u and v € S¥E..
P(EY)

Let us denote by ®;, the curvature of Hj. Fixing z € X and u € S¥E_, in order
to estimate the (1, 1)-form H;(®yu, u), we first extend the vector u to a local
holomorphic section & whose covariant derivative at z with respect to Hj equals
zero. A straightforward computation shows

O Hy (ii, i1)|, = —Hy(Ogu, u).
But Hy (i1, it)(z) for z near z can also be written as the push-forward
a4+ (8" (Pr (), Pr (@) ©(8)" "),
where ¢ : P(E*) — X is the projection, so
(2-12) —Hi(Oku, u) = 83 Hy (i1, ) |; = g5 83 (8" (Pr o (@), P, (@) ©(8)" ™) .-

Similarly, we can use a metric on Opg)(1) ® p* det E to construct Hermitian
metrics on SKE* ® (det E)*. The formula is similar to (2-11), and we use bold
symbols to highlight the change. Let g be a metric on Op ) (1) ® p* det E with
curvature ®(g). Denote the restriction of the curvature to a fiber ©(g)|p(£,) by @,
for z € X. Assume w, > 0 for all z € X. With the canonical isomorphism

@, : SEX ® (det E,)" — HY(P(E,), Op,) (k) ® (p* det E,)¥)  for k >0,

we define a Hermitian metric Hy on S¥E* @ (det E)* by
(2-13) Hi(u,v) := / g5 (@ (), B (v) @,
P(E;)

for u and v € S¥E Y (detE ). We also have a curvature formula similar to (2-12).
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2E. Berndtsson’s positivity theorem. Let h be a metric on Opg+)(1) with curvature
®(h) > 0. Denote @(h)lp(Eg*) by w, for z € X. We are going to define a Hermitian
metric on det E using the metric 4. The relative canonical bundle Kpg+),x has
a metric induced from {a)g_l}Ze x. With A" on Op(g+ (r) and the isomorphism
KpEr)x ® Ope+(r) = q* det E, there is an induced metric p on g* det E. Using
the canonical isomorphism

W, :detE, — HO(P(E?), ¢* det E,),

we define a Hermitian metric H on det E by
(2-14) H(u,v) ::/ o (W, (1), ¥, (v)) a)g_l for u and v € det E,.
P(E)

By Berndtsson’s theorem [Berndtsson 2009a], this metric H is Griffiths positive, but
it is the inequality that leads to this fact we will use. We follow the presentation in
[Liu et al. 2013, Section 4.1] (see also [Berndtsson 2009b, Section 2]). Denote the
curvature of H by ®. Fixze X, vedetE; and n TZI’OX . For a local holomorphic
frame of E* around z, we denote by {¢;} the fiber coordinates with respect to
this frame, and by {z,} the local coordinates on X. Around P(E}) in P(E¥),
we have homogeneous coordinates [{, ..., ¢-] which induce local coordinates
(wy, ..., w,—1). For a local frame e* of Opg+)(1), we denote h(e*, e*) by e 9
and write the tangent vector n =) _ 1, %. The inequality that leads to Berndtsson’s
theorem is

(2-15) —H(®v,v)(n, 1)
= /P(E*)p(%(v)’ e Z<Z b 915 - %B) Nailp .

af i,
where
brm 3¢ b 3¢ P ¢
Y dwidw;T T dzedw; TP 924078

and (¢’j ) is the inverse matrix of (¢;7). Since det E is a line bundle, the curvature ©
is a (1, 1)-form, and so H(®v, v)(n, n) = H(v, v) O(n, n). If we further assume
H (v, v) = 1, then the left-hand side of (2-15) becomes —®(n, 7).

3. Proof of Theorem 1

Recall that 4 and g are metrics on Opg+ (1) that satisfy the assumptions in
Theorem 1 and the inequalities (1-3) and (1-4). We use the metric 4 to construct a
Hermitian metric H on det E as in (2-14), and the metric g to construct Hermitian
metrics Hy on S¥E as in (2-11). The number k is yet to be determined.
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We start with the metric g. Given a point (zg, [{o]) € P(E*), we have the normal
coordinate system from Section 2A. In this coordinate system, let us introduce the
following n-by-n matrix-valued function:

Bi = (BU)ap) = (ko5 — (log det(e;7))y 5)

where g(e*, e*) = e~?. By continuity, there is a neighborhood U of (2, [¢o])
in P(E*) such that in U

—-M
3-1) (@)l coteoh + 5 Wusen = (bgp)-

For this U, there is a positive integer ko such that for k > ko and in U

-M B
(3-2) ($up) + 5 Mdnsn = =F.

