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LOCAL GALOIS REPRESENTATIONS
OF SWAN CONDUCTOR ONE

NAOKI IMAT AND TAKAHIRO TSUSHIMA

We construct the local Galois representations over the complex field whose
Swan conductors are one by using étale cohomology of Artin—-Schreier
sheaves on affine lines over finite fields. Then, we study the Galois representa-
tions, and give an explicit description of the local Langlands correspondences
for simple supercuspidal representations. We discuss also a more natural
realization of the Galois representations in the étale cohomology of Artin—
Schreier varieties.

Introduction

Let K be a nonarchimedean local field. Let n be a positive integer. The existence of
the local Langlands correspondence for GL, (K ), proved in [Laumon et al. 1993]
and [Harris and Taylor 2001], is one of the fundamental results in the Langlands
program. However, even in this fundamental case, an explicit construction of the
local Langlands correspondence has not yet been obtained. One of the most striking
results in this direction is the result of Bushnell and Henniart [2005a; 2005b; 2010]
for essentially tame representations. On the other hand, we don’t know much about
the explicit construction outside essentially tame representations.

We discuss this problem for representations of Swan conductor 1. The irreducible
supercuspidal representations of GL, (K) of Swan conductor 1 are equivalent to
the simple supercuspidal representations in the sense of Adrian and Liu [2016] (see
[Gross and Reeder 2010; Reeder and Yu 2014]). Such representations are called
“epipelagic” in [Bushnell and Henniart 2014].

Let p be the characteristic of the residue field k of K. If n is prime to p, the simple
supercuspidal representations of GL, (K are essentially tame. Hence, this case is
covered by the work of Bushnell and Henniart. See also [Adrian and Liu 2016]. It
is discussed in [Kaletha 2015] to generalize the construction of the local Langlands
correspondence for essentially tame epipelagic representations to other reductive
groups.
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In this paper, we consider the case where p divides n. In this case, the simple
supercuspidal representations of GL, (K) are not essentially tame. Moreover, if n
is a power of p, the irreducible representations of the Weil group Wx of Swan
conductor 1, which correspond to the simple supercuspidal representations via the
local Langlands correspondence, cannot be induced from any proper subgroup. Such
representations are called primitive (see [Koch 1977]). For simple supercuspidal
representations, we have a straightforward characterization of the local Langlands
correspondence given in [Bushnell and Henniart 2014]. Further, Bushnell and Hen-
niart study the restriction to the wild inertia subgroup of the Langlands parameters
for the simple supercuspidal representations explicitly. Actually, the restriction to
the wild inertia subgroup already determines the original Langlands parameters
up to character twists, but we need additional data, which appear in Bushnell and
Henniart’s characterization, to pin down the correct Langlands parameters. On
the other hand, the construction of the irreducible representations of Wi of Swan
conductor 1 is a nontrivial problem. What we will do in this paper is

« to construct the irreducible representations of W of Swan conductor 1 without
appealing to the existence of the local Langlands correspondence, and

« to give a description of the Langlands parameters themselves for the simple
supercuspidal representations.

Let £ be a prime number different from p. For the construction of the irreducible
representations of Wk of Swan conductor 1, we use étale cohomology of an Artin—
Schreier ¢-adic sheaf on A,iac, where k% is an algebraic closure of k. It will
be possible to avoid usage of geometry in the construction of the irreducible
representations of Wx of Swan conductor 1. However, we prefer this approach,
because

» we can use geometric tools such as the Lefschetz trace formula and the product
formula of Deligne—Laumon to study the constructed representations, and

« the construction works also for £-adic integral coefficients and mod ¢ coeffi-
cients.

A description of the local Langlands correspondence for the simple supercuspidal
representations is discussed in [Imai and Tsushima 2022] in the special case where
n = p = 2. Even in the special case, our method in this paper is totally different
from that in [Imai and Tsushima 2022].

We explain the main result. We write n = p®n’, where n’ is prime to p. We fix a
uniformizer @ of K and an isomorphism ¢ : @; ~ C.

Let £y be the Artin—Schreier Q,-sheaf on A,iac associated to a nontrivial charac-
ter ¢ of F,. Let  : Al — A,lac be the morphism defined by 7 (y) = y?**1. Let
¢ € ug—1(K), where g = |k|. We put E, = K[X]/(X”/ — ¢@). Then we can define
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a natural action of Wg, on HC1 (A, m*Ly). Using this action, we can associate
a primitive representation 7, ¢ y . of Wg, to ¢ € u,—1(K), a character x of k*
and ¢ € C*. We construct an irreducible representation 7, , . of Swan conductor 1
as the induction of 7, ¢ , . to Wg.

We can associate a simple supercuspidal representation 7, , . of GL, (K) to the
same triple (¢, x, ¢) by type theory. Any simple supercuspidal representation can
be written in this form uniquely (see [Imai and Tsushima 2018, Proposition 1.3]).

Theorem. The representations t; . and 7w, . correspond via the local Langlands
correspondence.

In Section 1, we recall a general fact on representations of a semidirect product of
a Heisenberg group with a cyclic group. In Section 2, we give a construction of the
irreducible representations of Wk of Swan conductor 1. To construct a representa-
tion of Wi which naturally fits a description of the local Langlands correspondence,
we need a subtle character twist. Such a twist appears also in the essentially tame
case in [Bushnell and Henniart 2010], where it is called a rectifier. Our twist can be
considered as an analogue of the rectifier. We construct the representations of Wx
using geometry, but we give also a representation theoretic characterization of the
constructed representations. In Section 3, we give a construction of the simple
supercuspidal representations of GL,, (K) using the type theory.

In Section 4, we state the main theorem and recall a characterization of the
local Langlands correspondence for simple supercuspidal representations given in
[Bushnell and Henniart 2014]. The characterization consists of the three equalities
of (i) the determinant and the central character, (ii) the refined Swan conductors,
and (iii) the epsilon factors.

In Section 5, we recall some general facts on epsilon factors. In Section 6, we
recall facts on Stiefel-Whitney classes, multiplicative discriminants and additive
discriminants. We use these facts to calculate Langlands constants of wildly ramified
extensions. In Section 7, we recall the product formula of Deligne-Laumon. In
Section 8, we show the equality of the determinant and the central character using
the product formula of Deligne—Laumon.

In Section 9, we construct a field extension Tg‘ of E; such that the restriction
of Ty ¢ y.c tO WT{u is an induction of a character and p { [TCu : E¢], which we call
an imprimitive field. In Section 10, we show the equality of the refined Swan
conductors. We see also that the constructed representations of Wg are actually of
Swan conductor 1.

In Section 11, we show the equality of the epsilon factors. It is difficult to calculate
the epsilon factors of irreducible representations of Wk of Swan conductor 1 directly,
because primitive representations are involved. However, we know the equality
of the epsilon factors up to p°-th roots of unity if n = p*, since we have already
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checked the conditions (i) and (ii) in the characterization. Using this fact and
p1 [Tgu : E¢], the problem is reduced to study an epsilon factor of a character. Next
we reduce the problem to the case where the characteristic of K is p and k =T,.
At this stage, it is possible to calculate the epsilon factor if p # 2. However, it is
still difficult if p = 2, because the direct calculation of the epsilon factor involves
an explicit study of the Artin reciprocity map for a wildly ramified extension with a
nontrivial ramification filtration. This is a special phenomenon in the case where
p =2. We will avoid this difficulty by reducing the problem to the case where e = 1.
In this case, we have already known the equality up to sign. Hence, it suffices to
show the equality of nonzero real parts. This is easy, because the difficult study of
the Artin reciprocity map involves only the imaginary part of the equality.

In Appendix, we discuss a construction of irreducible representations of Wx of
Swan conductor 1 in the cohomology of Artin—Schreier varieties. This geometric
construction incorporates a twist by a “rectifier”. We see that the “rectifier” parts
come from the cohomology of Artin—Schreier varieties associated to quadratic forms.
The Artin—Schreier varieties which we use have origins in studies of Lubin—Tate
spaces in [Imai and Tsushima 2017; 2021].

Notation. Let AV denote the character group Homz (A, C*) for a finite abelian
group A. For a nonarchimedean local field K, let

» Ok denote the ring of integers of K,

» pg denote the maximal ideal of Ok,

¢ vk denote the normalized valuation of K which sends a uniformizer of K to 1,

e ch K denote the characteristic of K,

e G denote the absolute Galois group of K,

o Wk denote the Weil group of K,

[k denote the inertia subgroup of Wk,

* Pk denote the wild inertia subgroup of W,

and we put Uy = 1+ p’ for any positive integer m.

1. Representations of finite groups
First, we recall a fact on representations of Heisenberg groups. Let G be a finite
group with center Z. We assume:
(i) The group G/Z is an elementary abelian p-group.
(ii) Forany g e G\ Z, the map ¢, : G — Z, g' — [g, g'] is surjective.

Remark 1.1. The map ¢, in (ii) is a group homomorphism. Hence, Z is automati-
cally an elementary abelian p-group.
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Let ¥ € Z" be a nontrivial character.

Proposition 1.2. There is a unique irreducible representation py, of G such that
pylz contains . Moreover, we have (dim ,01/,)2 =[G : Z] and we can con-
struct py as follows: Take an abelian subgroup Gy of G such that Z C G
and 2dimg,(G1/Z) = dimg,(G/Z). Extend  to a character Y1 of G1. Then
Py = Ind(G;l lﬂl.

Proof. The claims other than the construction of py, is Proposition 8.3.3 in [Bushnell
and Frohlich 1983]. Note that if an abelian subgroup G of G satisfies the conditions
in the claim, then G/Z is a maximal totally isotropic subspace of G/Z under the
pairing

(G/Z2)x(G/2) > C*, (¢Z,8'Z)— ¥(g.&'D.

Hence the construction follows from the proof of [Bushnell and Frohlich 1983,
Proposition 8.3.3]. O

Next, we consider representations of a semidirect product of a Heisenberg group
with a cyclic group. Let A C Aut(G) be a cyclic subgroup of order p¢ + 1 where
e= %(logp[G : Z]). We assume:

(3) The group A acts on Z trivially.

(4) For any nontrivial element a € A, the action of a on G/Z fixes only the unit
element.

We consider the semidirect product A X G by the action of A on G.

Lemma 1.3. There is a unique irreducible representation pl’p of A X G such that
p:plG >~ py and tr p:ﬁ (a) = —1 for every nontrivial element a € A.

Proof. The claim is proved in the proof of Lemma 22.2 in [Bushnell and Henniart
2000] if Z is cyclic and ¥ is a faithful character. In fact, the same proof works also
in our case. (]

Corollary 1.4. There exists a unique representation pf// of A X G such that

Py lz =~ v and tr py (@) = —1
for every nontrivial element a € A. Further, the representation pl’/j |G is irreducible.

Proof. First we show the existence. We take the representation p{p in Lemma 1.3.
Then ,01’// has a central character equal to ¥ by Proposition 1.2. This shows the
existence.

