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_SMOOTH LOCAL SOLUTIONS
TO SCHRODINGER FLOWS WITH DAMPING TERM
FOR MAPS INTO SYMPLECTIC MANIFOLDS

Bo CHEN AND YOUDE WANG

We show the existence of short-time very regular solutions to the initial
Neumann boundary value problem of Schrodinger flows with damping term
(or Landau-Lifshitz—Gilbert flows) for maps from a 3-dimensional compact
Riemannian manifold with smooth boundary into a compact symplectic
manifold.

1. Introduction

Let (M, g) be a compact Riemannian manifold with smooth boundary and (¥, J, w)
be a symplectic manifold, where w is the symplectic form and J : TN — TN with
J?=—idis an w-tamed almost complex structure. For a smooth map u € C>(M, N),
the tension field is defined by

T(u) = try(Vdu),

where V denotes the induced connection on the pullback bundle u*TN.

Recently, in [Chen and Wang 2023b; 2023a] we have addressed the local existence
of strong or even smooth solutions to the initial Neumann boundary value problems
to the Schrodinger flows from a smooth bounded domain Q" (m = 2, 3) into a
standard sphere S% A natural problem is whether or not one can extend the local
existence of smooth solutions to the initial Neumann boundary value problem to the
following Schrodinger flow from a compact Riemannian manifold with boundary
(M, g) into a general symplectic manifold (N, J, w):

ou=Jwrt), (x,t) e M x RT,
ou/dv =0, (x,1) € M x RT,
u(x,0)=u9g: M — N.
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In this paper, we are concerned with a geometric flow for maps between (M, g)
and (N, J, w), which is a close relative of the Schrodinger flow. If u is a time-
dependent map from (M, g) into N satisfying

oru+yVyu=at) —pJw)t(u),

we call this geometric flow a Schrodinger flow with damping term ot (1) (or
a Landau-Lifshitz—Gilbert (LLG) geometric flow) for maps from (M, g) into
(N, J, w), where o > 0, B and y are fixed real numbers, v : M x Rt — TM
is a vector field satisfying div(v) = 0 inside M for any ¢t € R™, and V,u is defined
by

Vou =du(v).

We are interested in the well-posedness to the initial Neumann boundary value
problem of the above geometric flow

u+yVou=at(w)—BJw)twm), (x,t)eM xR,
(1-1) du/dv =0, (x,t) € 0IM x RT,
u(x,0)=u9g: M — N.

In fact, the study of system (1-1) above can be regarded as the first step to
approach the previous initial Neumann boundary value problem on the Schrodinger
map flow. This is also the main motivation of this paper.

On the other hand, system (1-1) is of strong physical background. Now, let us
recall some background materials and related equations of this flow.

1A. Background: Landau-Lifshitz—Gilbert equation and the Schridinger map
flow. Let Q be a bounded domain in R>. In physics, for a map u from Q into a
standard sphere S? the Landau-Lifshitz (LL) equation

(1-2) oju=—u X Au

is a fundamental evolution equation for the ferromagnetic spin chain and was
proposed on the phenomenological ground in studying the dispersive theory of
magnetization of ferromagnets. It was first derived by Landau and Lifshitz [1935],
and then proposed by Gilbert [1955] with dissipation as the form

(1-3) oru = —ou X (u X Au) — Bu x Au,

where 8 is a real number and « > 0 is called the Gilbert damping coefficient. Hence,
equation (1-3) above is also called the Landau—Lifshitz—Gilbert (LLG) equation if
a > 0. Here “x” denotes the cross product in R? and A is the Laplace operator
in R?

Let i : S> — R? be the canonical inclusion map, which induces an embedding
iy :TS?* > ST x R3 namely i,.(p, v) = (p,di,(v)) forany p € S?andv e Tp§2.
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Let ¢ : R3\ {0} — S? be the projection defined by ¢(y) = y/|y|. Then a direct
calculation shows

di|y(w) =my(w) =w —(w, y)y

for y € S? and w € R3 where 7 is the orthogonal projection from R? to TySZ.
Moreover, it satisfies

Ixy Oy =Ty, Tyoiy =1id.
Then u x has the intrinsic form
UX =1y 0J(u)om,.

Here J is the complex structure on S i.e., J(u) : T,S* — T,S? rotates vectors
7 radians counterclockwise in the tangent space of S? Therefore, (1-3) can be
written as

oru = amy Au — Biy(u) o J(u)om, Au.

Since t (1) = 7, Au € T,S? (i.e., the tension field) and 7, d,u = d;u, we get the
intrinsic version of (1-3) as

(1-4) ou =at(u)—BJ(w)t(u).

In the case a =0, it is just the Schrodinger flow into S% which is introduced inde-
pendently in [Ding and Wang 2001] and [Terng and Uhlenbeck 2006] as a geometric
Hamiltonian flow of maps between manifolds. The intrinsic equation (1-4) can be
defined between general manifolds and gives a natural generalization of the LLG
equation, which is a parabolic perturbation of the Schrodinger flow. Namely, suppose
that (M, g) is a Riemannian manifold and (N, J, w) is a symplectic manifold, the
LLG geometric flow for map u : M x R — N < RX is defined by

1-5) du=oatu) —BJ W)t (u),

where
T(u) = Au+ A(u)(Vu, Vu)

is the tension field, A(u)(-, -) is the second fundamental form of N in RX. Here
we have embedded isometrically N into RX by applying the well-known Nash
embedding theorem. In the following, we always assume that N C RX is just a
submanifold in RX for the sake of convenience and without loss of generality.
Letv: M x RT™ — TM be a vector field with div(v) = 0 inside M. The equation

(1-6) oru+yVyu=cat(u) —BJ(u)t(u)

appears in magnetoelastic theory, where y € R is a constant. One can refer to
[Benesova et al. 2018; Kalousek et al. 2021] for more details.
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In the special case of o = 0, the equation
oru~+yVou=—8Ju)t(u)

is called an incompressible Schrédinger flow, which was derived for the purely
Eulerian simulation of incompressible fluids by Chern et al. [2016].

We should mention that (1-5) and (1-6) are gauge equivalent. Let ¢, : M — M
be a family of diffeomorphisms of M generated by y v, which preserves the volume
element. Namely, ¢, is the solution to the ODE

9 _ (¢ (x), 1)
(1-7) or VU0
¢(-,0) =do,

where ¢p : M — M is a given diffeomorphism. If 0 M # &, we additionally assume
y{v, v)|sm = 0, where v is the outer normal vector of d M. Let u solve (1-6), and
set iu(x,t) = u(¢;(x),t). Then we have

it = (du 4y Vyu) 0 ¢y (x) = ¢ (at(u) — BJ ()T () = ot (it) — BJ ()7 (1).
This is the standard LLG equation
o =at(m) — BJ ()t ()

with respect to the pullback metric g; = ¢/ g.

It is worthy to point out that if the vector field v is the velocity field in magnetic
fluid, which satisfies a Navier—Stokes equation involving a magnetic term, we can
derive the so-called magnetic elasticity system (see [BeneSova et al. 2018] for more
details)

v+ Vyo+VP=puAv—V-(Vu®Vu— W (F)F),
div(v) =0,
F+(-V)F—VvF =«AF,
oru~+yVyu=at(u) — fu X Au,

(1-8)

accompanied by some suitable initial-boundary value conditions. Here w, « are two
positive constants, u : Q" x RT — S? is the magnetization field, v : Q" x R — R™
is the velocity field of the fluid, P is the pressure function, and F : Q" — R"™*™ is
the deformation gradient, where 2" is a domain in R with m = 2, 3. The term
Vu © Vu is an m x m matrix with (i, j)-th entry

(Vu©Vu)ij =(Viu, V;u),
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W is the elastic energy which satisfies W(RS) = W (S) for all R € SO(m) (and
thus W/(RS) = RW'(S)) for all matrices § € R™*", and

t(u) = Au+ |Vu|2u.

In the special case « =0 and F =0, equation (1-8) is the Navier—Stokes—Schrodinger
flow, which can be used to describe the dispersive theory of magnetization of
ferromagnets with quantum effects.

Next, we briefly recall a few results that are closely related to our work in the
present paper. In 1985, the existence of global weak solutions to the LLG equation
(i.e., (1-3) with o > 0) was established by Visintin [1985]. P.L.. Sulem, C. Sulem,
and C. Bardos [Sulem et al. 1986] employed a difference method to prove that the
LL equation (1-2) without a dissipation term defined on R" admits a global weak
solution and a smooth local solution. Later, Alouges and Soyeur [1992] showed the
nonuniqueness of weak solutions to the LLG equation defined on a bounded domain
Q C R Y.D. Wang [1998] adopted a more geometric approximation method (i.e.,
the complex structure approximation method) than the Ginzburg-Landau penalized
method used for the LL.G equation in [Alouges and Soyeur 1992; Bonithon 2007;
Tilioua 2011] to obtain the global existence of weak solutions to the Schrédinger
flow for maps from a closed Riemannian manifold or a bounded domain in R"
into S For recent developments of weak solutions to a class of generalized LL
equations and related flows, we refer to [Jia and Wang 2019; 2020; Chen and Wang
2021] for various results.