Let us summarize what we have done so far:

Lemma 6. Given a point (29, [{o]) € P(E™), there exist a coordinate neighbor-
hood U of (20, [¢o]) in P(E*) and a positive integer ko such that in U and for
k> ko

Bk

-M
(3-3) Gep)lcolaoh + 5 Tdnscn = =

By Lemma 6, since P(E;*O) is compact, we can find on P(E;‘O) finitely many
points {(zo, [¢])}; each of which corresponds to a coordinate neighborhood U,
in P(E*) and a positive integer k; such that the corresponding (3-3) holds, and
P(E ;0) C U, U;. Denote max; k; by kmax. The point z( has a neighborhood W in X
such that for z € W, the fiber P(E?) can be partitioned as U,, Vin with each V,,
in U; for some /. By shrinking W, we can assume that for each U, the corresponding
Q5 %) = Q, satisfies

(3-4) —&80p < Q4,5(2) —8ap <8845 for ze W,

. _r—M
where ¢ 1= m

Recall the Hermitian metrics Hy on SYE in (2-11) constructed using the metric g.
Denote by ®y the curvature of H;. We claim the following lemma (one can also

use the asymptotic expansion in [Ma and Zhang 2023] to deduce the lemma).

Lemma 7. Fork > kmax, z€ W, 0#n € T)X, and u € S¥E_ with Hy(u, u) = 1,
we have

(3-5) H(©cu, w0, 7) < (M + 1) k—%(”_’;;).
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Proof. As in Section 2D, we extend the vector u € S¥E to a local holomorphic
section iz whose covariant derivative at z equals zero, and we have

—Hy (O u, u) = dd Hy (ii, )|, = / ( )aé(gk@k,z(ﬁ), Dy (@) O(g) ")
P Ej

= /V 98 (8" (.- (), D 2() O) ).

In the last equality, we partition the fiber P(EY) as U,» Vi with each V,, in U; for
some /. In a fixed V,, C Uj, using the coordinate system of U;, we can write & ,(it)
as f(e*)F with f a scalar-valued holomorphic function and e* a local frame for
Open(1). So, g5(®y (1), Dy .(i1)) = | f|*e~*?. Meanwhile, recall the curvature
O(g) = 09¢. By Stokes’ theorem and a count on degrees, we have

Zf 03 (8" (P (i), .. (@) O () ")
9| f17e™*? det(¢;7)

_Zf Z 8Za8Zﬂ dZaAdZﬁ/\dwj/\le)j.

’"otﬂ J

So, if the tangent vector n = 1o 5 a in the coordinate neighborhood U, then

(3-6) —Hi(®ru,u)(n,n)

O*|fIPe 0 det(dy;)
=Z/ Z — 2 Na 7B /\dijdIT)j.
m oo B

024028 i

Note that the integrands in (3-6) are written in the local coordinates of correspond-
ing U;. A direct computation shows

3 82| f12e det(¢y;7)
3Za32/3

0 2
= 7 det(@;7) ‘Z % e — f Y _ (koo — (log det ;7)) T
— | fPe™" det(¢;5) Y (k5 — (logdet ¢;7)g ) nailp

a,p
> —|f17e™ det(¢7) Y (B)ap N ip-
a,p

Na ﬁﬂ
a,p

By (3_3)7
(3-7) Z(Bk)aﬁ Naflp < Z Pl .10 e 118 +2= Z el
a.p

Using the coordinate system of U, the tangent vector n =), g 7— 3 at z induces
a tangent vector 1, = Y Ng 57— 8z |z, at zo. Denote the lifts of n; to T(Z 1 DP(E*)
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by 7;. According to (1-2), (1-3), and (2-3), we see

(3-8) MY [nal* = —0(8) (v, 1) = dnf O, M) =Y bujlcote) N Tip-
o «\11)=Mni 0(,/3

Therefore, (3-7) becomes

1 _ r—m r—M\QMmn,n)
39 - (B <(M+—= 2< (M ,
( )k;;( k>aﬂnan,3_( +— );mu _( +— )(1_8)

where we use (3-4) in the second inequality. So, (3-6) becomes

(3-10)  —Hi(®ru, u)(n, 1)
- _ r—M\ Q@.n)