We show the uniqueness and the irreducibility of ,o{/, |G. Assume that ,o{/, satisfies
the condition in the claim. Take an irreducible subrepresentation py, of /01/1/ |G. Then
py satisfies the condition of Proposition 1.2. Hence, dim py, = p°. Then we have
Py = ,0://|G and ,ol’p |G is irreducible. Such py is unique by Lemma 1.3. O
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2. Galois representations

2A. Swan conductor. Let K be a nonarchimedean local field with residue field k.
Let p be the characteristic of k. Let f be the extension degree of k over [,. We
putg = p/.

Let

Artg : KX = Wi
be the Artin reciprocity map, which sends a uniformizer to a lift of the geometric
Frobenius element.

Let 7 be a finite dimensional irreducible continuous representation of Wg over C.
Let ¥ : K — C* be a nontrivial additive character. Let &(t, s, ¥) denote the
Deligne-Langlands local constant of T with respect to W. We simply write &(zt, W)
for 8(1’, %, \Il).

We define an unramified character w; : K* — C* by ws(w) = ¢~° for s € R,
where @ is a uniformizer of K. We recall that

2-1) e(r,s,¥)=¢e(t ®w,, 0, ¥)

(see [Tate 1979, (3.6.4))).

Let ¢ € [FIY by ¥o(1) = ¢™V=1/P_We take an additive character Vg : K —C*
such that ¥rg (x) = ¥o(Try /F, (x)) for x € Og. By [Bushnell and Henniart 2006,
Proposition 29.4], there exists an integer sw(t) such that

e(r, s, ¥x) =q ™ e(z,0, Yx).
We put Sw(t) = max{sw(t), 0}, which we call the Swan conductor of .

2B. Construction. We construct a group Q which acts on a curve C over an
algebraic closure of k. By using this action of Q and Frobenius action, we construct
a representation of a semidirect product Q x Z in étale cohomology of C. Then we
use the representation of Q x Z to construct a representation of a Weil group.

We fix an algebraic closure K2 of K. Let k% be the residue field of K%. Let n
be a positive integer. We write n = pn’ with (p, n’) = 1. Throughout this paper,
we assume that e > 1. Let

Q={(a.b,c)|ae ups(k*), bcek® b” +b=0, ¢’ —c+b"+ =0}

be the group whose multiplication is given by
e—1
(a1, by, c1) - (az, by, c2) = (al a, by +aiby, cr+cr+ Z(al by b2)pl>-
i=0
Remark 2.1. The construction of the group Q has its origin in a study of the
automorphism of a curve C defined below. We can check that the above multipli-
cation gives a group structure on Q directly, but it’s also possible to show this by
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checking that the inclusion from Q to the automorphism group of C defined below
is compatible with the multiplications.

Note that |Q| = p?*T!(p¢ +1). Let Q x Z be a semidirect product, where m € Z
acts on Q by (a, b, c)— (a?",bP™" cP™"). We put

(2-2) Fr(m) =((1,0,0),m) e Q xZ formeZ.
Let C be the smooth affine curve over k*° defined by
xP —x=yP*l in AL

We define a right action of Q x Z on C by

e—1

(x, »)((a, b, ¢), 0) = (x + Y By +c.aly +bp“>), (x, ) Fr(1) = (x", y7).
i=0

We consider the morphisms

e
hiAbe = Ale, x> xP —x, 7 AL = Ale, v yP L

Then we have the fiber product

/’l,
C—— Al

e s

A]lac T> A]lac

where 7" and h’ are the natural projections to the first and second coordinates
respectively. Let g = ((a, b, c), m) € Q x Z. We consider the morphism

80: Ak = A,y > (aly +b7 )P,
Let ¢ be a prime number different from p. Then we have a natural isomorphism
Cg :ggh;@g = h; g*@g = h;@g.

We take an isomorphism ¢ : @; ~ C. We sometimes view a character over C as a
character over @( by ¢. Let ¢ € [F[f . We write Ly, for the Artin—Schreier @g—sheaf
on A,L,C associated to v, which is equal to §(¢) in the notation of [Deligne 1977,
Sommes trig. 1.8(i)]. Then we have a decomposition 4, Q, = EBwe[va Ly . This
decomposition gives canonical isomorphisms

(2-3) h,Q =m*h, Qe = @ n* Ly
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The isomorphisms ¢, and (2-3) induce cg y : gg* Ly — 7% Ly. We define a left
action of Q x Z on HC1 (A,lac, T*Ly) by

HI(Ale, 7Ly) 85 HI AL, gin* L)) 2% HI Ak, ¥ Ly) for ge Q% Z.

Let 7y be the representation of Q x Z over C defined by Hc1 (A, 7*Ly) and t.
For 0 € ppeyq (k*)Y, let Ky be the smooth Kummer Qg-sheaf on Gy, zac associated
to 6. We view 4 pe41(k*) x [, as a subgroup of Q by (a, c) — (a, 0, ¢).

Lemma 2.2. We have a natural isomorphism

H (A, m* L) = P H Guie. Ly ®Kp),
e pe 41 (k) V\(1}

which is compatible with the actions of i pe1(k*) x F, where
(a,c) € upeq1(k*) x T
acts on HCl (Gm,kae, Ly @ Ko) by 6(a) ¥ (c). Further, we have
dim H} (G gae, Ly ® Kg) = 1
forany 6 € e (k) \ {1},
Proof. By the projection formula, we have natural isomorphisms
T Ly = (T* Ly @ Qp) = Ly @1, Qp  on Al

Further, we have _
e Qp =~ @ Ko on Gp g,

O pe 1 (k)Y

since 7r is a finite étale i pe 11 (k*)-covering over Gy, . Therefore, we have

(2-4) ﬂ*ﬂ*ﬁlpl’ﬁv, ®7‘[*@32 @ E¢®’C9

Ot pe 1 (k%)

on Gy k. Let {0} denote the origin of Al.. Leti : {0} — A}y and j : G gac — Al
be the natural immersions. From the exact sequence

O0— jij"n*" Ly > "Ly = ixi* 7" Ly — 0,
we have the exact sequence
(2-5) 0— HO({0}, i*7* Ly) — H} (G pee, T* L) — H (Afe, T* L) — 0,

since
HY(Ae, 7*Ly) =0 and H'({0},i*7*Ly) =0.
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Note that H°({0}, i*m*Ly) > y. By (2-4), we have isomorphisms

(2-6) H} (G e, 7 Loy) 2= HN (G pase, 0 T* Loy
~ D H G Ly ®Ko).

GEM/)E-H (k*)v

We know that
(2-7) dim H} (G gac, Ly ® Kg) = 1

for any 0 € (pe41(k*)" by the proof of [Imai and Tsushima 2017, Lemma 7.1]
(see [Imai and Tsushima 2023, (2.3)]). Since the composition of

HO({0}, i* % Ly) — HN (G, 7 L))

and (2-6) is compatible with the actions of e (k*) x [, it factors through an
isomorphism HO({0}, i*7* L) > H! (G e, L) by (2-7). Then the claim follows
from (2-5), (2-6) and (2-7). [l

Let o : uo(k) < C* be the nontrivial group homomorphism if p 7% 2. We define
a character 0y € p pey1(k*)Y by

0@P /2y if p £2,

(2-8) oo(a) = {1 o2

for a € pupey1(k*). For an integer m and a positive odd integer m’, let (%) denote
the Jacobi symbol. For an odd prime p, we set

(») 1 if p=1 mod4,
€ =
PP=V1V=T if p=3 mod 4.

We have €(p)? = (_71) We define a representation 7, of Q x Z as the twist of 7y,
by the character

QO xZ— C*,

Bo@)" ((—e(p)(Z21))"p~2)" if p #2,

(2-9)
((a,b,c),m) — { )

(D5 p72y" if p=2.
The value of this character is related to a quadratic Gauss sum. A geometric origin
of this character is given in (A-3). Let (¢, x, ¢) € pg—1(K) x (k*)" x C*. We take
a uniformizer @ of K. We choose an element ¢, € K such that goé”/ =(¢w and
set Ex = K (¢;). We choose elements a, B¢, v € K* such that

[N 2e _ e
2-10) ol T=—g,. Bl +B=—o;'. v -ve=B"".
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For o € Wg,, we set

aU:O'(Ol;)/(Otg), bJ:aaa(ﬂ{)_ﬁ{’
(2-11) ezl ;
o =0 (o) —ve+ ) B (B +Do)" .
i=0
Then we have ay, by, ¢y € Ogac. For o € Wg,, we put n, = VE, (ArtE[1 (0)). We
have the homomorphism

(2_12) ®{"WE{_) szv 0'_)((&0’50750)7 fnU)
Lemma 2.3. The image of the homomorphism © is Q x (fZ).

Proof. 1t suffices to show that the image of [ £, C W, under ®; is equal to
Q C Q x Z, since the homomorphism Wg, — fZ, o + fn, is surjective. We
put Ny = E¢(a¢, Bz, v¢)- Then the kernel of O is equal to Iy, by the definition.
Hence we have an injection /g, /Iy, < Q. This injection is actually a bijection,
since N, is a totally ramified extension over E; of degree p*+1(p® + 1), which
equals to |Q|. Therefore, we obtain the claim. U

We write 7, ; for the representation of Wg, given by ©, and 7,. Recall that ¢
is an element of C*. Let ¢, : Wg, — C* be the character defined by ¢ (o) = c".
We have the isomorphism (,ogZ X OE{ ~ E.* given by the multiplication. Let
Frob,, : k* — k™ be the inverse of the p-th power map. We consider the following
composition:

b 7 pr can. Frob$,
e i Wi 2 EX =g x O =5 O —> kX — k™.

We put
(2-13) Tnixe =Tne®(X0or)®Pe and  Tpy o =Indg, /k Tuc x.c-

We will see that 7, , . is an irreducible representation of Swan conductor 1 in
Proposition 10.8. This Galois representation 7; , . is our main object in this paper.
We will study several invariants associated to this, for example, its determinant and
epsilon factor.

2C. Characterization. We put
Qo={(1,b,0)e @}, F={(1,0,c)e Q|cel,}
We identify F, with F by ¢ — (1,0, ¢).

Lemma 2.4. Forany g=(1,b,c) € Qowithb #0, the map Qo — F, g'+> [g, &'
is surjective.
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Proof. For (1, by, c1), (1, by, c2) € Qo, we have

e—1
[(1, b1, c1), (1, by, c2)] = (1, 0. )b —blbé’e)l”).
If by # 0, then -
bek®|b” +b=0}—Fp, by— bby—bbl
is surjective. The claim follows from the surjectivity of Try . /r,. U

By this lemma, we can apply the results from Section 1 to our situation with
G = Qo, Z=F and A = ppe;1(k*), where the action of (e 1(k*) on Q is
given by the embedding

ppet1 (k) = Q, ar>(a,0,0)
and the conjugation. Let t° denote the unique representation of Q characterized by
(2-14) O =y @”, Tre’(@,0,0) =—1

for a € ppey1 (k%) \ {1} (see Corollary 1.4).
We have a decomposition

(2-15) 0= P L
e pe 41 (k) \(1}

such that a € ppe41(k*) acts on Lg by 6(a), since the both sides of (2-15) have the
same character as representations of i ye1(k*). For a positive integer m dividing
p¢+1, we consider 1, (k*)" as a subset of 14 pe1(k*)" by the dual of the surjection

o1 (k%) = (k°),  x — x@FD/m,
We simply write Q for the subgroup Q x {0} C Q x Z.
Lemma 2.5. We have ty,|o =~ °.