The global well-posedness result for the LL equation on R" with n > 2 was
well studied by Ionescu, Kenig, and Bejanaru et al., we refer to [Bejenaru 2008;
Bejenaru et al. 2007; 2011; Ionescu and Kenig 2007] for more details. For the
Schrodinger flow from a closed manifold or R” onto a compact Kéahler manifold
(i.e., (1-9) with o = 0), the existence of local smooth solutions was obtained by
Ding and Wang et al., one can refer to [Ding and Wang 1998; 2001; Sulem et al.
1986; Pang et al. 2000; 2001; 2002; Zhou et al. 1991].

In the case the domain manifold is a smooth bounded domain in R3, Carbou
and Fabrie [2001] proved the local existence and uniqueness of regular solutions
of the initial Neumann boundary value problem to the LLG equation. Recently,
the local existence of very regular solutions to the LLG equation with a > 0 was
addressed by applying the delicate Galerkin approximation method and adding
initial Neumann boundary compatibility conditions on the initial map [Carbou and
Jizzini 2018]. Inspired by this method, which essentially stems from [Sulem et al.
1986], we obtained local-in-time very regular solutions to the LLG equation with
spin-polarized transport in [Chen and Wang 2023c].

Very recently, the authors of this paper studied the most challenging LL equation
(i.e., the Schrodinger flow into $?) on a smooth bounded domain in R? and proved
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the existence and uniqueness of local-in-time strong solutions and local very regular
solutions to its initial Neumann boundary value problem (see [Chen and Wang
2023b; 2023a]).

1B. Motivations and main results. Although we have proved the existence and
uniqueness of local-in-time strong solutions and local very regular solutions to the
initial Neumann boundary value problem of the Schrddinger flow from a smooth
bounded domain in R? into S? (see [Chen and Wang 2023b; 2023a]), the existence
of the initial Neumann boundary value problem of the Schrodinger flow from a
smooth bounded domain M in R* into a compact Kihler manifold N is still an
open problem:

o = J ()T (), (x,1) € M x RY,

ou/ov =0, (x,1) € 0M x RT,

u(x,0)=u9g: M — N.
To this end, the first step is to extend Carbou’s work [Carbou and Jizzini 2018] on
the LLG equation for maps from a smooth bounded domain in R? into S? to the
case from a compact Riemannian manifold with smooth boundary into a symplectic
manifold. So, in this paper we consider the existence of regular solutions to the
initial Neumann boundary value problem of (1-5) with « > 0.

Because the geometry of the domain manifold M does not affect our analysis and
the main results, for simplicity, we assume that €2 is a smooth bounded domain in R™.
Let u be a time-dependent map from €2 to N. We consider the initial Neumann
boundary value problem of the general LLG flow (equation)

ou+yVou=at(u)—BJw)t(u), (x,t)€Q xR,
(1-9) ou/ov =0, (x,1) € 9Q x R,
u(x,0) =up: Q2 — N — RXK,

where o > 0, y and B are fixed real numbers. Here v : @ x RT — R is a vector
field satisfying div(v) = 0, and V,u is defined by

Vou = du(v).

No doubt, the initial Neumann boundary value problem of the corresponding
incompressible Schrodinger flow

du+yVou=—BJwtW), (x,1)eQ2xR"
(1-10) ou/ov =0, (x,1) € 0Q x RT,
ux,0)=up:Q2—> N,

and related problems are more challenging and will be carried out in our forthcoming
papers.
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Our main results are the following two theorems:
Theorem 1.1. Let Q be a smooth bounded domain in R* and N be a compact
symplectic manifold. Let uy € H*(2, N) satisfy the compatibility condition
314()
—lae=0.
™ lag
Suppose v e L®(RY, W3(Q)), div(v) =0 forany t € R, and (v, v)|sqxr+ =0.
Then there exists a constant To > 0 depending only on y, o, B, |uoll g2(q), and
IVl Lo (m+ w13 (2)) Such that (1-9) admits a unique local solution u for any T < Ty
which satisfies

(1-11) ue ([0, T, H*(Q, N))NL*([0, T1, H* (2, N)).

Furthermore, if ug € H3(Q, N), ve CORT, HY(Q)), and 8,v € LA (R, H/(Q)),
then this solution u satisfies
(1-12) dlue (o, T1, HH(Q) N LA([0, T, H* ()
forT <Tyandi =0, 1.

Moreover, we can obtain a very regular solution to (1-9) by adding higher order
compatibility conditions on an initial map:

Theorem 1.2. Let Q be a smooth bounded domain in R*> and N be a compact
symplectic manifold. Let k > 4, ug € H*(2, N) satisfy the compatibility condition
at [%] — 1 order, which is given in the Definition 5.1. Suppose that div(v) =0 for
anyt € RT and (v, v)|yaxr+ =0, and for any i < [%] -1,

atl'v c CO(R+, Hk_Z(H_l)(Q, R%)) ) LZ(R+, H2[k/2]—2i (Q, R3)),

moreover, if k is odd, we additionally assume that 3*'*'v € L*(R*, L>(Q)). Then,
for u and Ty > O which are given in Theorem 1.1, we have that for any T < Ty and
0<i<[5]-1,

du e CO[0, T, H*2 (2, N)) N L*([0, T1, H*M'%(Q, N)).
Remark 1.3. (1) Theorems 1.1 and 1.2 still hold true when Q is a compact
3-dimensional Riemannian manifold with smooth boundary.
(2) By almost the same arguments as in the proofs of Theorem 1.1 and Theorem 1.2,
we can also get a short-time very regular solution to the equation
du+yVou =a(tu) +yJ@)\Vou) +J @)t (), (x,1) € Q2 xR,
(1-13) du/dv =0, (x,1) € 02 x RT,
u(x,0)=ug: 2 —> N — R,
on Q x RY, provided that u satisfies some suitable compatibility conditions on the
boundary. Here @ > 0 and y € R.
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To prove Theorem 1.1, we need to consider an extrinsic version (see (3-1)) of
(1-9) and then use the solution of the auxiliary equation

ou+yVou=a(Au+Pu)(Vu, Vu)) — BIw)Au, (x,t)€Q x RT,
(1-14) ou/ov=0, (x,1)€dQ x RT,
ux,0)=up:Q— N — RX,

which preserves the original geometric structures of (1-9), to approximate a solution
of (1-9). Here P(-,-) and J(u) are the extensions of A(-,-) and J defined in
Section 3A, respectively. We then prove the main result Theorem 1.1 by the
following process .7 (1):

(1) We apply Galerkin approximation to (1-14), and then estimate some suitable
energies directly to get a unique solution u to (1-14) satisfying

ue ([0, T1, H*(Q, R) n L ([0, T1, H (@, R)).

Since uge H*(2, N), the geometric structures of the above auxiliary equation (1-14)
guarantee u(x,t) € N for a.e. (x,t) € Q x [0, Tp). Therefore, u is also a solution
to (1-9) satisfying (1-11).

(2) Since the space of test functions associated to (1-14) is small, we cannot get
higher energy estimates directly to improve the regularity of u. We then consider
the differential of Galerkin approximation to (1-14) with respect to time and then
apply an energy method to show (1-12).

Next, with higher order compatibility conditions on initial data at hand we can
prove Theorem 1.2 by following the ideas in [Carbou and Jizzini 2018; Chen and
Wang 2023c]. More precisely, we consider the equation satisfied by afu (i.e., (5-9))
with k > 1 and repeat the process .7 (1) in the proof of Theorem 1.1 with 8tku in
place of u. Namely, we prove the main result Theorem 1.2 by showing the so-called
property .7 (k) which is defined in Section 5.

Our proof of Theorems 1.1 and 1.2 is similar to that of [Carbou and Jizzini
2018; Chen and Wang 2023c], but is more complicated. There are two technical
issues we need to address in our presentation. The first one is that we obtain the
extensions of A(-, -) and J in a tubular neighborhood U,s(N) of N by using the
canonical projections ¢ : Ups(N) — N and 7 : N x RK — TN, which satisfy the
original geometric structures of A(-, -) and J, respectively. Then by multiplying a
truncation function involving the distance function dist( -, N), we get the desired
extensions (i.e., P(-,-) and J(u)) on RX (see Section 3A). In particular, the
extension J of J is still antisymmetric, which plays an essential role in our proof.
The second one is that the property div(v) = 0 can be applied to eliminate some
terms involving v in the process of the energy estimate. This makes the assumptions
on regularity for v in Theorems 1.1 and 1.2 weaker than those for the electric current
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in [Carbou and Jizzini 2018], one can refer to [Carbou and Jizzini 2018] for more
details.