V—M>k§2(n,ﬁ)
2 (1—2¢)

since Hy(u, u) = 1. O

:_(M+

We turn now to the metric 4. The argument about /4 is similar to that about g,
and it will be used in Theorems 2, 3, and 4. Given a point (zg, [{o]) € P(E*), we
have the normal coordinate system from Section 2A with respect to the metric A.
In this coordinate system, let us introduce the n-by-n matrix-valued function

A= (Agp) = (% = > ¢,50" ¢,-5),
i,j

where h(e*, e*) = e~ and (¢/) is the inverse matrix of (¢;7)- By continuity, there
is a neighborhood U of (zg, [{o]) in P(E™) such that in U

r—m
(3-1D) rA+ 4 Idysn = 1Al 1200

In summary:

Lemma 8. Given a point (zg, [{o]) € P(E™), there exists a coordinate neighbor-
hood U of (2o, [{o]) in P(E™) such that in U

r—mM
(3-12) rA+ 1 Idnxn = r(égp) o100 -

By Lemma 8, since P(E7) is compact, we can find on P(E?) finitely many
points {(zo, [¢/])}; each of which corresponds to a coordinate neighborhood U,
in P(E™) such that the corresponding (3-12) holds, and P(E}) C U, Ui. The
point zo has a neighborhood W’ in X such that for z € W’, the fiber P(E?) can
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be partitioned as | J,, V;, with each V,,, in U; for some /. By shrinking W', we can

assume that for each U; the corresponding Q(E)z , azﬁ) = Q2,5 satisfies
(3-13) —&8up < Qup(2) — Sup < e8ap  for z € w’,
where ¢ : =3 ﬁ;{l)

Recall the Hermitian metric H on det E in (2-14) constructed using the metric 4.
Denote by ©® the curvature of H. We claim:

Lemma 9. Forz € W' and n € T°X, we have

(3-14) —®(77,77)§—<r— 7 ) are

Proof. Using (2-15) and assuming H (v, v) = 1, we get

(3-15) -6, n)

SZ/Vm/O(\IJZ(v),\Dz(v))rZ(qua/Qs 15— e )naﬂﬂw =

a’ﬂ

where we again partition P(E7) as U, Vin with each V,, in U; for some [. Note that
the integrands in (3-15) are written in the local coordinates of corresponding U;. In
afixed V,, CU;, wehave n =7y _, na%, and by (3-12) we see

(3-16) rZAaﬂnan,B+—Z|77a| >r2¢aﬂ|(Z0 (&) Na 11
o, B a.p
In Uy, the tangent vector
Mg
= _— at Z
=2,
induces a tangent vector

at zp.

0
n —;ﬁaa Zo

P(E*) by 7;. By (1-2), (1-4), and (2-3), we see

Denote the lifts of n; to T(Z an

(3-17) Z|7701 < —0(h) (i, 7)) = (ln)f ®(h)(m,m)—Z%ﬁI(zo[mmanﬂ
o qx(n)=m w.p

Therefore, (3-16) becomes

. —M\ Q@m0
FZAaﬂUaUﬂZ<r——)Z|na| >< ) :
oy 4 l+e¢
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where we use (3-13) in the second inequality. So, (3-15) becomes

r—=M\Q@,n)
4 1+¢

—OmN=<-Y. fv p(W-(v), W (1)) ! (r -

__(r_r—M>Q(n,ﬁ)
o 4 (1+¢)

because H (v, v) = 1. U

Now we put together the L?-metrics Hy on S¥E in (2-11), and H on det E
in (2-14). Since (det E*)X is a line bundle, we can identify End(S*E ® (det E*)*)
with End(S¥E), and the curvature of the metric H; ® (H*)* on S¥E ® (det E*)*

can be written as
@k - k@ ®IdskE,

where ®; and © are the curvature of H; and H respectively. We claim that for
k > kmax and in W N W’ a neighborhood of z(, the metric Hy ® (H*)* is Griffiths
negative. Indeed, as a result of Lemmas 7 and 9, for k > kpax, 2 € WN W/,
0#£neT!OX, and u € S¥E, with Hy(u, u) =1, we see

—M>Q(n, ) _k<r_r—M)Q(n, 1)
2 J(1—¢) 4 J(1+e)’
r—Mm

The term on the right is negative after some computation using & = = IR So, we
have proved the claim that for k > kyax and in WN W' C X, the metric H; ® (H )k
is Griffiths negative. Since X is compact, H; ® (H *)k is Griffiths negative on the
entire X for k large enough.