Proof. The representation 7y, | o satisfies the characterization (2-14) by Lemma 2.2.
Hence 7y, ¢ is isomorphic to 7°. g

Corollary 2.6. The representation ty,| g, is irreducible.
Proof. This follows from Corollary 1.4, equation (2-14) and Lemma 2.5. U
For any odd prime p, we have
X
(2-16) D vohH =) (;) Yo(x) = e(p)V/P

X X
xely, xely,

by Gauss.
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Lemma 2.7. We have
— ; 2
Trery, () = CPVP TP ER
0 if p=2.
Proof. By the Lefschetz trace formula, we have

2
D Te(Fry, (T Lyg)x) = Y (= 1) Te(Fry, HE (A, 7 Ly)),
x€AL(F,) i=0

where Fr, is the geometric p-th power Frobenius morphism. Since H! (A,Lm, T*Ly)
vanishes for i =0, 2, we have

Troy (Fr(D) =~ 3 Tr(Fry, (1°Ly,))
xeAl(F,)
= Y ey = = Yoty = { PV TP A
0 if p=2,
xel, xelF,
where we use (2-16) in the last equality. .

We assume p =2 in this paragraph. We take by € Fy2 such that Trg ,, /7, (bo) = 1.
Further, we put

(2-17) co=b+ > B
O<i<j<e—1

Then we have

(2-18) C(z) —cp= b(2)€+1 n boe I Z bée+i+l+2]+1 4 Z bge+i+2j

O<i<j<e—1 O<i<j<e—1
e—2 e—1

2e+1 e 2<’+[+1+26 2ﬂ+2./
i=0 j=1

26+1

=B by b (I +bo+bY)=b2
where we use Trr ,, /5, (bo) = 1 at the third equality. We put
g =((1, by, co), —1) € Q x Z.
Lemma 2.8. We assume that p = 2. Then we have Tr Ty, g H=-2

Proof. We note that

e—1

(2-19) g = Fr(1)<<1, by, co + Z(bg“H)Z"), 0).

i=0
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For y € k* satisfying y? + bge =), we take x, € k* such that x% —xy = y2
We take yo € k¢ such that yg + b(z) = yo. Then, by the Lefschetz trace formula
and (2-19), we have

Trry (@ ) =— Y Tr(g™', (x*Ly,),)
2-|-b2 =y
- > x/fo(x —xy+2(bOY) +co+2(b2 ™ 2’)
y+b2 =y
=—Zwo<<yo+z>2 +1+Z<bo(yo+z>> +Co> -2,
zelF,

where we change a variable by y = y + z at the second equality, and use

2+1-I-X:(boyo) —yo<o+Zb0+1)+ZbO(o—i—Zboﬂ)_co,
e—1 e—1 e—1

Y Y0+ Y by =Y 5+ + Db =Tre, 5, (bo) =1
i=0 i=0 i=0

at the last equality. ([
Proposition 2.9. The representation t, is characterized by ty,| o ~ t° and

Tr g, (Fr(1) = —e(p) /P if p#2.

Trry, (g7 =-2 ifp=2.
In particular, Ty, does not depend on the choice of £ and 1.

Proof. This follows from Lemmas 2.5, 2.7 and 2.8. ([

3. Representations of general linear algebraic groups

3A. Simple supercuspidal representation. Let m be an irreducible supercuspidal
representation of GL,(K) over C. Let e(x, s, V) denote the Godement—Jacquet
local constant of 7 with respect to the nontrivial character ¥ : K — C*. We simply
write & (7, W) for &(7, 3, ¥). By [Godement and Jacquet 1972, Theorem 3.3(4)],
there exists an integer sw(sr) such that

e, s, yk) =g " e(w, 0, Yg),
We put Sw(rr) = max{sw(mr), 0}, which we call the Swan conductor of .

Definition 3.1. An irreducible supercuspidal representation = of GL, (K) over C
is called simple supercuspidal if Sw(mwr) = 1.

This definition is equivalent to [Imai and Tsushima 2018, Definition 1.1] by
[Imai and Tsushima 2018, Proposition 1.3].
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3B. Construction. In the following, we construct a smooth representation 7, , .
of GL, (K) for each triple (¢, x, ¢) € ug—1(K) x (k*)" x C*.

Let B C M, (k) be the subring consisting of upper triangular matrices. Let
J C M, (Ok) be the inverse image of B under the reduction map M, (Og) — M, (k).
Then J is a hereditary Og-order (see [Bushnell and Kutzko 1993, (1.1)]). Let ¥
denote the Jacobson radical of the order J. We put Uj1 =14+PB CGL,(Ok). We

set 0 I
n—1
(p;«:(gw 0 >€Mn(K) and L, =K(¢;).

Then, L, is a totally ramified extension of K of degree n.
We put ¢, , =n'¢, and
Yo'+ 1) if pr=2,
€0 = .
0 if p¢ #£2.
We define a character Ay . : L} Uj — C* by

Apyelp) = (D" e, Ay () =x (&) forx € O,
Agy.c(x) =Yg otr)(g, ,(x — 1)) for x € Uy,

where tr means the trace as an element of M, (K). We put

T e = C'Indg?b(f)l\{,x,c-
Then, 7, , . is a simple supercuspidal representation of GL, (K), and every simple
supercuspidal representation is isomorphic to 7, , . for a uniquely determined
(¢, x.¢) € ug—1(K) x (k)Y x C* by [Imai and Tsushima 2018, Proposition 1.3].
The representation 7, , . contains the m-simple stratum [J, 1, 0, (,0;,11] in the sense
of [Bushnell and Henniart 2014, Section 2.1].

Proposition 3.2.  &(m; .0, Yk) = (= D" y (') c.

Proof. This follows from [Bushnell and Henniart 1999, Section 6.1, Lemma 2 and
Section 6.3, Proposition 1]. U

4. Local Langlands correspondence

Our main theorem is the following.

Theorem 4.1. The representations w; , . and T¢ y . correspond via the local Lang-
lands correspondence.

To prove this theorem, we recall a characterization of the local Langlands cor-
respondence for epipelagic representations due to Bushnell-Henniart. Recall that
W : K — C* is a nontrivial character. The following lemma is a special case of
[Deligne and Henniart 1981, Proposition 4.13].
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Lemma 4.2 [Bushnell and Henniart 2014, Lemma 2.3]. Let T be an irreducible
smooth representation of Wk such that sw(t) > 1. Then, there exists y, ¢ € K*

such that 4
e(x®t,s, V)= x(yrw) e(r,s, V)

for any tamely ramified character y of Wg. This property determines the coset
yewU ,1( uniquely.

Definition 4.3. Let t be an irreducible smooth representation of Wi such that
sw(t) > 1. We take y; ¢ as in Lemma 4.2. We put

rsw(z, V) = Vr_,&/ eK*/U},
which we call the refined Swan conductor of T with respect to W.

Remark 4.4. By (2-1), we have vk (rsw(t, ¥k )) = Sw(t) in Definition 4.3.

Lemma 4.5. Let w be an irreducible supercuspidal representation of GL,,(K) such
that sw(m) > 1.

(1) There exists y, v € K™ such that
e(Xx®m, 5, V) = x(vzw) 'e(m, s, V)
for any tamely ramified character x of K*. This property determines the coset
Vew U 11( uniquely.

(2) Let [A,m, 0, «] be a simple stratum contained in w. Then we have y, v =
detor mod U}

Proof. The first statement is [Bushnell and Henniart 1999, Theorem 1.4(i)]. The
second statement follows from [Bushnell and Henniart 1999, Remark 1.4]. U

Definition 4.6. Let 7 be an irreducible supercuspidal representation of GL,(K)
such that sw(;r) > 1. We take y ¢ as in Lemma 4.5. Then we put

rsw(m, W) = yn_fp € KX/U}(,
which we call the refined Swan conductor of 7 with respect to .
Remark 4.7. We have vg (rsw(ir, ¥x)) = Sw(r) in Definition 4.6.

For an irreducible supercuspidal representation 7 of GL,(K), let @, denote the
central character of 7.

Proposition 4.8 [Bushnell and Henniart 2014, Proposition 2.3]. Let w be a sim-
ple supercuspidal representation of GL,(K). The Langlands parameter for 7 is
characterized as the n-dimensional irreducible smooth representation © of Wk
satisfying

dett =wy;, 1sW(t,¥g)=r1sW(T, ¥g), ¢&(t,¥k)=¢e(m, ¥g).
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We will show that 7; , . and 7, , . satisfy the conditions of Proposition 4.8 in
Propositions 8.6, 10.5, Lemma 10.7 and Proposition 11.6.

5. General facts on epsilon factors

In this section, we recall some general facts on epsilon factors.

For a finite separable extension L over K, we put ¥; = W o Try ¢ and let
S(IndL/K 1,s, \IJ)

e(l,s, W)
denote the Langlands constant which is independent of s, where 1 is the trivial
representation of Wy (see [Bushnell and Henniart 2006, Section 30.4]).

ML/K, W) =

Proposition 5.1. Let T be a finite dimensional smooth representation of Wg such
that t|p, is irreducible and nontrivial. Let L be a tamely ramified finite extension
of K. Then we have

e(tlw,, Wr) = A(L/K, ¥)~ " 81k (rsw(T, ¥)) ez, WKL,
Proof. This is proved by the same arguments as in [Bushnell and Henniart 2006,
Proposition 48.3]. ([

Proposition 5.2. Let t be a finite dimensional smooth representation of Wi such
that t|p, does not contain the trivial character.

(1) If ¢ is a tamely ramified character of Wk, then rsw(t @ ¢, ¥) =rsw(t, V).
(2) Let L be a tamely ramified finite extension of K. Then we have

rsw(t|yw,, W) =rsw(z, ¥) mod U}.

Proof. This is [Bushnell and Henniart 2006, Theorem 48.1(2), (3)]. O

For a nontrivial character £ of K™, the level of & means the least integer m > 0
such that & is trivial on Uy +

Proposition 5.3. Let & be a character of K™ of level m > 1. Assume that y € K*

satisfies
E(+x)=W(yx) forxep/PHh

(1) We have rsw(&, W) =y~ L.
(2) We have

£(E, W) = gD 0D Yoo Eyn ey
(m+1)/2]/U}(m/2]+1

yEUE(

Proof. Claim (1) follows from [Bushnell and Henniart 2006, Stability theorem 23.8].
Claim (2) follows from [Bushnell and Henniart 2006, Section 23.5, Lemma 1,
(23.6.2) and Proposition 23.6]. O
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For a finite Galois extension L of K, let ¥; x denote the Herbrand function
of L/K and Gal(L/K); denote the lower numbering i-th ramification subgroup of
Gal(L/K) for i > 0 (see [Serre 1968, Chapter IV]). We use the following lemmas
to calculate the refined Swan conductor of a character of a Weil group.