The rest of our paper is organized as follows: In Section 2, we introduce basic
notations on Sobolev spaces and some preliminary lemmas. In Section 3 and
Section 4, we give the proof of Theorem 1.1. Finally, the proof of Theorem 1.2 is
given in Section 5.

2. Preliminary

2A. Notations. In this subsection, we fix some notations on manifolds and Sobolev
spaces which will be used in the following context:

Let (N, J, w) be an n-dimensional symplectic manifold, where w is the symplec-
tic form and J : TN — TN with J? = —id is an w-tamed almost complex structure,
that is, for any X, Y € I'(TN),

o(JX,JY)=w(X,Y).
Then w and J induce a canonical Riemannian metric g on N as
gX,Y) =X, JY),

which also satisfies
g(UX,JY)=g(X,Y).

By the Nash embedding theorem, we always embed isometrically (N, g) into RX
hence without loss of generality we assume N C RX is an embedded submanifold
of RX with the induced metric. Let Q be a smooth bounded domain in R” with
m>1.Letu=®u',...,u¥): Q2— N < RX be a map. We set

HY(Q) = Wh(Q, RY)
and
H*(Q, N) ={u € H*(Q) : u(x) € N for ae. x € Q}.

Moreover, let (B, || - || ) be a Banach space and f : [0, T] — B be a map. For
any p > 0and T > 0, we define

T P 1/p
1A o = ([ 17 15dr) "

and set
LP([0,T], B):={f:[0,T1— B: |l fllzrqo,11.B) < 00}

In particular, we set
LP([0, T1, H*(Q, N))

={uelL?([0,T], Hk(Q)) ‘u(x,t) e N forae. (x,1) e Qx[0,T]},
where k € N and p > 1.
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2B. Some basic lemmas. Next, we recall some crucial lemmas which will be
used later. The following lemma of equivalent norms for Sobolev functions with
Neumann boundary condition can be found in [Wehrheim 2004]:

Lemma 2.1. Let Q2 be a smooth bounded domain in R™ and k € N. There exists a
constant Cy ,, such that, for all u H*2(Q) with g—l'ﬂgg =0,

2-1) ||M||Hk+2(sz) i Ck,m(||u||L2(sz) + ”A””Hk(Q))-
Here, for simplicity we define H*(Q) := L*(Q).
In particular, the above lemma implies that we can define the H**?-norm of u
as follows:
lull ey = llull 2@y + 1Aull g1 (o) -

We also need to use the following ODE comparison theorem and the classical
compactness results in [Boyer and Fabrie 2013; Simon 1987] to show the uniform
estimates and the convergence of solutions to the approximate equation constructed
in the coming sections:

Lemma 2.2. Let f : RT x R — R be a continuous function, which is locally
Lipschitz in the second variable. Let 7 : [0, T*) — R be the maximal solution of the

Cauchy problem
= f(t2),
{ 2(0) = zo.
Lety : RY — R be a C' function such that
Y = £y,
{ ¥(0) < zp.

Then, we have
y() <z(t), tel0,T).

Lemma 2.3 (Aubin—-Lions—Simon compactness lemma, see [Simon 1987]). Let
X C B CY be Banach spaces with compact embedding X — B. Let 1 <p, q,r <oo.
For T > 0, we define

Ep,r:{f;feLP((o,T),X) and %GL’((O,T),Y)},

which is equipped with a norm || f || := || fllLro,17),x) + ldf/dt| L 0,1),v). Then

the following properties hold true:

() If p <ooand p < q, the embedding E, , N LI((0,T), B) in L°((0, T), B) is
compact forall 1 <s < gq.

(2) If p=ocandr > 1, the embedding of E, , in Cc%(0,T1, B) is compact.
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Lemma 2.4 [Boyer and Fabrie 2013, Theorem 11.5.14]. Let k € N, then the space

f

Eyn= {f feL*(0,T), H*(Q)), eL2<<o T), Hk<sz>)}

is continuously embedded in C°([0, T1, H**1(Q)).

2C. Galerkin basis and Galerkin projection. Let 2 be a smooth bounded domain

in R™, A; be the i-th eigenvalue of the operator A — I with Neumann boundary

condition. We denote the corresponding eigenfunction of A; by f;, that is,
A-Dfi=—\ifi WlthE 3920'

Without loss of generality, we assume that { f;}7°, is a complete, standard or-
thonormal basis of L?(Q2, R"). Let H, = span{ f1, ... f,} be a finite subspace
of L2 P, : L> - H, be the Galerkin projection such that for any f € L2
f"=P,f =>1(f, fi)12 fi- Then the following result is proved in [Carbou and
Jizzini 2018]:

Lemma 2.5. There exists a constant C such that for all n, the projection P, satisfies
the following properties:

(1) For f e H'(Q,RY), | P, (f)||H1(Q) < flla >

(2) For f € HX(2, R") with 2130 =0, 1 Pa( Pl 2@y < CIlLf I 2oy
(3) For f € H3(Q, R") with 230 =0, | Ps(Hll w3y < CILf I m3ce-
Here we set H*(Q, R") = W52(Q, R") for k e N.

3. Local strong solution

3A. Approximation equation. We start with constructing the approximation equa-
tion of (1-9). Let N be a complete compact Riemannian manifold, and N C RX.
Let 7 : N x R€ — TN be the canonical orthonormal projection induced by the
inclusion map i : N <> RX. Then there exists a positive constant § such that there
exists a canonical well-defined projection

t:Uxp(N)—> N, xr—1(x),
satisfying dist(x, N) = |x — t(x)|, where
Uss(N) := {x € RX| dist(x, N) < 28}.
Moreover, we have the following theorem (refer to [Simon 1996] for a proof):

Theorem 3.1. Let N be a compact n-dimensional C*°-submanifold embedded
in R, Then there exists a positive number §(N) > 0 and a smooth projection map

1:Uys(N) —> N Cc R¥
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such that the following properties hold:

(1) Forany y € Uys(N), we have y —1(y) € [(y)N with |y —u(y)| = dist(y, N).
Moreover, if z € N\ {t(y)}, we have |y — z| > |y — t(¥)].

(2) Foranyy € N and 7 € TyLN with |z| < 28, we have
W(y+z)=
(3) Forv e RX and y € N, we have
di|y(v) =m,(v) € TyN.
(4) Fory € Nand vy, vy € TyN, we have
Hess t|y (v, v2) = Vmr, (v, v2) = —A(y) (v1, v2).

We next restrict to the case where (N, J, w) is a compact symplectic manifold.
The almost complex structure is a map J : TN — TN such that J? = —id. Then
we can define an extension J of J on U x RX by

UxRE —L U x RK

l(z,not) i*T

TN — TN

where we define U := U,s(N). That is J(u) = (t(u), iy 0 J(t(u)) o m(u)w) for
any (u, w) € U x RX. If we restrict J to RX, the second component of J can be
interpreted as a map

J=iso ) omu :U—REQRK,  J(u) = (Jup )k xk-
To proceed, the following property on J will be used:

Lemma 3.2. Let J : U — RK®RX be the smooth map defined as above. Then Jis
antisymmetric. Namely, for any u € U and X, Y € RX,

(JX,Y) ==X, J@Y).
Proof. For any u € U and X, Y € RX,

(JW)X, Y) = (is 0 J(0(w)) 0 () (X), s 0 ) ¥)
= (J(t(u)) 0 70,y (X)), Ty (YD) 7,y N
= —(mw(X), J (@) o,y (¥)) 1, v = — (X, JwY).

Hence, the proof is completed. (]
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Therefore, (1-9) has the following extrinsic version:

oru+yVyu=a(Au+ P(u)(Vu, Vu)) — ﬂf(u)Au, (x,1) e x RT,

(3-1) du/ov=0, (x,1)€dQ x RT,
u(x,0)=ug:Q— N — RK,
Here we set P(u) = — Hess t(u), and have used the facts

moAu=1t(u)=Au+ Aw)(Vu, Vu)
and
Hess |, (Vu, Vu) = —A(u)(Vu, Vu)

for u : 2 — N (see Theorem 3.1).