Now we fix k such that the Hermitian metric Hy ® (H*)* on the bundle

Hi (O u, u)(n, 1) —kO(n, 1) Sk<M+r

SYE @ (det E*)

is Griffiths negative on X. The Hermitian metric H; by construction is an L?-
integral, so its k-th root is a convex Finsler metric on E (see [Wu 2022, proof of
Theorem 1] for details). By Lemma 5, the k-th root of Hy ® (H*)¥ is a convex Finsler
metric on E ® det E* which we denote by F. Moreover, this Finsler metric F is
strongly plurisubharmonic on E ® det E* \ {zero section} due to Griffiths negativity
of Hy @ (H*)X. By adding a small Hermitian metric, we can assume F is strongly
convex and strongly plurisubharmonic.

In general, the Kobayashi curvature of Finsler metrics do not behave well under
duality [Demailly 1999, Remark 2.7]. But since our Finsler metric F is strongly
convex, the dual Finsler metric of F is in fact strongly pseudoconvex and Kobayashi
positive (this duality result is originally due to Sommese [1978] and Demailly [1999,
Theorem 2.5]. See also [Wu 2022, proof of Theorem 1 and Lemma 6]). In summary,
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the dual Finsler metric of F is a convex, strongly pseudoconvex, and Kobayashi
positive Finsler metric on E* ® det E. Hence the proof of Theorem 1 is complete.
With slight modification on the proof, one has the following variant of Theorem 1.

Theorem 10. Assume r > 2 and the line bundle O p g+ (1) has a positively curved
metric h and a metric g with ©(g)|p(gx) > 0 for all z € X. If there exist a Hermitian
metric Q on X and a constant M > 1 such that the following inequalities of (1, 1)-
forms hold

(3-18) Mqg*Q > —0(g),
(3-19) q Q2 < —0(h),

then for any positive integer | > M/r, the bundle E*® (det E)! is Kobayashi positive.

4. Proof of Theorem 2

The proof is similar to what we do in Section 3 except that we are dealing with not
only P(E™*) but P(E) here. The metric 4 is used to define a Hermitian metric H
on det £ as in (2-14). The metric g is used to define Hermitian metrics Hy on
S¥E* ® (det E)* as in (2-13).

Fix zp in X. For the metric 4 on Op g+ (1), we follow the path that leads to
Lemma 9 in Section 3 to deduce a neighborhood W’ of zg in X such that for z € W’
and n € TZI’OX , the curvature ® of H satisfies

F—M>Q(77,ﬁ)
4 (I+e)’

(4-1) -0, 1) S—(r—

r—m
S5(r+M)*
For the metric g on Op(g)(1) ® p*det E, we replace Opg+ (1) — P(E*) in

Section 3 with O p(Egdet £+ (1) = P (E ®det E*) and use the canonical isomorphism
between Op(Egdet E+) (1) = P(E ®det E*) and OP(E)(1)®P* det E— P(E). Then
following the argument leading to Lemma 7, we obtain a positive integer kpax and
a neighborhood W of zg in X such that for k > kyax, z€ W, n e T. ZI’OX , and
ue Sk E? ® (det EZ)" with Hy (u, u) =1, the curvature @y of Hj satisfies

r—M>kSZ(n,ﬁ)
2 (1—g)’

On the bundle [SFE* ® (det E)¥] ® (det E*)X, there is a Hermitian metric
H, ® (H*)* with curvature @, —k® ®Idgk g (et )k - As aresult of (4-1) and (4-2),
we deduce that, for k > kypax, z€ WNW/, ne TZI’OX, and u € S"E;k ® (det Ez)k
with Hy(u, u) =1,

H (©gu, u)(n, n)—kO(n, 1) §k<M+r

with & =

(4-2) Hi(®ru, u)(n, 1) < (M +

—M)Q(n,ﬁ)_k(r_r—M)Q(n, 1)
2 J(—oe 4 ) (A+e)’
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Again, the term on the right is negative using ¢ = 5(’%% So we have proved that
for k > kmax and in W N W', the metric Hy ® (H*)X is Griffiths negative. Since X
is compact, H, ® (H*)* is Griffiths negative on X for k large.