Lemma 5.4. Let m be a positive integer dividing f. Let h be a positive integer that
is prime to p and less than p™ vk (p)/(p™ — 1). Let L be a Galois extension of K
defined by x?" — x = 1/w". Then we have

Gal(L/K); = {Gal(L/K) ri<h
{1} lfl > h
and
={" ifv<h,
lﬁL/K(v)—{pm(v_hH_h Foh

Proof. Take an integer [ such that /4 = 1 mod p™. Then we have

1
v | —7— | = 1.
L(xlw(zh—n/pm)

Hence, for o € Gal(L/K) and i > 0, we have o € Gal(L/K); if and only if

xler (h=D/p" |~ xlgy Uh=D/p"

(5-1) i+1§vL(cr< : ) : >=UL(a(x)l—xl)+hl—|—1.
The right-hand side of (5-1) is h 4 1 if 0 # 1. Hence the first claim follows. The
second claim follows from the first claim. O
Lemma 5.5. Let L be a totally ramified finite abelian extension of K. Let m > 1.
(1) We have
NrLx UV cUm, Neg g (PR c g,
Artg (Ug) C Gal(L/K )y, x (m)-

(2) We take oo € K and B € L such that vg (o) =m and vy (B) = V1 /x (m). We put
P(z) =z — 7z for z € k. Assume that

WYk (m) Nrz/k m
Uy Uy
lpL.ﬁ lpl(.a
P
k k
is commutative, where
Pk :Ug =k, 14+ax+— ¥,

prp U™ Sk 14+ x> &



54 NAOKI IMAI AND TAKAHIRO TSUSHIMA

Let wy, be a uniformizer of L. Then we have

Artx (1 +ax)(wr)
PL.p -

) = Try/r, (%)
for x € Ok.

Proof. The first claim follows from [Serre 1968, Chapter V, Section 3, Proposition 4
and Chapter XV, Section 2, Corollaire 3 of Théoréme 1]. We note that our normal-
ization of the Artin reciprocity map is inverse to that in [Serre 1968, Chapter XIII,
Section 4]. Let x € Og. By [Serre 1968, Chapter XV, Section 3, Proposition 4]
and the construction of the isomorphism of [Serre 1968, Chapter XV, Section 2,
Proposition 3], we have

(ArtK(l + ozx)(wL)) o

PL.B =

ZX _Zx,

.
where we take z, € k% such that z¥ —z, = x. Then we have the second claim, since
78 — 7o = Tryyp, (28 — 2x) = Ty, (X)
for such z,. O

6. Stiefel-Whitney class and discriminant

6A. Stiefel-Whitney class. Let R(Wg, R) be the Grothendieck group of finite-
dimensional representations of Wx over R with finite images. For V € R(Wk, R),
we put Vo = V ®r C and define ¢(V¢, V) by the additivity using the epsilon
factors in Section 2A. For V € R(Wk, R), we define the i-th Stiefel-Whitney class
w; (V) € H(Gg, Z/2Z) fori > 0 as in [Deligne 1976, (1.3)]. Let

cl: HX(Gg,Z/27) — H*(Gk, K**) = Q/Z,

where the first map is induced by Z/27 — K?**, m + (—1)" and the second
isomorphism is the invariant map.

Theorem 6.1 [Deligne 1976, Théoreme 1.5]. Assume that V € R(Wk,R) has
dimension 0 and determinant 1. Then we have

e(Ve, ) = exp(2nv/—Lcl(wa(V))).
In particular, we have e(Vg, ¥) =1 ifchK =2.
6B. Discriminant. Let L be a finite separable extension of K. We put

SL/K = det(IndL/K 1).
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6B1. Multiplicative discriminant. Assume ch K # 2. We define dy jx € K */(K*)?
as the discriminant of the quadratic form Trz /x (x?) on L. For a € K*/(K*)?, let
{a} e HY(Gg, Z/27) and k, € Hom(Wg, {£1}) be the elements corresponding to
a under the natural isomorphisms

K*/(K*)* ~ HY(Gk, 7/27) ~ Hom(Wk, {£1}).
We have
(6-1) SL/K = Kdy
by [Bourbaki 1981, Chapter V, Section 10, Example 2(6)] (see [Serre 1984, Sec-
tion 1.4]). For a, b € K*/(K*)?, we put
{a, by ={a}U{b} e HX(Gk,Z/27).

Proposition 6.2 [Abbes and Saito 2010, Proposition 6.5]. Let m be the extension
degree of L over K. We take a generator a of L over K. Let f(x) € K[x] be the
minimal polynomial of a. We put D = f'(a) € L. Then we have

dpjk = (=1)) Nrp k(D) € K*/(K*)?,

wa(Indy x kp) = (’;’){—1, —1} +{dL k. 2} € HX(Gk. Z/2Z).

6B2. Additive discriminant. We put P, (x) = x™ — x for any positive integer m.
We assume that ch K = 2.

Definition 6.3 [Bergé and Martinet 1985, Définition 2.7]. Let m be the extension
degree of L over K. Let f(x) € K[x] be the minimal polynomial of a generator
of L over K. We have a decomposition f(x) =[], (x —a;) over the Galois
closure of L over K. We put o

+ _ aidj
W= 2. Gray € KPR,

I<i<j<m
which we call the additive discriminant of L over K.

Theorem 6.4 [Bergé and Martinet 1985, Théoreme 2.7]. Let L’ be the subextension
of K* over K corresponding to Ker 81 jx. Then the extension L' over K corresponds
to dZ'/K € K/P>(K) by the Artin—Schreier theory.

7. Product formula of Deligne-Laumon

We recall a statement of the product formula of Deligne-Laumon. In this paper, we
need only the rank one case, which is proved in [Deligne 1973, Proposition 10.12.1],
but we follow the notation from [Laumon 1987].
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7A. Local factor. We consider a triple (T, F, @) which consists of the following.

o The affine scheme 7" = Spec Ok, where Ok, is the ring of integers in a local
field K7 of characteristic p whose residue field contains k.

« A constructible Q-sheaf F on 7.
» A nonzero meromorphic 1-form w on 7.

Then we can associate ey, (T, F, w) € C* to the triple (T, F, ) as in [Laumon 1987,
Théoreme 3.1.5.4] using ¢.

Assume that K7 = k((¢)). Let n = Spec k((¢)) be the generic point of 7 with the
natural inclusion j : n — T. We define a character W, : k((#)) - C* by

W, (a) = (Yo oTrk/[pp)(Res(aa))) for a € k((1)).

Let /(W¥,) be the level of V¥, in the sense of [Bushnell and Henniart 2006, Def-
inition 1.7]. We fix an algebraic closure k((¢))* of k((¢)). For a rank 1 smooth
Q¢-sheaf V on n corresponding to a character x : Gi) — C* via ¢, we have

(7-1) e (T, ju V,0) = g " e(yw_1 )2, Wy)
by [Laumon 1987, Théoreme 3.1.5.4(v); Tate 1979, (3.6.2)] and [Bushnell and
Henniart 2006, Proposition 23.1(3)].

7B. Product formula. Let X be a geometrically connected proper smooth curve
over k of genus g. Let F be a constructible Q-sheaf on X. Let Frob, € G be the
geometric Frobenius element. We put

2
eX, F) = t(l_[ det(— Froby; H (X @ k*, _7:))(—1)’1).
i=0

Let rk(F) be the generic rank of F.

Theorem 7.1 [Laumon 1987, Théoréme 3.2.1.1]. Let w be a nonzero meromorphic
1-form on X. Then we have

e(X, F) = q D0 TT ey (Xr). Flxg ©lx,):
xe|X|

where | X| is the set of closed points of X, and Xy is the completion of X at x.

8. Determinant

In this section, we study det 7y, to show the equality ., , . =dett; y . of the central
character and the determinant. We use the product formula of Deligne—Laumon to
study det 7y, (Fr(1)), where Fr(1) is defined in (2-2).

Lemma 8.1. We have 0* = Q/Q,.
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Proof. By Lemma 2.4, we have Q% = (Q/F)™. For (a, b, ¢) € Q, let (a, b) be the
image of (a, b, ¢) in Q/F. Then we have
(@, 0)(a, b)(a,0) '@, b)"' =, (a—1)b).
Hence, we obtain the claim. |

We view 6y defined in (2-8) as a character of Q by (a, b, ¢) +— 6y(a). Recall
that ¥ is the representation of Q defined in (2-14).

Lemma 8.2. We have det t° = 6.

Proof. By Lemma 8.1, it suffices to show det 7% =6, on pe+1(k*). By Lemma 2.2
and Lemma 2.5, we have

det ‘L'O(Cl) = 1_[ x (a)
XEM1)g+l(kac)v\{l}
for a € ppey1(k*). Hence, the claim follows. O

Fora € k™, let (%) denote the quadratic residue symbol of k defined by

a\ [ 1 ifaissquareink,

k) |—1 ifaisnot square in k.
Lemma 8.3. Let m be a positive integer that is prime to p. We take an m-th root
@™ of w, and put L = K (w' /™).
(1) If m is odd, then 8 /k is the unramified character satisfying 81 /x () = (%)
(2) If m is even, we have 81, jx (o) = (_71)"1/2 and 8 jx (x) = (%) forx e O;;.

Proof. These are proved in [Bushnell and Frohlich 1983, (10.1.6)] if ch K = 0.
Actually, the same proof works also in the positive characteristic case. ([

Lemma 8.4. Let m, m’ be positive integers that are prime to p. We take an m-th
root w'/™ of w, and put L = K (w'/™). Let Vi : K — C* be a character such
that Vi (x) = Yo(Try g, (m'%)) for x € Ok. Then we have

(1) if m is odd,

—(—e(p)(zmTW) (%)(m/Q)_l)f if m is even.

Proof. If m is odd, we have

ML/K, Yi) = {

MLIK, Vi) = ey ) = (L)

by [Henniart 1984, Proposition 2] and Lemma 8.3(1).
Assume that m is even. Note that p # 2 in this case. Then we have

(8-1)  dpx = (=D)"*Nrpx(m(@/™" 1y = —(=1)" @ € K*/(K*)?
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by Proposition 6.2. For x € ([F;)v and ¢ € I]:; \ {1}, we set
GG ==Y X Y
xeFy
and have the Hasse—Davenport formula
(8-2) T(x o Nt /F, ¥ 0 Trr . r,) = T(x, ¥)".

Let
() KX/(K*)? x K*/(K*)* — {£1)

denote the Hilbert symbol. By (6-1) and (8-1), we have

1 () = Ky () = (¥, digiOx = (o) = (T)

for x € (’),’é. By [Bushnell and Henniart 2006, Theorem 23.5], we have
X
eGLr Vi) =77 Y Sk ¥k =g Y () wo(Trigs, (m'x)).
xeOx/UL xekx

By applying (8-2) to the extension k over [, and using (2-16), we have

/ f
~1/2 x rowy — m’

a3 () voTrgs, ') = ~(—e ) (%))

xek>
Hence, we have

ML/K, i) = @y, w;()(g) ( —71 )(’"/2)—1

_ 2mm’\ ( —1\"/D-INS
=—(-e(®")(5) )
by [Saito 1995, Theorem I1.2B] and [Tate 1979, (3.6.1)]. O

Lemma 8.5. We have

(drk. 2k

_ 2\ p2
det 7y, (Fr(1)) = {(2961(1’)(,7)) ¢’ i p#2,
q if p=2.