Let ¢ be a cut-off function such that ¢ = 1 on [0, %] and ¢ = 0 on [252, c0).
Then the definition domains of J and P can be naturally extended to RX in the
following way:

) = {{(dist(u, N))iy 0 J(t(u)) o7y, dist(u, N) < /28,
=00, dist(u, N) > /25,
and
{—{(dist(u, N)z) Hess (1), dist(u, N) < «/55,
Pu) = .
0, dist(u, N) > /28,

where J(u) is still a smooth antisymmetric matrix-valued function with compact
support set. Then we consider the following approximation equation of (1-9):

ou—+yViu=a(Au~+Pw)(Vu, Vu)) — BIm)Au, (x,1)€Q x R,
(3-2) du/dv =0, (x,1) €2 x RT,
u(x,0)=ug:Q— N — RXK,

3B. Galerkin approximation of (3-2) and a priori estimates. Next, we seek a
solution u#" in H,, to the Galerkin approximation equation associated to (3-2), i.e.,

du" —aAu" = Py (—yVou" +aP ") (Vu", Vu")) — BPy(J(u") Au"),
u"(x,0) =up : @ — RK.

(3-3) {

Here u"(x,1) = > |, gl ) fi(x), g"(t) = {g{(®),..., g, (1)} is a vector-valued
function. One can refer to Section 2C for the notions of H, and f;. A direct
calculation shows that g” satisfies the ODE

ag" . "
o7 = F(g" (1)),

8"(0) = ((uo, f1), -, (o, fu)),

where F(y) is a smooth function of y because of the smoothness of P and J. Then
there exists a regular solution g"(¢) on [0, T"), where T" is the maximal time of
existence. So, we get a regular solution u" to (3-3) on [0, T").
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Next, by taking u" as a test function of (3-3), we can see that

2at/|“ | dx+a/|w 2 dx
:—y/ (Vou", u )dx+a/ (P(u”)(Vu”,Vu”),u”)dx—ﬂ/ (3™ Au™, u") dx.
Q Q Q

First of all, we use the fact that div(v) = 0 with (v, v)|3o = O for all ¢ to eliminate
the term

/Q(Vvu", u"ydx = %/Qdiv(vlunlz) dx=0
On the other hand, since J(1") is antisymmetric and u” € H,,, we have
[ @@ au wyde =~ [ (V@@ V' u") dx.
Q Q
It follows that
(3-4) 28t/| |dx+ot/|Vu|dx<Caﬂ/|Vu|dx

since P and J are smooth maps with compact supports.
Next, taking A%u" as another test function of (3-3), we can show

(3-5) ——/|A n dx+af|VAu 2 dx
- y/Q V(v Vu'), VAu") dx—i—,B/Q(V(f](u”))Au”, VAu") dx

_ a/ (VPW™)(Vu", V™)), VAu") dx
Q
=I+1I+1I1.
To proceed, we estimate the above three terms as follows:
1] < |y|(/|Vv||w"||VAu"|dx+f|v||v2u"||VAu"|dx)
Q Q
< ClyIVull 2 IIVall s IVAU" || 2 + Cly vl oI V2™ || 3 | VAW || 2
< Coly Pl s w13, + Tl VAW |13,
1/2 3/2
+Cly ol g a2 I VA" |2 + a1 | VA" 135
< Co(ly Pllvl e 13,2 + Iy 14l ™ 113,2)
+ Coly Pl s w13, + g VAW |13,

where we have used the interpolation inequality

1/2

2 2, n1/2) g2
IVZullps < V7" 2 1V-u e

and the Sobolev embedding inequality

I flizse < CllLf g
for anyfeHl(Q).
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The second term I can be estimated as follows:
1] < CIﬂI/ [Vu"||Au" || VAu" | dx
Q
< CIBIIVU" | sl Au™ || 3| VAU" || 12

1/2 1/2
< CBIu" |2 | A |2 AW | IV AU | 2
3/2 1/2 1/2
< CIBIU" I35 (N 113 + 1V Au" |52 | VA" 2

< Cop(lu" 132 + 14" 15,) + sl VAL |12,
Similarly, for the last term /11, we have
111 < ca/sz(|w"|3+ IVu" [|V2u" )| VAU"| dx
< Coll Vi[9 + tea I VAU 75 + ClIVU" || L6l V20" | 13 | VAW || 2
< Collu" 1S + Co (" 2 + ™ 115,2) + s | VAU" |17,
In view of the above estimates of terms [, 17, and I11, we have
0
(3-6) fQ|Au"|2dx+a VA" dx = Coy g (10 1130y 1) (" Wyt 1)

Therefore, by combining (3-4) with (3-6), we conclude
0
BTl pgytef [VAU"?dx < Cay g (10115t D (" )+ 1)’

Proposition 3.3. Let Q be a smooth bounded domain in R>. Suppose that u is in

H*(Q) and
dug

v lag
v e L®RY, WI3(Q)), and div(v) = 0 with (v, v)|saxr+ = 0. Then, there exists a
positive constant Ty depending only on «, y, B, and |\ug| g2, such that the above
approximate solutions u" satisfy
T
(3-8)  sup ("l F19:14" 720y +et | (" W3 )+ 1" 131 )) dt < C(T)

0<t<T

’

for0 < T < Ty, where C(T) is a constant depending on T.

Proof. Let f(t) =|u" ||§7[2 +1. Since v e L®(RT, W13(Q)), inequality (3-7) implies
f(¢) satisfies
{ fo<cirm+n?

F0) = [ugll3> +1 < Clluoll3,» + 1.
Here we have used the inequality
lugli2 < Clluoll3,e,

: dug _
since 5%y = 0.
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Then, by Lemma 2.1 and the classical comparison theorem of ODE, Lemma 2.2,
we can show that there exists a positive constant 7y depending only on «, y, B,
and ||ug|| g2, such that for any 0 < T < Ty,

T
SUp_ " 2y + [ 1" 30, di < C(D).
0<t<T 0
By (3-3), it is not difficult to show
ny2 T ny2
Sup ”alu ||L2(Q)+Ol “a[l/t ”HI(Q) dt S C(T)
0<t<T 0
Therefore, the proof is completed. (]
With the above uniform estimate (3-8) of 1" at hand, we can show that there

exists a local strong solution to (3-2) by applying the compactness Lemma 2.3 and
letting n — oo. Therefore, we conclude:

Theorem 3.4. Let Q be a smooth bounded domain in R> and ug € H*(2) with
dug
v e

Suppose that v € L¥(R*, W13(Q)) and div(v) = 0 with (v, v)|yaxr+ = 0. Then

there exists a positive constant Ty depending only on o, y, B, and ||uo|| 2, such that

the initial Neumann boundary value problem (3-2) admits a local strong solution
ue C([0, T1, HA(Q)) N L2([0, T1, H3()), which satisfies

T
(3-9) Oi?qum||§,z(m+||a,u||iz(m>+a /0 (Nl Fgs g+l 31 ) d2 < C(T)

for0 < T < Ty, where C(T) is a constant depending on T.
Since the proof of the above theorem is almost the same as that in [Chen and

Wang 2023c], we omit it. To show that u is a strong solution to (1-9) or (3-1), we
need to prove u(x, t) € N for almost all (x, t) € 2 x [0, Tp).

Proposition 3.5. The solution u constructed in Theorem 3.4 satisfies u(x,t) € N
for almost every (x,t) € Q2 x [0, Ty), and hence u is a local strong solution to (1-9).
Proof. Since u € L*°([0, T1, H*(Q)) and du/dt € L*([0, T1, L>(R)) for T < Ty,
Lemma 2.3 implies
ue ([0, T1, Wh(Q)).
It follows that
sup [u(x, 1) —u(x, 0)] = Cllu(-, 1) —u(-,0)[lyrs — 0
xeQ
as t — 0. Then there exists a positive number #; < T such that for r < ¢;, we have
sup [u(x, 1) —u(x, 0)| <9,

xe2
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namely u(x, t) € Us(N) for (x, 1) € Q x [0, t;]. Therefore, by the definition of the
cut-off function ¢, u satisfies

0
a—L; +yVyu =a(Au —Hess 1(Vu, Vu)) — Biy o J(1(u)) o 7w, Au.

Let p(#) = u — t(u), then we have

5 at/ |0@) 2 dx —/(p(u) ) dx

= /Q<p<u>, a(Ap () +di(Au))) dx

—B /Q<p<u>, JwyAuydx —y /Qv (p(u), Vu) dx
=a/9<p(u>, Ap(u)) dx — %/Qv Vo) dx
- —OthIV,o(u)|2dx.

Here we have used the following facts:
(1) Since At(u) =dit(Au)+ Hesst(Vu, Vu), we have
Au —Hesst(Vu, Vu) = Ap(u) + di(Au).
(2) Since p(u) € T, N and Jw)Au € TN,
(pu), J)Au)y=0 and (p(u),di(Au)) =0.
(3) Since div(v) =0 and (v, v)|3q =0,
/Qv Vp@)dx =0.
Then the Gronwall inequality implies p (#) = O for almost all (x, ¢t) € Q2 x [0, #1].