Now we fix k such that H; ® (H*)* on the bundle

[S¥E* @ (det E)*] ® (det E¥) ~ SFE*

is Griffiths negative. Using the same argument as those at the end of Section 3, we
obtain a convex, strongly pseudoconvex, Kobayashi positive Finsler metric on E.

5. Proof of Theorem 3

We use the metric & to construct a Hermitian metric H on det E as in (2-14), and
the metric g to construct a Hermitian metric H; on S'E = E as in (2-11).

We start with the metric g. For (zg, [¢o]) in P(E™), there is a special coordinate
system given in Section 2B. In this coordinate system, we define the following
n-by-n matrix-valued function:

B = (Bup) := (o5 — (logdet(¢;7)),5),
where g(e*, e*) = e~?. By continuity, there is a neighborhood U of (2o, [¢o])
in P(E*) such that in U
-M
Bl (zo.100) + rT Id,», > B.

In summary:

Lemma 11. Given a point (zg, [¢o]) € P(E™), there exists a coordinate neighbor-
hood U of (2o, [¢0]) in P(E™) such that in U

-M
(5-1) Bz, 100m + rT Idyxn = B.

By Lemma 11, since P(E7) is compact, we can find finitely many points
{(zo, [&1]D}; on P(E ;‘0) each of which corresponds to a coordinate neighborhood U,
in P(E™*) such that the corresponding (5-1) holds, and P(E;‘O) C U, Ui. The fiber
P(E;O) can be partitioned as |, V,, with each V,, in U; for some /.

Recall the Hermitian metric H; on E in (2-11) constructed using the metric g.

Denote by ®; the curvature of H;. We claim:

Lemma 12. For 0 # n € T)°X and u € E, with Hy(u, u) =1, we have

(5-2) Hy©u, (i) = (M + 1) 20, ).

Proof. As in Section 2D, we extend the vector u € E,, to a local holomorphic
section # whose covariant derivative at zg equals zero, and we have
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—H(©1u, u) = 00 H, (i, i), =/ 39 (g(®1,2 (1), P1,.()) O(g) ")
P(EZ)

-y /V 9 (2(®1 (@), 1..(@) O(2) ).

In a fixed V,,, C U;, we can write @ (1) as fe* with f a scalar-valued holomorphic
function and e* a local frame for Op g+ (1). So,

g(®@1 (@), D1.(0) = | fIPe™®.

Meanwhile, recall the curvature ®(g) = 85(]5. By Stokes’ theorem and a count on
degrees, we have

Zf 00(g(P1 (@), P1.(i) O(2) ")

9% f1*e? det(¢;;) _ _
:Z/v Z 9200, / dza/\dz,g/\dwj/\dwj.

m m (1,,3 J

So,

i | f1Pe? det(g;;) _
(5-3) —Hi(®@1u, u)(n, ) = ) / > FENED Snailp [\ dwj A dit;
V, o
m m a,ﬂ

J

for T, 10X 59 = Yoo Nae 3 . A direct computation shows

Z | f1?e? det(e;7)
024028

Na 7_7/3
a’ﬂ

0 2
=e? det(¢i]) ‘ Z % Na—f Z(¢a — (log det ¢i]‘)a) N
— [ fPe™? det(¢7) Y (o5 — (logdet ;7)) N iip
a.p

> —|fI?e ™ det(¢;7) Y BupTlailp.
a’ﬂ

By (1-8), (1-9), (2-6), and (2-9), we see

MZInal > —(r+ 1) 0() (i, 1) + q*O(det G) (i, 7)
= inf ©(g)(#,7) — sup Ve (1, 7)

g (=n g+ (i)=n
=" bulicotan uilp — Y (10gdet(d;1)) ol co.tan N 715
a,f a.p

= Z Bagl(zo,151) N -
a’ﬂ
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Therefore, (5-1) becomes

(5-4) %Baﬁnaﬁﬂ = (m+=4) >l = (m+ =) 0.