Proof. Let x be the standard coordinate of A,ﬁ. Let j be the open immersion A,l — P}C.
We put r = 1/x. As in Section 7A, we put T = Spec k[[¢]] and n = Spec k((¢)) with
the open immersion j : n — T.

We consider k((s)) as a subfield of k(1)) by s = r?"*!. Let £: Gr(sy) — C* be
the Artin—Schreier character associated to y” — y = 1/s and vy, which means the

composite of
Grsy = Fp, o> 0o(y)—y

and ¥, ! where y is an element of k((¢))*° such that y? —y =1/s.
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We use the notation in Lemma 5.5. Note that ¥ (s (y)/k(s) (1) =1 by Lemma 5.4.
We can check that

Nrispok@y (1 +y71x) = 14+ s(x? —x)

for x € k. For x € Ok sy, we have

E(1+5x) =¥y (Arteey (1 +5)(») — y)
_ Aty (1 +sx) (™)
1 k((s))
=Y, (—Pk«s»(y),yl (
1

- )) = Yo(Trx/s, (X)),
where we use Lemma 5.5 with o« =5, B = W) = ¥ .
rsw(&, W,_1,,) = s by Proposition 5.3(1).

Let & : G(q) — C* be the restriction of & to Gy(y. Then & is the Artin—Schreier
character associated to y? —y = 1/t”"*1 and .

Let Vg be the smooth Qq-sheaf on 5 corresponding to & via t. Then we have
Ve 2= Ly, |, by [Deligne 1977, Définition 1.7 in Sommes trig.]. Let the notation be
as in Lemma 2.2. We write w for the meromorphic 1-form dx on I]:D}(. By [Laumon
1987, Théoreme 3.1.5.4(v)], we have

Hence, we have

&g (X U1 T Ly x 0 @lx) = 1

for any x € |A,1| with X = [P’,i in the notation of Theorem 7.1. We simply write @
for w|r. Then we have

det 7y, (Fr(1) = (=D (P}, 1" Lyg) = (=1)Pqey, (T, ji Ve, o)
by Theorem 7.1. Since £ is a ramified character, we have j Ve >~ j, V. Hence,
e (T, Ji Ve, @) = ey (T, ju Ve, @) = ¢~ (€12, W)
by (7-1). Since w = —t72dt on T, we have
e(Ew-172, Vo) = Go_12)(~17) eEw—1/2, Wy-14))

by [Bushnell and Henniart 2006, 23.5 Lemma 1]. We have

E-1 ) =E=1") =57 =1,
since Nt/ k() () = 1/tP°T1. Hence we obtain

Ew_12)(~t7D eEw-12. Wm1g) = ¢" 26§, Wym1g)

by Lemma 4.2, since rsw (&, W,-1,,) =s by rsw(&, W,_1,,) =s and Proposition 5.2(2).
By Proposition 5.3(2), we have s(g, W ige) = g(s) =1, since the level of§ is 1
and Nrk((s))(y)/k((s)) (y_l) =s. Hence, we obtain

e, Wym1g) = Ak((1)/ k(s)), \Ilsflds)il(sk((t))/k((s))(rsw(g’ Wi-144))



60 NAOKI IMAI AND TAKAHIRO TSUSHIMA

by Proposition 5.1. By Lemmas 8.4 and 8.3, we respectively have

(pe=D/2Nf .
AR/ k((5)), Wy-14,) = {‘(q‘e(l’)(;)(?) )" if p#2,

(557) if p=2
and ~ (__1)([76‘}’1)/2 lf p # 2
Sk /k(s) (SW(E, Wm1gg)) = 1 7 9y .
(551) if p=2.
The claim follows from the above equalities. U

We simply write 7, for 7,1 1.
Proposition 8.6. We have w,,, = dett; y ..

Proof. By (2-13) and [Gallagher 1965, (1)], we have

(8-3) dety, . =85 (et Ty ¢ .0k,

since g,k = det(Indg, x 1) and the transfer homomorphism W;b — Wgt; is
compatible with the natural inclusion K* — E ; under the Artin reciprocity maps.
Hence, we may assume x = 1 and ¢ = 1 by twist (see (2-13)). Then it suffices to
show det 7, = 1. We see that det 7, is unramified by (2-9), Lemmas 2.5, 8.2, 8.3
and equation (8-3).

If p and n’ are odd, then we have

o= (2) (en(2)) (em () o)
() = () ()i

by (8-3), Lemmas 8.3(1) and 8.5. We see that det 7, (zo') = 1 similarly also in the
other case using (8-3), Lemmas 8.3 and 8.5. U

9. Imprimitive field

In this section, we construct a field extension Tu of E; such that 7, C|Wru is an
induction of a character. We call Tu an 1mpr1m1t1ve field of 7, ¢, since 7, ¢ | Wru
not primitive.

9A. Construction of character. Here we construct subgroups R C Q' C QO xZ
and a character ¢, of R. Later (see Section 9B) we will see that 7,|gp =~ Indqun.
Our imprimitive field TQP will correspond to the subgroup Q' C Q x Z.

Let ¢, be the positive integer such that ey € 2V and e/eq is odd.

Lemma 9.1. Assume p # 2. Then we have Tr Ty, (Fr(2eg)) = p*
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Proof. For a € k* and b € [ 2 such that a” —a = bP*+1 we have that

2e()

(9-1) a”” —a =T, r,(b" ).

By (9-1) and the Lefschetz trace formula, we see that

Tr 7y, (Fr(2e0) = = D (%00 T 5, ) (T /6, (07 1)
be[F,;2"0
=—1—(p+1) Z (Yo OTr[Fng/[FP)(x) = p%
XEIFXBO
P
using (p¢ 41, p?0 —1) = p% + 1. O
Corollary 9.2. Assume p # 2. Then we have Tr 7, (Fr(2eg)) = (—1)"r=D/2,
Proof. This follows from (2-9) and Lemma 9.1. Ul

Let ng be the biggest integer such that 20 divides p® 4+ 1. We take r € k* such
that 2" = —1. We define a subgroup R, of Q by

Ro={(1,b,¢) € Qo | b" —rb=0}.

Lemma 9.3. (1) If p # 2, then the action of 2egZ C Z on Q stabilizes Ry.
(2) If p =2, then the action of g on Q X Z by conjugation stabilizes Ry.

Proof. The first claim follows from FP*°=1 = 1. We can see the second claim easily
using (2-19). [l
We put
o Qo QD) iEpE2 L [RoxQe?) if p#2,
“looxz if p=2, " |Ro-(g) if p=2

as subgroups of Q x Z, which are well-defined by Lemma 9.3. We are going
to construct a character ¢, of R in this subsection. Then, we will show that
Tnlo = Indgq‘)n in the next subsection.

First, we consider the case where p is odd. We define a homomorphism ¢, :
R — C* by

e—1
60 (((1..¢), 0) = %(e -3 Z(rb%f’) for (1,b,¢) € Ro,

i=0
b (Fr(2eq)) = (—1)m0p=h/2)

(9-2)

Then ¢,, extends the character vy of F.
Next, we consider the case where p = 2. We define an abelian group R, as

Ry={(b,c)|belF,, c€Fp, c* —c=b),
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with the multiplication given by
(b1, c1) - (bz, 2) = (b1 + b2, c1 +c2+ D1 b2).
We define ¢ : Ry — R, by
$((1,b,c)) = (Trmze IONEIDY bz"”") for (1,b,c) € Ro,
O<i<j<e—1

which is a homomorphism by

93)  Trp/m () Tie, e, (0) = Tre )+ Y 02 0% +527b%)

0<i<j<e—l

for b, b’ € Fpe. Let by € Fy2e be as before Lemma 2.8. Let F’ be the kernel of the

homomorphism ”
”:26 — [Fz, C Tr[er/[Fz((bo + bO ) C).

We put Rj = R;,/F’, where we consider F’ as a subgroup of R by ¢ — (0, ¢).
Then R; is a cyclic group of order 4. We write g(b, c) for the image of (b, ¢) € R|,
under the projection Ry — R(. Let ¢’ : Ry — R be the composite of ¢ and the
projection Rj — R;. We put

-1
(9-4) s = Z bg, t =Trr,, /e (bo)-

We have 52 +s = ¢ and Try,, /5, (1) = Tt /5, (bo) = 1. We have
2¢ /2 2e/F2
(1, EFES ;2"+2f) € R),
O<i<j<e—1
which is of order 4. The element g(1, s>+ ZOSi<j§e_1t2i+2j) is a generator of Ry,
because o
2§(l, S+ > P +2‘) =2(0, 1) £0.
O<i<j<e—1
Let g : R — C* be the faithful character satisfying
1//0( (1 S+ 2’“’)) —V/—1.
O<i<j<e—1
We define a homomorphism ¢,, : R — C* by

¢ (((1,5,¢),0)) = Wo0¢")((1,b,¢)) for (1,b,¢) € Ry,

_(_ ln(n—2)—l-‘r«/—71
Du(g) = (=i D =L

which is a character of order 8. Then ¢, extends the character 1 of F.

(9-5)
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9B. Induction of character.
Lemma 9.4. We have t,|o =~ Indggbn.

Proof. We write 1/7,, for ¢,|g,. We know that 7,,| g, = Ind,%? 1/7,1 by Proposition 1.2,
since Ry is an abelian group such that 2 dimg, (Ro/F) = dimg,(Qo/F).

First, we consider the case where p is odd. The claim for general f follows
from the claim for f =1 by the restriction. Hence, we may assume that f = 1.

If ) e Ry satisfies V| F = Yo, then we have Tulgy = IndQO v by Proposition 1.2,
and obtain an injective homomorphism ¥ < 1| Ry as representatlons of Ry by
Frobenius reciprocity. Hence we have a decomposition

(9-6) wr= & V.
VeRy, ¥lr=vo

since the number of € R such that Ulr = o is pe.

We put _ .
Ro=1{bek*|b” —rb=0}.

The 1/,,-component in (9-6) is the unique component that is stable by the action of
((1, 0, 0), 2ep), since the homomorphism

E0—>E0, bl—)bpzeo—b

is an isomorphism. Hence, we have a nontrivial homomorphlsm ¢n — Tu|r by
Corollary 9.2. Then we have a nontrivial homomorphism Ind ¢n — Tulo by
Frobenius reciprocity. The representation t,|o is irreducible by Corollary 2.6.
Then we obtain the claim, since [Q’ : R] = p°

Next we consider the case where p = 2. Then it suffices to show that

Tr(Indggbn)(g*l) — _(_l)én(nfz)\/i

by (2-9) and Proposition 2.9. We have a decomposition

9-7) d$ gz = P o
PER, dlr=10

Let v/, be the twist of 1, by the character
Ry = Qf (1,5, ¢) = o(Trpye iy (b))

Then only the 1,-component and the 1},/1 -component in (9-6) are stable by the action
of ((1, by, cp), 1), since the image of the homomorphism

Fpe — Fae, b>b>—b
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is equal to Ker Trf,, /f,. The action of Fr(e) permutes the 1//,1 component and the
1// -component. Hence, g acts on the Ip -component by ¢, (g) times

e—1

¢n(Fr(e) " 'g Fr(e)g™") = n <<(1 t, co+ci +Z(b2 +1 +b2”“)2’> o>> =/—1.
Hence we have

Tr(indf ) (g ) =1 =vV=D (g H=—(D""2v2. O

We use the notations from equation (2-10). We set T, = E¢(at;), My = T (B;)
and Ny = M, (y;). Let fq be the positive integer such that fj € 2N and £/ fy is odd.