Finally, we can prove this proposition by repeating the above argument. (]

To end this section, we show the uniqueness of the solution # constructed above:

Proposition 3.6. The solution to (3-1) in L*([0, T1, H*(22)) N L*([0, T1, H*())
is unique.
Proof. Assume u; and u, are two solutions in L°°([O, T], Hz) ﬂLz([O, T], H3(S2)),
then u = u; — u, satisfies
du =—yVyu+aAu~+a(Pw)(Vur, Vur) — P(uz)(Vuz, Vuy))

3-10) 1 =B (u1) — J(u2))Auy — BJ (u2) Au,

u(x,0) =

au/ov =0.

By taking u as a test function to (3-10), we can show

28t/|u| dx+o¢/|Vu| dx——y/ (Vyid, @) dx + I + 1T + I11.
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Here

’/ (V, i, i) dx‘— V) ‘/ div(vli] )dx’—O
since (v, V)]s = 0 and div(v) =

i =a|/Q<P(u1)<Vu1, Vur) = P(2) (i, Vo), i) dx|
5Ca</9|ﬁ|2|Vu1|2dx+/Q|Vﬁ|(|Vu1|+|Vu2|)|ﬁ|dx)
< Ca(llun I+ lual) [ Jal dx+ % [ Vi dx,
11 = |ﬁ|(/9<(f<u1> — Jo)Au, @) dx|
< Clﬁl|f(diV((f(ul)—f(uz))Vul),ﬁ)dX‘
Q
+C|ﬂ|’/9(v((j(ul)—j(u2))'Vul),mdx‘
< CIﬁI/If(ul)—j(uz)IIVmIIVﬁIdx
Q
+C|ﬁ|]/Q<V<<f(u1>—f<uz>>-wo,a)dx\
< CIBINV il [ Vallildx +CIBII Vi + Vually) [ Jaf dx
Q Q

< Cal Bl I3 + lall3o) [ |l dx + [ Vil dx,

111) = |ﬂ|(/9<f<uz>mz, i) dx|
< Iﬁl)/ﬂ(v(f(uz)) Vi, i) dx| + Iﬁl)fszl(diV(f(uz)Vﬁ), i) dx
< CIBII [ |Vual| Vil] dx]

< Callluallys [ il dx + 5 [ Vi dx.

In view of the above estimates of terms I, /1 and /1], we get
) _ - _
o JJiP dx o [ Vi dx < Capy (lrls gy + 2l + ) f P dx.

Then, since |ju; || e L'[0, T], the Gronwall inequality implies

H%(Q) + HMZHH‘(Q)
Uy = us. O
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4. Local regular solution

In the previous section, we obtained a strong solution u to the equation

du+yVou=a(Au+Pu)(Vu, Vu))—BJ () Au, (x,1)eRx[0, Ty),
4-1) ou/adv=0, (x,1)eo2x]0, Tp),
u(x,0)=up:Q2— N—RK,

Here u : Q2 x [0, Tp) — N,
P(u) = —Hesst(u) : R* @ R — R¥
is a bilinear functional, and
JWw) =isoJodi(u) : RK — RX

is an antisymmetric matrix, since d¢(u) = m,,.

Suppose ug € H 3(Q, N) and %" lag = 0, we can improve the regularity of u by
applying the differential of Galerkin approximation to (3-2) with respect to the time
variable 7.

Theorem 4.1. Let Q be a smooth bounded domain in R® and ug € H>(2, N) with

dug
v 13g

Suppose that v € L™ (R*, W'3(Q)) N CO(R*, H'(Q)), 0,v € L2 R, H'(Q)), and
div(v) =0 with (v, v)|goxr+ =0. Then, the solution u given in Theorem 3.4 satisfies

diu e ([0, T1, H* (@) N L*([0, T1, H**())
forT <Tyandi =0, 1.

Proof. We divide the proof into two steps.

Step 1: H?*-estimate of d;u.
To get H 2_estimates of the solution 9,1, we consider the equation of w" = o,u"
as follows, where u" is the Galerkin approximation of u:

4-2) dw" =aAw" + Py(—y Vyw" — y Vy,,u")
+a P, (P (Vw", Vu'") + 0, P (Vu", Vu"))
—BP (3, JW")Au" —Jw") Aw").
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Then we take Aw" as a test function for (4-2) to give
i/ |Vw”|2dx+2a/|Aw”|2dx
atJq Q
5ca,ﬁ(/9|w”|2|Au"|2dx+[Q|w"|2|w"|4dx)
+ca,y(/Q|Vw"|2|w"|2dx +18,v)?|Vu"|* dx)
+|y|/|Vw"|2|W|dx+9/|Aw"|2dx
Q 2J
nn2 nn 4 nyu2 ny2 2
< Copy (" I + 1" |72 + Dlw" 151 + Cay 1" 152 10,011 51
+|y|/|Vw"|2|Vv|dx+9/|Aw”|2dx.
Q 2Ja
Here we have used the fact div(v) = 0 and (v, v)|3oxr+ = 0 to show
/ (v-Vu", Aw") dx = —/ (Vv-Vu", Vw")dx.
Q Q
On the other hand, we have
/QIVw”IZIVvIdxfIIVw”lliaIIVvllLs5IIVw”IILzIIVw"IILsIIVvHu
<Clvllwrs Vw2 ([[w" [ 2 + [Aw" || 12)
<Callolyuallw I3+ [ |Aw" dx.
It follows that
2/ IVw"|? dx +a/ |Aw" > dx
atJq Q
< C(a, B. V)" 13 + " 1372 + 0I5+ DIw™ 150+ C e, ) " 15,2118, 011 71

By assumption we know that v € LZ(R*, W!3(Q)) and 9,v € L*(RT, H'(Q)).
Hence, by applying the Gronwall inequality we can derive from (3-8) that

T
(4-3)  sup [[w"|lg1(g) +a/ ||wn||%12(9) dt <C(a, B,y T, |[w"|i=0ll g1 (@))-
0<t<T 0

Now, it remains to give a bound of ||w"|,—¢||z1. Since
w"(-,0) =aAug+ Py (—y Vyugy +aP(ug)(Vug, Vug) — BI(ug) Aug),
it is not difficult to show
1" i=oll 10y < CCluol2ps - 10 O)II%0).
Here we have used the fact
11175 < Clluollys g,

by providing aailf lag = 0.
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Without loss of generality, the estimate (4-3) implies w" weakly converges to 0, u,
which satisfies

du e L™([0, T, H'(Q)) NL*([0, T, H*())

forany 0 < T < Tp.

Step 2: H*-estimate of u.
Equation (1-5) is equivalent to

=—-AWw)(Vu, Vu)+—— (adju+pJ (u)0;u)+—— (@ Vyu+J (1) Vyu).

pw) 1 +82 pw) ﬁz

Under the assumption that v € L®(R*, H 1(Q)), one can easily show
Au e L=([0, T1, L*(Q)),

the classical L?-theory of elliptic equations gives

u e L2([0, T], W>3(Q)).

Hence, by using the assumption v € L°°([R+, W1’3(Q)) N LZ(IRJF, H2(Q)), we can
take almost the same argument as in [Chen and Wang 2023c] to show

Au e L=([0, T1, H'() N L*([0, T1, H*(Q)),
hence the classical L2-theory of elliptic equations again gives
ue L=([0, T1, H*()) N L*([0, T1, H*(Q)).

Moreover, since u € L2([0, T], H*(2)) and 8,u € L*([0, T], H*(R2)), Lemma 2.4
tells us that u € C°([0, T1, H3(2)). It follows that

du € C°([0, T1, H' ()
by using (4-1) and the fact v € CO(RY, HY(Q)). O
The proof of Theorem 1.1. By combining Theorem 3.4, Propositions 3.5, 3.6, and
Theorem 4.1, we can obtain the results in Theorem 1.1 and finish its proof. (]
5. Local very regular solution

In this section, we prove Theorem 1.2.