So, (5-3) becomes
(5-5) —Hi(®1u, u)(n, n)
szV—m e—¢det(¢,.j)/\dwjAdwj(MJr#)Q(n,ﬁ)
m < Vn j

=M.

since Hy(u, u) = 1. O

=—(M+

For the metric & on Opg+ (1), as in Lemma 9 from Section 3 with slight
modification, we deduce that for n € TZ})’OX , the curvature ® of H satisfies

_ r—m _
(5-6) ~om.i = -(r-=2) 2. .

Finally, we consider the metric H; ® H* on E ® det E*. Since det E* is a line
bundle, we can identify End(E ®det E*) with End E, and the curvature of the metric
H; ® H* can be written as ®; — ® ® Idg, where ® and ® are the curvature of H;
and H respectively. As a result of Lemma 12 and (5-6), we see for 0 = n € T;;OX
and u € E;, with H(u, u) =1,

r—m
4

yeo—(r-=M) 2m. .

Hy(®u, u)(n, 7)) — O, ) < (M+

the term on the right is negative. Hence we have proved that at zo the metric
H, ® H* is Griffiths negative. The point zq is arbitrary, so H; ® H* is Griffiths
negative on X. As a result, the dual bundle E* ® det E is Griffiths positive.

6. Proof of Theorem 4

The metric 4 is used to define a Hermitian metric H on det E as in (2-14). The
metric g is used to define Hermitian metric H; on E* ® det E as in (2-13).

Given zp in X. For the metric 4 on Op(g+ (1), as in the formula (5-6) from
Section 5, for n € TZE’OX we have

r—m
”'—_

(6-1) —oa.m =—(r—"

). .

For the metric g on Op(g)(1) ® p*det E, we replace Opg+ (1) — P(E*) in
Section 5 with O p(Egdet £+ (1) = P (E ®det E*) and use the canonical isomorphism
between 0P(E®detE*)(1) — P(E®det E*) and OP(E)(1)®p* det E— P(E). Then
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as in Lemma 12, we get for n € TZL’OX, and u € E;‘O ® (det E)) with Hy(u, u) =1,
the curvature ©, of H; satisfies

=) e, .

On the bundle (E* ® det E) ® det E*, there is a Hermitian metric H; ® H™* with
curvature @1 — © ® Idg=gdet £- As a result of (6-1) and (6-2), we deduce that for
ne T X, and u € EX ® (det E.;) with Hy(u,u) =1,

(6-3) Hi(Oyu,u)(n,n) — O, 1)
< <M +

(6-2) H\(© 1, 0)(1n. 7) < (M+

=) am. - (r- 1) 2o,

the term on the right is negative. So the Hermitian metric H; ® H* is Griffiths
negative at zg an arbitrary point. Hence H; ® H* is Griffiths negative on X, and
the bundle FE is Griffiths positive.

7. Examples

Example 13. We provide here an example where the assumptions in Theorems
1,2, 3, and 4 are satisfied. Let L be a line bundle with a metric H whose curvature
©>0.Let E=L°@® L¥@ L7 a vector bundle of rank r = 3. The induced metric
(H*)? & (H*)® & (H*)” on the dual bundle E* has curvature

O(E*) =(-90) ® (—80) ® (—70),

which is Griffiths negative, so the corresponding metric 2 on O p g+ (1) is positively
curved. According to (2-7), we see

—9(]1) - _q*®(E*)|Op(E*)(*1)'
Hence we have

(7-1) 79*0© < —0(h) <9¢*O.

For all four theorems, we will use this metric & on Op(g+) (1) and take €2 to be 70.
So g* Q2 < —0(h) always holds. The choice of g will be different from case to case.
For Theorem 1, we choose g to be 4, and hence by (7-1) and 2 =70 we get

(7-2) q*Q < —6(h) =—6(g) < 39"

To fulfill the assumption of Theorem 1, we can choose M = % which is in the
interval [1, 3).

For Theorem 2, since E®det E* = (L*) 3@ (L*)'%a(L*)"7 has induced curvature
(—150)®(—160)d (—170) which is Griffiths negative, the corresponding metric g
on Op(g)(1) ® p* det E is positively curved and satisfies

(7-3) 15p*@ < —6(g) < 17p*O.
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Together with (7-1) and Q2 = 70, we have
(7-4) Tp*2=—6(g) and ¢*Q<-6(h).

We can choose M = 17—7 which is in [1, 3).