We put . {Zeo/fo if p#2 and fol2eo,

1, otherwise.
Let K" be the maximal unramified extension of K in K. Let K" C K" be the
unramified extension of degree N over K. Let ky be the residue field of K". For
a finite field extension L of K in K?, we write L" for the composite field of L
and K" in K%, For a € k*, we write a € Ogu for the Teichmiiller lift of a. We put

¢ B —,B;—i-ZEIbZ if p=2, 1 if p=2.

Then we have e ]
(Sgp - 8 = —O( +€1 mod pT{u(gé).

We take §; € Tg}‘ (82) such that
R | -1 _
(9-9) § =i =—a +ea, & =8 modpriy).

We put Mgﬁ“ = Tg}‘ (8¢). The image of O |w, ,, is contained in R. Let§, ¢ : WMg“ —C*
be the composite of the restrictions ©, |WM/§ and ¢, | g. By the local class field theory,
¢

we regard &, . as a character of M gi“X.
Proposition 9.5. We have 7, ; |WT; ~ Ind M7 Enc
Proof. This follows from Lemma 9.4. (]

Remark 9.6. Our imprimitive field is different from that in [Bushnell and Henniart
2014, Section 5.1]. In our case, TKu need not be normal over K. This choice is
technically important in our proof of the main result.

9C. Study of character. Here we study the character &,  in detail.

Assume that ch K = p and f =1 in this subsection. We will use results in this
subsection to compute the epsilon factor of &, . later after a reduction to the case
where ch K = p and f = 1. By (2-10), (9-8), (9-9) and ch K = p, we have that
8 = 82.
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9C1. Odd case. Assume p # 2. We put

e—1
(9-10) O =vc+5 > (B
i=0
Since rP7°*t! = —1 and (p¢ +1)/(p + 1) is an odd integer, we have r7"*! = —1.
Then we have
e+l 1 p2p°
©-11) 0f =0 =Bl " = (B +1°BD)
_ 1 g2 il | 22y 1
=~ (B 2Bl B = 8.
We put N* = M (0;). Let &, , be the twist of &, ; by the unramified character
Wyp - C*, o —lnn“(p_l)/z,

where n, is as before (2-12).
Lemma 9.7. If p # 2, then §, . factors through Gal(N["/ M").

Proof. Let o € Ker, ,. Recall that g, b, ¢, are defined in (2-11). Then we have
(&0’7 b()‘, E()') e RO and

e—1

- 1 =) i

Co—5 ) (rb))? =0
i=0

by (9-2). Hence, we see that

e

e—1 -1 )
0(0) =0 =co— ) _(rbo(Be +bs)” +3 ) (r((Be +b0)> = 87))"
i=0 i=0
e—1 _
=co—5 Y _(rb})" =0 mod v
i=0
by (2-11). Therefore, we obtain the claim by o (8;) = 6, and (9-11). ([l

9C2. Even case. Assume p = 2. Let f;i, ¢ be the twist of &, by the character

x \inm=-2) —1+/=1\
(9-12) Wip — €%, o> (( DD Lyl ) :
We take by, by € k* such that
e—1
(9-13) b} —b =5, bi—by= z(b%+2(b1s)2’>.
i=0
We put
e—1
(9-14) ne=Y B +b. vi=ve+ Y BT,

i=0 O<i<j<e—1
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and

e—1
O-15) o= @yD¥ + > P 6en)?
i=0

0<i<j<e-2 . o 5
+ > T (s +sno)” +bine + b

O<j<i<e—1

Lemma 9.8. We have n? —n¢ =8; and 9? - 92 = (¢ 77;)26_1-

Proof. We can check the first claim easily. We show the second claim. We use P,
in Section 6B2. We have

e—1
(9-16) Py(y)) = (BF —B)D_BL +Bi =6 =) — b))+ B;.

i=0
Hence, we have
e—1
(9-17) Poe(y)) =Y (8 =)z — b)) + (0 —b1)*.
i=0

Byb‘f—i—b1 :s2+s:tand 17?—17; :8;,wehave
(b1ne)> +bine =tng +bin; +bine =tn; +bi( +n¢) +sn; = 10} +b18 +s0;.

Hence, by using > ;_; ' =1—randre 2., we have

e—1
i e—1
0F =0, =tPy(y)) +1 Y _(Scne +b18c +sn0)” + (6ene)®  +1nf+b3—by
e—1 =0
i e—1 e—1
= t(Z(bls)Q +n; +b%) +Ben)® b3 —by=(Scn)”
i=0
where we use (9-17) at the second equality and (9-13) at the third one. [l

We take 0, € K* such that 6, = «933_]. Then we have 6?;2 — 0 = 8;n;. We put
N = M (n¢, 0¢), which is a cyclic extension of M;" of order 4 by Lemma 9.8.

Lemma 9.9. The character &, , factors through Gal(N*/M").

Proof. Let o € Ker&, . We take o1, 02 € Ker§, , such that o = 0 0,7, 01 € IM/u
and ® (02) = ((1, by, cp), —1). Then we have (agl, 01> Cor) € Ro, Trpye /r, (bgl) =
and

(9-18) Tr[er/[F2<(col+ > bz’“’)) 0

O<i<j<e—1

by (9-5). It suffices to show that o;(n;) = 1, and o; (041) = Oé fori =1,2.
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We have

e—1

o1(ng) —ne = Z bgl =0 mod pyp,
i=0
e—1

o2(ng) —ng = Zb(z)i +bi—b1=0 mod Py
i=0

by Trp,. /F, (l;m) =0 and b12 —b; =s. By Lemma 9.8, we have
oi(ng) —nc€lby fori=1,2.

Hence, we have o;(n;) = n, fori =1, 2. We have

e—1 2
010;) =0, = Z(t(ol(yg) - yg)) :
i=0
Further, we have

e—1 e—1 e—1
i+1 i i i j
A=V =n+ ) o) ) bo Y B+ D byt
i=0 i=0 i=0 O<i<j<e—1
=cCq + Z bgflJrzf mod p N
0<i<j<e—I
where we use (2-11) and 1551 € [ at the first equality, and use Trr,. /F, (150]) =0
at the second one. This implies o (Oé) = 94/ mod p Ny by (9-18). By a similar
argument as above using Lemma 9.8, we obtain o (Oé) = 92.
It remains to show 02(941) = 92. Using (9-16) and Trr,. /5, (t) = 1, we see that

e—1
©-19) Y v =vi+ Y. B+ D (G- —b)).

i=0 I<i<j<e—I 0<i<j<e—I

We put o) o
v=vi+ ), T

1<i<j<e—1

By ¢2+co=0b3 T! and 1 = by + b (see (2-18), (9-4)), we have

e—1 e—1

oa(ve) = ve = co+ Y (b3 (B +bo))? =cf + Y ((bo+1) Br)*  mod pya.
i=0 i=0

Then we have

e—1
() —vi=c +ste—b)+Y B+ D by mod pyp

i=0 O<i<j<e—1
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by (9-4) and (9-14). Hence, we have

j+1 i j i
W) -yl =D —vi+ Y. T BAb) = > VB
I<i<j<e—1 1<i<j<e—1
—02()/;)—)/;+f(77§—bl)-i-Z(f/g;) + Y B
1<l<j<€
zc(zf-i-sz(ng—bl)-i- Z b2+21+ Z b mod P
O<i<j<e—1 I<i<j<e

where we use (9-14) and ¢ € F,e at the second equality and s +s = ¢ at the last
equality. We can check that

G+ Y B+ Y Y =

O<i<j<e—1 I<i<j=<e

by (2-17), (9-4) and Trf 10 /F2 (bg) = 1. As a result, we obtain

02(3/ ") — )/; =5’ Ne +b1s + st mod pN/u
Hence, by (9-15) and (9-19), we have

2(’71_,’_2672
02(0,) —6;= ) din; mod pyp
i=0

for some d; € k*. We have

e—1 e—1

dy=bis>+st+1Y (bis)? +bis Y 17 +b3—by=0.

j=1 =1

This implies o, (9 ) = 0;, since we know that o, (9 ) — 0’ € F, by Lemma 9.8. [J

10. Refined Swan conductor

Let K C K" be the unramified extension of K" generated by p4pe_1 (K™). For a
finite field extension L of K in K, we write L for the comp0s1te field of L and K
in K. We write M/ ¢ for M C“. Theri N; is a Galois extension of M/ ¢- By equations
(9-8) and (9-9), we can take ﬁé € M; such that

(10-1) B =B =8.  B,=B modpj,.
since t}lere is x € Fps such that x* —x = Zf;é bg if p = 2. Then we have
M, =M é (,Bé) by Krasner’s lemma.
Lemma 10.1. (1) We have
v ifv<l,
(10-2) V@) =1 pro—D+1 ifl<v<2,
pHlv—=2)+p°+1 if2<v.
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(2) We have
Gal(Ng»/M ) ifi<l,
Gal(N;/M/), = Gal(N;/M;) f2<i<p‘+1,
{1} if p’+2<i.
Proof. We have

ifv<l,
Vi i, (V) = { cw—1y+1 ifv>1,
Voo ()= ifv<p+1,
Ne i p(v—p—l)—l—p +1 ifv>p+1

by (2-10), (10-1) and Lemma 5.4 noting that 7 has a (p¢ — 1)-st root in Mé Hence,

claim (1) follows from ¥, i = VR, it oVit,) iy Claim (2) follows from claim (1)

and - o~ ~ ~ ~ o~
Gal(N{/Mé.)pE+1 DGal(NC/M{)pE+1 :Gal(N;/M;) U

We set

gl _ _p-l . -1
wMé_5§ . o, =B, and gy _(y§w~{ ).

Then the elements ity D, and wy, are uniformizers of M 1\7; and ﬁ; respec-
tively. Let k be the remdue field of K.

Lemma 10.2. We have a commutative diagram

Nr =
vt il U2,
Ne {
F— P

where the map P is given by x — x? — x and the vertical maps are given by

P ‘41 T —1 -
— — N
PNe.—y7' YR, k, I=xy, X
~ 2
Pity w2, - U% i — k, 1—|—xer, = X.

¢
Proof. The norm maps Nrg ;7 and Nrj , i induce
Pl P2 g ptl e+ | —(yP — pitl
UN( /U UM{ /UM{ , 1 uy; = 1—(u u)zer( ,

p+1 p+2 U2 3 p+l 4 a1 A2
U /U Mé/U . 1-— uwﬁ = u,BC wM£|—>1+uer2

respectively by Lemma 5.5(1) and calculations of the norms. Hence, the claim
follows. ]
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For any finite extension M of K, we write vy, for the composite Vg o Try k.