5A. Compatibility conditions of the initial data. In order to make the LLG equa-
tion (4-1) (an extrinsic version of the LLG equation (1-9)) admit a regular or smooth
solution, we need to pose some compatibility conditions of the initial data. We
start with a brief description of the compatibility conditions of the initial data. For
the sake of convenience, we assume v is a smooth vector field and « is a smooth
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solution to the initial Neumann boundary value problem of the LLG equation (4-1).
Then, for any k € N, u; = d%u satisfies the linear equation

(5-1) By = Ay — BJ () Aug — y Vyur + Li (e, ) + Fy ()
with the initial data

Vi (uo) := 0ful=0.
In particular, Vo = ug and

Vi(uo) = —y Voi,opito +at(uo) — BJ (o)t (o).
Here we set

Li(ug,u) =2aPu)(Vug, Vu) +ad P(u)(ux, Vu, Vu) — ,Bdf(u)(uk)Au,

and
Fu)=—-y Y CiVyuj+a 3 VAP (u)#u; # - - - #u; #Vu, #Vu
i+j=k i1+-+is+m+l=k
i>1 1<ij<k
+B S VT (u)bui # e Hug # Ay,
i1t +m=k
15ij<k

where v; = 8'v and # denotes the linear contraction.
Then the compatibility conditions of the initial data is defined as follows:

Definition 5.1. Let k € N, ug € H**2(Q, N). Suppose that for any 0 <i <k, v
satisfies
dv e CORT, H*2(Q)).

We say u satisfies the compatibility condition at order &, if forany j € {0, 1, ..., k}
av;

(5-2) —L| =0
av e

Intrinsically, if we set
Vi(uo) = VEu(x, 0) € T(u}(TN))

where V; = Vg; Jor> then the compatibility conditions defined in Definition 5.1 has
the following equivalent characterization:

Proposition 5.2. Let k € N, ug € H**2(Q, N). Suppose that for any 0 <i <k, v
satisfies
v e CORY, H*2(Q)).

Then uq satisfies the compatibility condition of order k if and only if for any
jef{0,1,...,k},

(5-3) V,Vjlag =0.
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Proof. The necessity is proved by induction on k. Since V| = V), if we assume

%—Vv‘ lse = 0, then we have

~ Vi dug|  ~
Vvvl|852:_‘ + A(uop) —‘ , Vi) =0.
v 18Q v 1@

Then, we assume that the result is true for 1 </ <k — 1. For the case [ =k <2, by
definition of Vj, a simple calculations gives

Vi =Vi+ Y Boty(0) Vs - - - Vi)
o

where the sum is over all multi-indices ay, ..., a; such that 1 <ag; <k — 1 and
ay+---+as =k for all i,

(ai, ...,a5) =0o((k)

is a partition of k, and B is a multilinear functional on uj(TN).
Hence, by using the assumption of induction, we have

~ Vi dug| o
Vi Vs =S|+ Awo) i

v e
LAY dug
=—" VB —  Va, ..., Va ) =0.
v 39+; G(k)(u0)< dv lag” ”’)
For the converse the proof is almost the same as above, so we omit it. (]

Remark 5.3. If y =0in (1-9) and V¥ J =0, we set
Wi =V o) (x,0) and Wi =02 (u)(x, 0)

for any k > 1, and set Wy = Wo = ug. Then, by taking a similar argument to that in
the proof of Proposition 5.2 or Proposition 3.2 in [Chen and Wang 2023b], we can
show the k-order compatibility condition defined in Definition 5.1 is equivalent to
one of the following:

(1) For 1 <j <k,
VyWilae =0.
(2) For1 < j <k,
oW,
v lae

Next, we apply the method of induction to show the existence of very regular
solutions to (4-1) by considering the initial Neumann boundary value problem of
equation of a,k u for k > 1 with corresponding initial data Vj. For this purpose, we
intend to prove the main result Theorem 1.2 by showing the following process
T (k) with k > 2:
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(1) Assume that ug € H**(Q) satisfies the (k — 1)-order compatibility conditions.
Suppose moreover

v e CO[0, T, H* 2D (@) nL*([0, T, H* % (Q))
foranyO0 < T <Tpandi €{0,1,...,k—1}. Then forany 0 <i <k — 1, we have

dlu e CO([0, T1, H*2 () N L*([0, T, H* 2 11(Q)),
and

afu e L>([0, T1, L*()) N L*([0, T1, H' ().
(2) Additionally, if ug € H*+1(Q),
a;v c CO([O, T], H2k+1_2(i+1)(9)) ﬂLz([O, T], H2k—2i (Q))

fori €{0,1,...,k— 1} and 8*v € L%([0, T1], L*(R2)), then for any 0 <i < k we
have
olu e CO([0, T, H*2+1(@)) N L*([0, T1, H* 2 +2()).

5B. H>-regularity of u (i.e., the proof of property 7(2)). For any T < T,
Theorem 4.1 implies that d,u € C°([0, T1, H'()) N L*([0, T], H*(R)) is a strong
solution to

orur+yVyuy
=aAuy—BJ ) Aur+Ly(ur, u)+Fi(u), (x,1)eQx[0,T],
G4 ouy/ov=0, (x,t)ed2x][0,T],
ui(x,0)=v;
where

Li(uy,u) =2aPu)(Vu;, Vu) +adP(u)(uy, Vu, Vu) — ,Bdf(u)(ul)Au,

and
Fi(u) = —y Va,u.
To improve the regularity of d,u, we solve the initial Neumann boundary value
problem (5-4) with compatibility condition
A
Qv laa

As before, we consider the Galerkin approximation equation of (5-4):
(5-5) it +y Py(Vou}) = a A — B Py (J () Au't) + Py (L1 (], u)+ Fi (),
ui(x,0) =V,

Since the operators P and J satisfy
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() |P@)|+|J )| < C,
©2) [V(Pw)|+ |V (J ()| < C|Vul,
3) Jis antisymmetric,

we can apply almost the same argument as that in [Chen and Wang 2023c] to give
the estimate

T
sup_ (1} 13 + Nonuef15) + e [ CIAVUIT + VoI de
0<t<T 0

< C(lluoll g3, 1 P (VD) 2),

by providing v € CO(R™, H*(Q)) and ;v € L™ (R™, L*(Q))NL*(R", H'(Q)), then
taking u} and Azu’l1 as test functions to (5-5).
On the other hand, since

Vi=—=yVu,0uo+at(ug) — BJ (o)t (uo)

and
A%
v lag

Lemma 2.5 implies that

1P (VD 2@y < ClIVillgz < Cluoll gy, v, Ol m2@)-

Without loss of generality, by using the compactness in Lemma 2.3, we can infer
that u} converges to a map u; € L*([0, T1, H*(2)) N L*([0, T1, H3(2)) which
solves (5-4). To show that d,u = u; on 2 x [0, Tp), we need to use the following
result:

Proposition 5.4. The solution to (5-4) in C°([0, T1, H') N L*([0, T], H*()) is
unique.

Proof. Let v; and v, be two solutions of (5-4), which belong to the space
(10, 71, H' (@) N L*([0, T1, H*()).
Then, w = v| — v, satisfies

qo+yVew=aAo—BJu)Aw+ Li(w,u), (x,1)€x][0,T],
dw/ov =0, (x,1) €2 x [0, T],
w(x,0)=0.
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By choosing w as a test function of this equation and taking a simple calculation
we obtain

1o 0o :
2at/9|‘”| dx+ocfQ|Vw| dx

< Ca/ (1Vul| Vol lo| + |Vu*|o[?) dx —ﬁf (dJ () (@) Au, o) dx
Q Q

SCa/(IVMIIVw||w|+|VM|2|w|2)dx—ﬂ/ (Vu, V(dJ (u)(0)w)) dx
Q Q

< ca,,sfg<|Vu||Vw||w| + | Vul|o|?) dx

2 o 2
SCa’ﬂ||M||%°°([O,T],H3(Q))/w|w| dx+§/Q|Va)| dx.

Consequently, the Gronwall inequality implies w = 0, completing the proof. [
It follows from Proposition 5.4 that
(5-6) du € L([0, T, HX()) N L*([0, T1, H*()).

Additionally, if we provide uy € H>(RQ), d,v € C°([0, T], H'(R)), and 3%v
in L?(R*, L?(R2)), we can apply a similar argument to Step 1 of the proof of
Theorem 4.1 to show

(5-7) 3fu e L=([0, T1, H' () N L*([0, T1, H*())

by considering the equation of duY/dz.
To enhance the regularity of u, we need to use the following technical lemmas:

Lemma 5.5. Ler Q be a smooth bounded domain in R, n > 0, and m > 2. If
f e HY(Q) (we set H'(Q) = L*(Q)) and g € H™(RQ), then fg € H(Q) with
[ =min{n, m}. Moreover, there exists a constant C(|| f || g», ||g||gm) such that we
have

Ifelm @ = CALf e, 1gllam).

One can consult [Carbou and Jizzini 2018] for a proof. As a direct corollary, we
have:

Corollary 5.6. Let Q be a smooth bounded domain in R* and N be a compact
Riemannian submanifold of RX. If

u e L*([0, T1, H* (2, N)) N L*([0, T1, H** (2, N))

withk > 2 and L : N — RX® RX is a smooth map, then L(u) belongs to
L>([0, T1, H*()) N L*([0, T1, H* ().