For Theorem 3, notice that % is induced from (H*)° @ (H*)3@® (H*)” on E*, so if
we use (H*)°@® (H*) @ (H*)” for the Hermitian metric G, then the corresponding g
is actually 4. Since ©(det G) = —240, by using (7-1) we have

(7-5) —(r+1)0(g) +q*O(detG) = —46(h) —24¢*0O < 12¢*O = %q*Q.

We choose M = 172 which is in [1, 3).

Finally for Theorem 4, on E @ det E* = (LHB @ (L)' (L"), we will use
the metric (H*)"> @ (H*)'° @ (H*)!" for G, so ©(det G) = —48®. Moreover, the
corresponding metric g on Op(g)(1) ® p* det E satisfies

(7-6) 15p*@ < —0(g) <17p*O,
So we get
(7-7) —(r+1)60(g) + p*O(det G) <20p*0 = L p*Q.

We choose M = @ which is in [1, 3).

Example 14. Let X be a compact Riemann surface with a Hermitian metric w.
Let E be an w-semistable ample vector bundle of rank r over X. The assumptions
in Theorems 1, 2, 3, and 4 are all satisfied in this case. We will explain for only
Theorems 2 and 4. Theorems 1 and 3 can be verified similarly. By [Li et al. 2021,
Theorem 1.7, Remark 1.8, and Theorem 1.11], there exists a constant ¢ > 0 such
that for any § > 0, there exists a Hermitian metric Hs on E satisfying

(7-8) (c—8)Idg < V/—1A, O(Hs) < (c +8) ldg,

where A, is the contraction with respect to w. Since X is a Riemann surface, A,
locally is multiplication by a positive function.

For Theorem 2, we choose § = 5‘—r The Hermitian metric Hy on E* induces a
metric 4 on Opg+ (1). Due to (2-7), we see

(7-9) —0(h) = —q"O(H})| 0p e, (1)
combining with (7-8), we have
(7-10) (c=8qg"w<—0(h) < (c+d)q .

The Hermitian metric Hy ® det Hy on E ® det E* induces on Opg)(1) ® p* det E
a metric g. Similar to (7-10), we have

(7-11) —0(g) <[—(c—8 +r(c+d)lp w.
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If we choose Q =(c—8)wand M =r — %, then
[—(c—8)+r(c+8)] p o < Mp*Q.
As a result, we achieve the assumption in Theorem 2:
q"Q<—60(h) and —060(g) <Mp*Q.

For Theorem 4, we choose § = &. We still have (7-10). The Hermitian metric G
on E ®det E* is taken to be Hs ® det H", so we get

—(r+1)0(g) + p*O(det G)
= —(r+ D[p*O(Hs)|0p(~1) — P O(det Hs)] — (r — 1) p* O (det Hy)
<[-(r+ D=8 +2r(c+8)] pfw.

If we choose 2=(c—8)wand M =r — %, then
[~(r+D(c—8)+2r(c+8]p'w < Mp*Q.

So the assumption of Theorem 4 is satisfied.
In light of [Li et al. 2021, Theorem 1.7], it is possible to modify our theorems so
that semistability is not needed in this example.

Appendix

Here we prove the isomorphism A" ~'E ~ E* @ det E where r is the rank of E.

Proof. Let {e;,...,e;} and {f1, ..., f-} be two sets of local frames for E with
the transition matrix g = (g;;); namely, on the intersection of the two frames, we
have f; = > ; gije;. On the bundle N "'E, we have the induced local frame
{é1,..., e} where ¢ is e] A - -+ A e, with ¢, removed. Similarly, we have another
frame {f1,..., f.}. Let § = (& ;) be the corresponding transition matrix for the
bundle \"'E, namely, f; = >_; &jeéj. Itis not hard to verify that g;; is the
determinant of the matrix g with the i-th row and j-th column removed.

For the dual bundle E*, the corresponding transition matrix for the dual frames
{ef,....ef}and {ff", ..., f} is the transpose of g~ !. Therefore, the transition
matrix for the bundle E* ® det E is ¢ = (¢;;) where ¢;; = (—1)i+j§ij.

Now, let us denote by A the diagonal matrix whose i-th diagonal entry is (—1)'.
Notice that the inverse of A is still A. Also, after a straightforward computation, we
have AcA~! = §. So, the two bundles A\"~'E and E* ® det E are isomorphic. [J
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