Lemma 10.3. We have rsw(E. lw, . ) = — n'8; "V mod Uﬁll,u

Proof. We put fn ¢ =8¢ IWM, , and regard it as a character of M . By (2-12),

Lemmas 5.5(1) and Lemma 10 1, the restriction of Sn ¢ to Uz i, is given by the

Compos1t10n Art /
U2, %, Gal(N,/M;) ~F, L% @Y,

where the isomorphism Gal(ﬁg / ]\7;) >~ [, is given by o = o (y;) — y,. We define

PR~y 38 in Lemma 10.2. For u € OM/ we put o, = ArtM,(l +uer/) and

then have

(10-3) &1+ ufqug = v0(0u(vs) — ¥2)

Ve
= o (p Neo—ve! (aum)))
Oy (w~ )
4

where we use Lemmas 5.5(2) and 10.2 at the last equality. Since we have

I
Trig, /7. (8¢

u) = —r i

foru e O fiy» We obtain
~ _ (4 1
Eunc(14+x) = Yrjzy (=n'~187 )

for x € p%, by (10-3). This implies
¢

(10-4) Enc (14 x) = Yyyn(—n''87 ")

for x € p M because Tr; Jky Tk — kp is surjective. The claim follows from (10-4)
and Proposmon 5.3(1). ([

Lemma 10.4. We have 1sW(ty ¢ y.c» VE,) = n'p, mod U1

Proof. By Proposition 5.2(1), we may assume that x =1, c=1. By Proposition 9.5
and Lemma 10.3, we have

(10-5) rsw(tn,;le;, Yre) = Nryp 7o (05w (En g, Yap)) = n'g,  mod Ulzu.
Since Tgu is a tamely ramified extension of E;, we have
(10-6) rSW(Tn g, Vi) =TSW(Tn ¢ lwyy, Yrp)  mod U

by Proposition 5.2(2). The claim follows from (10-5) and (10-6). O
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Proposition 10.5. We have rsw(t; y ¢, Yx) =1sW(T¢ 5., Vi)

Proof. By t¢ y.c =Indg, /k Tn¢.x.c, We have

(10-7) 1sW(T¢ ., Y&) = Nrg, jx (0SW(Tn.z .o VE,))-

Hence, the claim follows from Lemmas 4.5 and 10.4. ([
Lemma 10.6. We have Sw(t; , ) = L.

Proof. This follows from Lemma 10.4 and (10-7). O

Lemma 10.7. The representation t; . is irreducible.

Proof. We know that the restriction of 7, ¢ , . to the wild inertia subgroup of W,
is irreducible by Corollary 2.6. Assume that 7 , . is not irreducible. Then we have
an irreducible factor ¢’ of 7 , . such that Sw(r’) = 0, by Lemma 10.6 and the
additivity of Sw. Then, the restriction of 7’ to the wild inertia subgroup of Wx
is trivial by Sw(z’) = 0. On the other hand, we have an injective homomorphism
Tncye = T |WE[ by Frobenius reciprocity. This is a contradiction. (]
Proposition 10.8. The representation t; , . is irreducible of Swan conductor 1.

Proof. This follows from Lemmas 10.6 and 10.7. U

11. Epsilon factor
11A. Reduction to special cases. In this subsection, we show the equality

8(T{,x,6a lﬂK) = 8(7[;,)(,0’ wK)

of epsilon factors assuming some results in the special case where n = p®, ch K = p
and f = 1. The results in the special case will be proved in the next subsection.

Lemma 11.1. We have
(1,) if n' is odd,

—(—e(P)(%’/)(_?l)(n//z)fl)f if n' is even,
a —(=DFPDIN g p g,
MTC/E;,wE{):{( o sz

P+l

ME¢ /K, Yk) = {

Proof. We have
MTY Eg, Ve, = MTEEf, ) M(E}/Ee, V) = AT E W),
If p # 2, then we have
A(Tgu/Eu’ ‘/ng) _ —<—e(p)<27"/> (_71)(p61)/2>fN _ _(_1)%(17_1)]”1\]

by Lemma 8.4, since f N is even. The other assertions immediately follow from
Lemma 8.4. ]
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Lemma 11.2. We have
- ifp=2ande<?2,
M T g = |V TP =2 andes
(H) , otherwise.

Proof. Let Ky and K(,) be nonarchimedean local fields of characteristic 0 and p
respectively. Assume that the residue fields of K (o) and K, are isomorphic to k.
We take uniformizers @) and @) of K (o) and K p) respectively. We define T,
similarly as Tu starting from K ). We use similar notations also for other objects
in the characteristic zero side and the positive characteristic side. We have the
isomorphism

2~ 2
(’)T;(p)/pT;u’(p) e OT:?O)/pTcH.(oV bo+&ory o+ §1ZD'T§ o

of algebras, where &p, & € k. Hence, it suffices to show the claim in one of
the characteristic zero side and the positive characteristic side by [Deligne 1984
Proposition 3.7.1], since Gal(M’“(p)/ (p))z =1 and Gal(M’“(O)/ (0))
where we use upper numbering ﬁltratlon of Galois groups.

First, we consider the case where p #2 and ch K = p. Then, we have d Mp Ty = r
by Proposition 6.2 and the fact that fN is even. Hence, § M Ty is unramified
by (6-1). Hence, we have

MME[TE 1) = Gup e ) = (1)

by [Henniart 1984, Proposition 2; Bushnell and Henniart 2006, Proposition 23.5]
and (6-1).

We consider the case where p = 2. Assume that ¢ > 3 and ch K = 0. We have
D = ZKcS?_l + 1 in the notation of Proposition 6.2 with (L, K, a) = (M}*, TC“, 8¢).
Then, we have D € (Mé“X)Z. Hence, we have kp =1, dMéu/T{u =1 and

w2(IndM4/‘U/T[u 1) =1
by Proposition 6.2 and (ﬁ’:) = 0 mod 2. Therefore we have
)\.(Méu/Tcu, WTIU) = S(IndMgu/T{u 1’ wT(u) — 8(1@[)9, lﬁT;u) _ 1

by Theorem 6.1.
Assume that e =2 and ch K = 2. Then we see that d;f],u /7
Hence, 6 M/ T is the unramified character satisfying

u u u = _ f
Suprp(@ry) = (=1)
by Theorem 6.4. Then we see that
)M(Méu/T;u» 1pT[‘") = S(IndMQ‘/T{“ 1, lﬁTZ“) = 8(5MQU/T§U @19, WT;) = (—l)f,

where we use Theorem 6.1 at the second equality.

=1 by Definition 6.3.
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Assume thate=1andch K =2. Letk M1y be the quadratic character associated
to the extension M é“ over Tg“. Then we have

}‘(Méu/Tgu’ wT{“) = 8(KMé“/T£“a ‘WT{“)

by Theorem 6.1 similarly as above. We can check that the norm map Nngu /7
induces

U,{lg,/U2 w— UTU/UTU, L+us, ' 14 —u) ar.
Then, by Lemma 5.5, we have

(11-1) i e (1+ e x) = l//()(Al”tTKU(l +arx)(8) — &)

Artye (1 + o x) (871
=W0<PM5u,a;1( LSRR ))

S 1
¢
= Yo (Trxr, (X))

for x € OTgu noting that ky = k. Hence, we have I'SW(KMéu /T8 WT;U) = a; by
Proposition 5.3(1). By Proposition 5.3(2), we have

eepp 1o Wre) = Kpgp 7o (o) = Kpgp e (1L o) = (=D
where we use NrM/u /T () =a, "4 1 and (11-1) at the last equality. ]
Lemma 11.3. We have
: 0 if1<i<p®—2,
TrM/u/Tu((sz.):{A_l B #_l;p
ehe r(pt=1) fi=p—1.
Proof. Vanishing for 1 <i < p® —2 follows from (9-9). We have also
e—1
TrMé“/TC‘“‘((S; ) =TrMéu/T{u(r +5 ( Ol +61)) =7 (pe_ 1)
by (9-9). O
Lemma 11.4. We have
1 ifp#2,
Sru/E, (1SW(Th ¢, YE,)) = { i
{/C ‘ ‘ (p:{i-l) lfP=2
Proof. If p =2, the claim follows from Lemmas 8.3(1) and 10.4, since T{u is totally
ramified over E;.
Assume that p # 2. Then we have dry/py = (— 1)(P**+D/2¢ by Proposition 6.2.
Hence, we have 87y ((— P =D/2¢y ¢;) =1 by Lemma 8.3(2). Therefore, we have

12 /E, (tsW(Tn,g, YE,)) = 812 /E} (n'¢})

. n'(=1)w*=b/2
:STIU/E?(n/(_l)(p 1)/2) — (— =1

N
q
by [Gallagher 1965, (1)], Lemmas 8.3(2), 10.4 and the fact that fN iseven. [J
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Lemma 11.5. Assume that n = p°. Then we have (t¢ y.c, Yx) = (7 y.c, Vi)
mod 1 e (C).

Proof. Let m be the representation of GL,(K) corresponding to 7, , . by the
local Langlands correspondence. By the proof of [Bushnell and Henniart 2014,
Proposition 2.2], Propositions 8.6 and 10.5, we have

GL, (K)A

T~ c—IndL <yl

for a character A : L;Uj1 — C* which coincides with A; , . on KXUjl. Then,
the claim follows from [Bushnell and Henniart 2014, Lemma 2.2(1)], because
L; Ujl/(KX Ujl) is the cyclic group of order p®. U

Proposition 11.6. We have &(t; y ¢, Yx) = (¢ y.co YK )-

Proof. By Proposition 3.2 and 7 , . >~ IndE{ JK Tn,c,x,c it suffices to show that
ME /K AP e (T e YE) = (D" @) e

By Lemma 10.4, we may assume x = 1 and ¢ = 1. Hence, it suffices to show

(11-2) ME¢ K W) e(tag, Yg,) = (=1)"71T0)

Assuming that (11-2) is proved for n = p¢, we show (11-2) for general n. Let
denote the representation of Wg, given by O, in (2-12) and .. We put
wE( =n"" le( Applying the result for n = p¢ to E,, <p§ in place of K, w, we

have
8ty 0 W) = (D771,

where ¢ denotes €g for n = p°. Since detz, ¢ 1s unramified as in the proof of
Proposition 8.6, we have

(11-3) ety ¥r) =dett, (1) e(r, . Yp,) = (=DP 71
We note that the inflation of the character in (2-9) by ®, factors through
We, > (£1}xZ, o @ V2, fn,).
If p # 2, then we have (n'¢}, —¢)E, = (";/), where
(e EX(ES)? x EJJ(E[)? — {£1}
denotes the Hilbert symbol. Hence, we have

e V) [(Z)(%) (—e(2)" ") ifp#2.
e(t, . VE) | (=1)En-2=§2Q-D)f if p=2

by (2-9), Lemmas 4.2 and 10.4. Then we have (11-2) by Lemma 11.1, equa-
tions (11-3) and (11-4).

(11-4)
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Therefore, we may assume that n = p®. By Lemmas 11.1 and 11.5, it suffices to

show that .
YN :1 if p#2,

8(7:1’!,{7 1/ng ( 1)1+50f if p= 2.

By Proposition 5.1, we have
e(n s e )" T =07y, (W (Tn g, WED) T AT By Ve )" €Ty V7).
By this, Lemmas 11.1 and 11.4, it suffices to show that

(—=DFP=DIN i p 2,
(—D'Fef (S4y) i p=2.