Proof. 1t is not difficult to show that the result holds true for k = 2. Hence, without
loss of generality we can assume that £ > 3.
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Since V(L (1)) = VL (u)#Vu, the fact that u € L>([0, T], HX(Q2, N)) with k >3
implies
V(L(u)) € L=([0, T], L*(2, N)).

On the other hand, a simple calculation gives

Vi)=Y VSL@)#Viu#-. #Viy

i ig=l
I<s<l,ij>1
=VL@#V'u+ V> L@#V' 'u#tVu+ Y VLu)#Viu#. . #Viu
i1ty =1
2<s<l
1<i;j<i-2

for 2 <1 <k+1. Since u € L°([0, T], H*(, N)) and supyey [VEL|(y) < C(s),
Lemma 5.5 above implies

VI(L(u) € L*([0, T], L*(2))

for2 <l <k.
To show VA1 (L(u)) € L2([0, T], L*(2)), we need only to deal with the follow-
ing term of VA*!(L(u)):

[ = V2L)#V* \u#v2u,

since the other terms can be bounded directly by applying Lemma 5.5.
By using the facts V¥~!u e L2([0, T], H*(R2)) and V?u € L*®([0, T], H' (X)),
we have

/ /|1| dxdt <c/ V5 )| oy di - sup /|V2u| dx

tel0,T]

<C [ IVl sup [Vl dx < oo,
0 ref0,717

Therefore, we finish the proof. ([
We are now in position to prove the main result (i.e., 7 (2)) of this subsection:

Proposition 5.7. Suppose that ug € H*(Q, N) satisfies the 1-order compatibility
condition defined in Definition 5.1, v € C*(RY, H*(Q)) N L*(R*, H*(Q)), and
dv € L= (RY, L*(Q)) N L*(R*, H'(Q)). Then for any 0 < T < Ty we have

dlue (o, T1, H©H(Q) N LA ([0, T1, H7# ()
fori € {0, 1}, and

9fu e L>([0, T1, L*()) N L*([0, T1, H' ().
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Additionally, if ug € H>(Q, N), 9lv € C°(RT, H>~%(Q)) N L*(R*, H*%(Q))
withi =0, 1, and 3*v € L*(R*, L*(Q)), we obtain
dlue (o, T, HH(Q) N L*([0, T1, H** ()
forie{0,1,2}.
Proof. Our proof is divided into two steps:

Step 1: H’-estimate of u.
By using (4-1) and taking a simple computation we can show

(5-8) Au=-—Pw)(Vu,Vu) —I— (ad;u + ﬂf(u)atu)

132

y A
+m(avvu + BJ(u)Vyu).

In the case ug € H*(Q2, N), Lemma 5.5 and Corollary 5.6 tell us that
Au € L>([0, T1, H*(Q)),

since u € L®°([0, T], H*(Q)), v € C%(R*, H?>(R2)) and by estimate (5-6). Hence,
by the L2-theory of elliptic equations we know that

u e L*=([0, T, H*(Q)).

Moreover, if we assume v € L2([0, T], H3(2)), we can apply Lemma 5.5 and
Corollary 5.6 again to show

Au e L2([0, T1, H*()),
and hence we have u € L2([0, T, H>(Q)). Consequently, Lemma 2.4 implies
dlu e CO([0, T], H ()
fori =0, 1.

Step 2: H®-estimate of u.
On the other hand, it follows from (5-8) that

Adju = 3 j_ 5 (048 u-+ ,BJ(u)Bzu) + f_ﬂ dJ(u)#B,u#B,u
—|— ,82 0 (@ Vyu +,3J(u)V u)—0;(P(u)(Vu, Vu)).

Then, by using estimate (5-7) and taking the same argument as above, we can show
Adu € L*([0, T1, H' () N L*([0, T1, H*(Q));
hence the L>-theory of the Laplace operator again implies

du € L([0, T1, H* () N L*([0, T1, H*()).
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Finally, we can show
ue L®([0, T1, H> (@) N L2([0, T], H(R),

by providing v € L>([0, T], H*(Q)) N L2([0, T1, H*(Q)).
Now, by Lemma 2.4 we can also derive that

dju e CO([0, T1, H>*(Q))
for i € 0, 1. Hence, it follows that 8t2u e C°([0, T1, HY(Q)) by using the equation
of d,u and the fact /v € CO(R™, H37%(Q)) withi =0, 1. O

5C. Higher order regularity of u (i.e., the proof of & (k) with k > 2). In Section 5B,
we have proved property .7 (k) in the case k = 2. Next, we assume that .7 (k) has
been established for k > 2, then we intend to show .7 (k + 1) is true. To this end,
we assume that ug € H>*T1D(Q) satisfies the k-order compatibility conditions, and
v satisfies

8;.1) e CO([O, T], HZ(k+1)—2(i+1)(Q)) N LZ([O’ T], H2(k+1)—2i (Q))
forany 0 <7 < Tpand any i € {0, 1, ..., k}. Moreover, property .7 (k) implies
a;'u c CO([O, T], H2k*2i+l(Q)) ) LZ([O’ T], HZk*2i+2(Q))

for any 0 <i <«k.
In particular, ux = 0fu € C°([0, T1, H'(Q)) N L*([0, T1, H*(Q)) is a strong
solution to the equation

8,w—i—yvvw:ozAw—,Bf(u)Aw—l—Lk(w,u)—l—Fk(u), (x,)eQ2x[0, T],
(5-9) ow/dv=0, (x,)ed2x][0, T],
w(x, 0)=Vi(up):2— RX.

In the following context, we improve the regularity of u by proving the following
three claims:

(1) If ug € H>*+D(Q) satisfies the k-order compatibility conditions, then we get a
regular solution to (5-9):

w e CO([0, T1, H*(Q)) N L*([0, T, H ().
(2) It follows from an argument on uniqueness that w = u;. Hence we can show
uj € CO([O, T], HZ(k+1)—2i(Q)) ﬂLz([O, T], H2(k+1)+1—2i (Q))

forany 0 <i <k +1, by using (4-1).
(3) Additionally if ug € H**+D+1(Q), we can further prove

w1 € CO(10, T1, H'(Q)) N L*([0, T1, H*())



216 BO CHEN AND YOUDE WANG
by considering differentiation of the Galerkin approximation equation to (5-9) in
the time direction. This implies

u; € CO([O, T], H2(k+1)+1—2i (Q)) ) L2([0, T], H2(k+l)+2—2i (Q))
forany 0 <i <k+1.

5D. Regular solution to (5-9). To show the existence of local regular solutions to
(5-9) by applying a similar argument to that in Section 3, first of all, we estimate
the nonhomogeneous term Fj by using the estimates given in Lemmas 5.5 and 5.6.

Lemma 5.8. Assume that, for 0 <i <k, the field v satisfies
Btiv e CO([O, T H2(k+1)—2(i+1)(Q)) n Lz([O, al H2(k+1)—2i(Q))
and property 7 (k) holds true. Then, we have
F; e L™([0, T1, H* 72 (Q)) N L*([0, T1, H*~**3(Q))
for0<i <k.
Proof. For any 0 <i < k, by setting v; = 9/ v, we have

Fiu)=-y > vn#Vuj +o > VAP (u)#u; #- - - #u; #Vu, #Vu,

m+j=i ity +m+=i
m>1 I<ij<i
+B8 X VT (u)ui # - Hu #Au,
ity tm=i
I<ij<i
=IT+11+111.

Next we estimate the above three terms step by step. For term [: since 1 <m <i
and 0 < j=i—m <i—1, then we have

v € L2([0, T1, H* 2 (Q)) N L*([0, T, H*2+3(Q))
and
uj € L=([0, T1, H*%13(Q)).

Hence, Lemma 5.5 claims
1€ L>([0, T1, H* 2 (@) NL*([0, T1, H* ().
For term I1: since 1 <i; <i—1and 0 <m <i — 1, we have

ui; € L®([0, T1, H* 7213 (Q))
and
Vi € L®([0, T1, H*#2(Q)) N L*([0, T1, H* 2 ().

It follows from Lemma 5.5 that

II € L=([0, T], H*2+2(Q)).
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Similarly, by applying Corollary 5.6 with V* J in place of L, we can also show
11 € L*([0, T1, H*2*1(@)) N L*([0, T1, H*2*3(Q)).
Therefore, the desired results are proved. ([

Now we turn to considering the Galerkin approximation of (5-9):
510 {a,w"an(vvw") = aAw" =B Py(J () Aw") + Py (L(w", 1)+ Fe (),
w" (x, 0) = P, (Vi(up)) : @ — R"

It is not difficult to show that there exists a unique solution w” € H" to (5-10) on a
maximal interval [0, 7)), and we will show Ty < T

Next, we choose w” and A2w" as test functions of (5-10) and take a simple
calculation to show

3 n n n
o Jur P dx o [ V0" dx < Ca(l+ 18Pl + DIw" I + [ | Fl dx,
tJo Q Q
i/|Aw"|2dx+oz/|VAw"|2dx
itJe Q
2 2 6 2 ny2 2

< CallF1BP + Iy )l + 01z + DIl I + Co [ [VEP dix.