This follows from Lemma 11.2 and Proposition 11.7. O

c(onchig ) = -

_ o1
We set Dyp = 8{ .
Proposition 11.7. Assume that n = p°. Then we have
—(=DFPIN(L) i p A2,
(_1)]+€()f lfp:2
Proof. First, we reduce the problem to the positive characteristic case. Assume

that ch K = 0. Take a positive characteristic local field K,) whose residue field
is isomorphic to k. We define M gﬁ“( » similarly as M é” starting from K,). We use

8(§n,§, WMQ') = {

similar notations also for other objects in the positive characteristic side. Then we
have the isomorphism

P, = Omp [Py So+Eamyy

2 A~ oA )
+&w = &g+ Emyn+Em
o & Mg‘l(p) §o+6&1 M & My

I (02

of algebras, where &1, &, &3 € k. Hence, the problem is reduced to the positive
characteristic case by [Deligne 1984, Proposition 3.7.1].

We may assume K = F,((¢)). We put K1y = F,((t)). We define M il similarly
as M é” starting from K ;). We use similar notations also for other objects in the
K 1y-case. We put f' = [Méu : Mgﬁ‘f(1>]. We have

Sy, (W En .1y, Vg, ) = (=7

by Lemma 10.3. We have )»(Mé“/M;‘,‘m, wMéu“)) = 1, since the level of IpMéum is
2 — p° by Lemma 11.3. Then, we obtain , ’

(11-5) eGnes Yup) = (=D ey Yarp )
by Proposition 5.1. By (11-5), the problem is reduced to the case where f = 1. In
this case, the claim follows from Lemmas 11.11 and 11.16. O

11B. Special cases. We assume that n = p°, ch K = p and f =1 in this subsection.
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11B1. Odd case. Assume that p # 2.
Lemma 11.8. We have x/fMéu(—(SfeH(l +xwyp)) =1 forx € ky.

Proof. For x € ky, we have
Yap (=80 T (4 xemy) = Yap ('8 —a; N Sc +20) = Y (—r 718D,

because Tngu/T[u (6¢) =0 and [MéUl : Tg“] = p°. If p® # 3, then we have the claim,
because TrM;“/TC“ (8?) =0

We assume that p¢ = 3. Then we have
Ve (=180 =¥ (=2r ) = Yo (Tray s, (=25 2) = o (=N Tr 5, (r ) = 1
by Trage/7e (53) =2r and r*=—1. O

Let 6; be as in (9-10).
Lemma 11.9. We have

-1)/2
NrNéu/Méu(l +X9;p )/

2
wMé“) =1+ (—2r)(1_p)/2poUMg“ + %wlﬁl? mod pi/[?,
forx € ky.
Proof. We put T = 1 +x6" "/ @y By 6 —0; = (=2r)7'67 in (9-11), we have

6, = _%53(({1@ 18> —1)""

Substituting this to x (T — 1)8; = 9;”_1)/2, we have
(T? —2T +1 = x*o ) P VAT - 1) - (—2r)<1—f’>/2waMéu =0.
¢

The claim follows from this. O

Lemma 11.10. We have
D s+ xmys) ™ = —(= D Rp) (L),
xEkN N

Proof. Let g;h ¢ be as in Section 9C. We note that the left-hand side of the claim
does not change even if we replace &, ; by E,;’ ¢- We have

(11-6) Zg:r/l{(l +wa2u)—1 = 25’24(1 + (_2r)(l_p)/2xpré“)_

xeky xEkN

= ZSn g( wM/u)

xEkN

2
_ xX°op—1
=Y v (-5 7),

XGkN

1

-1
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where we use Lemmas 9.7 and 11.9 at the second equality and (10-4) at the last
equality. The last expression in (11-6) is equal to

> un @ (P = Dx?) = Y v (T, () = (=D P2y (L)

XEkN XEkN

by (2-16), (8-2), Lemma 11.3 and N = 2ey. U
1

Lemma 11.11. We have ¢(&, ¢, 1I’Mg") = —(—1)5((”_1)30)(#).

Proof. We have

£, Yan) =p 0 Y Ene (=80 T (1t xmye) T W (=87 T (AL xmy))

xekN
1 e
= _(_1)§<(p71)eo)(i)gn’g(_ag 1)1
by Proposition 5.3(2), Lemmas 11.8 and 11.10. We have
e e 1 Cylooe
én,;(—éf H) = g’i,g(_aé’ “)(_1)5(17 D3 (p*+DN
= r/l,;(—(Sé’eH) — gé’{(_(_zr)(purl)%(l—p)) —1,

where we use

-1)/2 1-p)/2
Nrypaap 0P emyp) = (=200 Py

at the third equality and k5 C NrNgu /M (N g“) X) at the last equality. Thus, we have
the claim. U

11B2. Even case. Assume that p = 2.
Lemma 11.12. We have Tryn ¢; ™ =0and

e 1 l:fe =1
Trym 52 = ’
mp/k (87) {0 ife>2.
Proof. These follow from 8?6 — & = 01;1 + 1. O
—1 —1
Lemma 11.13. We have Ny pp (08, 7) =8,

Proof. We have Nty y0 (6;) = 87 by 07 — 0 = 8¢ and 17 — n; = §;. The claim
follows from this. O

Let og € Gal(N gﬁ“ /M é“) be a generator of Gal(N é“ /M 2”) determined by

oo(ng) —ng =1 and  o9(6;) —0; = ;.

Lemma 11.14. Let 1, ; : Gal(Né“/Méu) — C* be the homomorphism induced
by g,;,g (see Lemma 9.9). Then we have i, ; (09) = —+/ —1.
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Proof. Let s, t be as in (9-4). We take o € IMg“ such that ®, (o) = ((1, ¢, 52, 0).

Recall that P
¢/((1,t,s2))=§<1,s2+ > r2+2)eRg

O<i<j<e—1
is a generator. Then it suffices to show that o (n;) —n; =1 and o (6;) — 0; = ;.

We can check the first equality easily. To show the second equality, it suffices to
show that o (6]) — 6} =n2" . By (2-11), we have

e—1

— 2 2,2
oY) —Vvc=s —i—X(%(t,é& +t)*  mod P

Byt =0(B:) — B¢, Trre r, (1) =1 and (9-14), we have
oY) —vi=n.—bi+s"+ Z t* " mod Py
O<i<j<e-1

Hence, by (9-15) and (9-19), we have

2971
0(92) — Qé = Zdi n, mod P
i=0
with some d; € k*. By (9-19), we have
Y o) -y =och—vi+ D 4+ Y P -9
i=0 I<i<j<e—1 O<i<j<e—1

Therefore, again by (9-15) and (9-19), we have
do=bi+s>+ Y 4 3 2 os =0
O<i<j<e-1 I<i<j=<e-1
This implies o (6;) —6; = n?eil, since we know that o' (6;) — 6, — n?eil € [, by
Lemma 9.8 and o (n;) —ny = 1. O
Lemma 11.15. We have

V=T e,

e = v T
me T _1—[—1 ife>2
1 e,

Proof. By Proposition 5.3, equation (10-4), Lemmas 11.3, 11.12 and 11.13, we
have

(7)o e V) =272 ) 6 (87 T (A kxd )™ Y (87T (14x8)

xE[F2
27 Pa=g, (48D Th ife=1,
272, (48 DT ifex>2
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First assume that e = 1. Then we know the equality in the claim modulo u,(C) by
Lemma 11.5. Hence it suffices to show the equality of the real parts. This follows
from (11-7). In particular, we have éé’g(l + 8;1) =—1.

Next, we consider the general case. We put oy =1/ (8? — 8+ 1) and o’ =af.
Let ‘%,1, ¢ denote %,1 in the case where K and @ are replaced by F,((zw’)) and w’.
By applying Lemma 11.14 t0 &, . and &, | ., we have §, . =&, .. We know
that Sé’u(l + 8;]) = -1 by the result in the case e = 1. Hence, we have
g (1468, ") = +/—1, which shows the claim. 0

Lemma 11.16. We have
eEncs Yap) = (=D,
Proof. The epsilon factor (&, ¢, WMQ‘) equals 8(%';[’ ¢ WMQ“) times

(1+\T)—3(2"+1) if e £2,

[ e
by Lemma 4.2, equation (9-12) and Lemma 10.3. Hence, the claim follows from
Lemma 11.15. O

Appendix: Realization in cohomology of Artin—Schreier variety

We realize 7, in the cohomology of an Artin—Schreier variety. Let v,_, be the
quadratic form on A} 2 defined by

1
2Oz =—— Yy

I<i<j<n-2
Let X be the smooth affine variety over k% defined by
xP —x =y T v 5 () 1iza—2)  in A
We define a right action of Q < Z on X by

(xv y» ()’i)lsisn—2)((a, b9 C)’ 0)

e—1

= (x +) (by)" +c aly+b"), (a(p€+1)/2yi)l§i§n—2>a
i=0

(o, ¥, O1<i<n—2) Fr(1) = 6P, y2, (5 ) 1<i<n—2)-

We consider the morphism

Tnea A = Ale, (0, 0 1<i<n—2) = Y7 T 40,0 ((0) 1<i<0-2).
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Then we have a decomposition
(A-1) H'7NU(X, Q) = @ H AR L)
yeR\{1)
as Q x Z representations. Let p, be the representation over C of Q x Z defined by

—1
Hn I(Akﬂ‘L ’ :—Zﬁw)(nz )

and ¢, where ( 21) means the twist by the character ((a, b, c), m) — p
Lemma A.1. If p £ 2, then we have detv, _, = —(—2n")" € [F;/([F;)z.

Proof. This is an easy calculation. U

m(n—l)/2‘

Proposition A.2. We have t, >~ p,.
Proof. Let Y be the smooth affine variety over k* defined by
xP —x = v 0 ((V)1<i<n—2) in AL

We define a right action of Q X Z on Y by

(x, G 1=izn-2)((@, b, ©),0) = (x, @2y 1cicn),

(x, O 1=i<n—2) Fr(1) = (7, (5 )1<i<n—2)-
Using the action of Q x Z on Y, we can define an action of Q x Z on
Hn 2(AkdL ) :—2£1ﬂ0)'

Then we have
(A-2) Hn 1(Akac » Ty 25100) = H (Ak“’ 7 EI/'O) ® Hn 2(’&kaC » Vp— 2£¢0)

by the Kiinneth formula, where the isomorphism is compatible with the actions of
Q x Z. By (A-2), it suffices to show the action of Q X Z on

(A-3) H A2 v L) (1)

is equal to the character (2-9) via .
First, consider the case where p # 2. The equality of the actions of Q follows
from [Denef and Loeser 1998, Lemma 2.2.3]. We have

A4 (D" Z Yo (v 2(y))—< )(—(‘i”’))"(e<p>ﬁ)n—z
- (_E<p>(%n’))"@n—z

by Lemma A.1. The equality of the actions of Fr(1) € Q x Z follows from [Deligne
1977, Sommes trig. Scholie 1.9] and (A-4).

If p=2,the equality follows from [Imai and Tsushima 2020, Proposition 4.5]
and (-27) = (= 1)s"2, O
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