It follows that

d
S e e [ VAW dx < Capy OI0" G2 + Cag 0.
where
p@) = lullys + vl +1 < C(T)
and
q(t) = || Fell3, € L'([0, T1)

forany T < T.
On the other hand, since ug € H**+2(Q) and v; € C°([0, T, H*~%(R)) with
0 <i <k, it is not difficult to show

Vi I < CIVil gy < CT ol gy)-

Here we have used Lemma 2.5 in the first inequality.
Thus, by the Gronwall inequality we can infer from the above

T
sup <||w"||§,2+||a,w"||iz>+o¢/0 (w12, + 19 w"[[3,1) dt < C(T).

0<t<T
Hence without loss of generality, we assume that w”" converges to a regular
solution w € L*([0, T1, H*) N L*([0, T1, H3(Q)) to (5-9). Moreover, d,w is
in L*®([0, T1, L*(2)) N L*([0, T1, H'(2)). By Lemma 2.4 we know that

w € C°([0, T], HX()).
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5E. Uniqueness of strong solutions to equation (5-9).

Proposition 5.9. There exists a unique solution to equation (5-9) in the space
L>([0, T1, H' () N L*([0, T1, H*()).

Proof. Suppose w; and w; are two solutions to (5-9) belonging to the space
L>([0, T], H')NL*([0, T, H*(S2)). Then, the difference w = w; — w; satisfies

qw—+yVyw =aAw — ,Bj(M)AIT), u) + Fr(u), (x,1) e 2x[0,T],

dw/dv =0, (x,1) €02 x [0, T],
w(x,0)=0.
Taking w as a test function to the above equation, we can show
19

(5-11) @) dx +ot/|V1T)|2dx
Q Q

29t
:—y/ (v-ViD, w>dx—,8f (J ) Aw, w>dx+/ (Li (D, u), ) dx
Q Q Q
=1+11+1II.
We estimates the above three terms as follows:

1=-Y v-V|w|2dx=—Zf div(v|@|?) dx =0,
2 ) 2J@
since div(v) =0 and (v, v)|yq = 0.
11 =181| [ (S w)A®, B) dx|
< CIBI [ IVl Vull®l dx < Coflullys [ |0P dx +§ [ |VDPdx.
Q Q 4 Jq
111 5Ca/(|1I)||VtI)||Vu|+|17)|2|Vu|)dx+C|ﬂ|‘/(df(tTJ)Au,w)dx‘
Q Q

2 2 _ 2 a _ 2
< Call+B)ullys [ P dx + G [ |Vl dx.
Here we have used the fact
‘/(Vf(wmu,w)dx‘g‘/w(df(w))-w,w>dx’+}/<(df(w))-w,vw>dx‘
Q Q Q

since g—'jlasz =0.
By combining the estimates of /—111 with (5-11), we get

@/|w|2dx+a/|vw|2dx§caﬂ/|w|2dx.
atJq Q Ja

It follows from the Gronwall inequality that w = 0. Therefore, the proof is com-
pleted. ([l

As a direct conclusion of the above proposition, we have u; = w and hence

ug € C°(10, T1, H*(Q2)) N L*([0, T, H> ().
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SK. The proof of item (1) of property 7 (k +1). Now we are in position to prove
item (1) of property Z (k + 1) as follows:

Proposition 5.10. Assume that ug € H***D(Q) satisfies the k-order compatibility
condition, fori € {0, 1, ..., k},

v = dlv e C°([0, T1, H**TD2+D (@) nL?([0, T1, H**TD7% (),

and property 7 (k) holds true. Then, foranyi € {0,1,...,k+ 1},

u; € L([0, T, H**D=21@)) n L2([0, T1, H**DH(Q)).
It follows that, for any i € {0, 1, ..., k},

u; € CO([0, T1, H***D=2 (@) nL*([0, T1, H**TDT(@)).
Proof. Since

Ups1 = o Aug — BJ ) Aug — y Vyug + Li(ug, u) + Fi(u)
and ug € L>([0, T1, H*) N L*([0, T1, H*(RQ)), a direct calculation shows
1 € L=([0, T1, L2 (@) N L*([0, T1, H' ().

Next we prove this proposition by inducting on k + 1 —/. We have shown the
result is true for / = 0 and / = 1. Now, we assume that for / =i > 1 the result has
been proved. Then, we need to establish it for / =i + 1, where i < k — 1. Thus, we
consider the following equation of uy_;:

1 » ay
(5-12) Awpi = (o1 + Iy + = D vyt

q+m=k—i
+ > V4 PHu # -ty #VuH Y,
i1+ etig s +m=k—i
By a7

+== > V4 THu # - -t #o 4V,
i1+ Fig+s+m=k—i
+ L SO VTt B

iy igHm=k—i
m<k—i

=N+ L+ S+ I+ s,

where o denotes o + 2
Next we estimate the above five terms step by step. First of all, by the assumptions
of induction, we have the following:

(1) Fori+1<I<k+1, ugp1— € L=([0, T1, H*~1(2)) N L*([0, T1, H* (Q)).
(2) For0 <1l <i <k, ugq1— € L°([0, T], H*(Q)) N L*([0, T], H**T()).
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(3) For0<s <k,
vy € L2([0, T1, H*# (@) nL*([0, T1, H** D=2 (Q)).
The estimate of term J;: since

uk—i+1 € L=([0, T, H* (Q)) N L*([0, T, H* ()
and
u e L([0, T1, H*1 (@) n L*([0, T1, H* (),
by applying Corollary 5.6 with L replaced by J and Lemma 5.5, we have

Jy e L([0, T1, H* () N L*([0, T1, H* 1 (%)).
The estimate of term J3: A simple computation shows that J3 satisfies

J3 = VP#u,_#Vu#Vu + P(u)#Vu,_i#Vu

1 3 V9 Pl #- -t VU HVu,,
i1+t +s+m=k—i
ij,m,s<k—i—1

=a+b+c.
Since ux—; € L®([0, T1, H**')NL([0, T], H**?) with i <k — 1 and
Vu e L*([0, T1, H*(@)) N L*([0, T1, H*(Q)),
Lemma 5.5 implies
a+be L®([0,T1, H* () N L*([0, T1, H**!()).
On the other hand, by using the facti;, m,s <k —i —1, we have
ui; € L([0, T1, H**D*H(Q)) and Vu,, € L™([0, T], H**D(Q)).
It follows that ¢ € L>®([0, T], H>/+D). Consequently, we obtain
J3 € L([0, T1, H*(2)) N L*([0, T1, H* ().
Taking almost the same argument as in estimating J3, we obtain
Jo+Ja € L([0, T1, H¥ () N L*([0, T1, H* ().
Then we show the last term:

Js = P9 it itur + 2 Do VT g
o g i1+ Fig+m=k—i
ij,m<k—i
=d+e.
Since ux_; € L*([0, T], H**'(Q)) withi <k —1 and

uy € L=([0, T1, H*71(Q)) € L=([0, T1, H*T1(Q)),
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we have
d e L*®([0, T], H¥ ().

Since m,i; <k —1i—1, by Lemma 5.5 and Corollary 5.6, it is not difficult to
show

e e L®([0,T], H¥(Q)).
Combining the above estimates of J;—J5 with formula (5-12), we conclude that
Aug_; € L*®([0, T1, H* (@) N L*([0, T1, H* ().
Then, by the L?-theory of Laplace operator we have
up—;i € L([0, T1, H***D (@) n L*([0, T1, H* V(@)

forl <i<k-1.
It remains to show the result in the case of / =k + 1. Since

(5-13) Au=—-—Pw)(Vu, Vu) + é(aatu + ﬂf(u)atu) + g(txvvu + ﬁf(u)Vvu)
and
e u e L®([0, T], H*1(Q)),
o du € L™([0, T1, H*(Q)) N L*([0, T], H**1(Q)),
e ve L>([0, T, H*(Q)) N L([0, T], H**3(Q)),
we can apply Lemma 5.5 to show
Au € L*([0, T1, H*(Q)),

which gives u € L>([0, T, H*T2(Q)).
And again it follows that

Au € LX([0, T, H¥*+1 (%)),
then the L?-theory of the Laplace operator yields
w e L*([0, T, H* V(@)

Therefore, the proof is completed. U

5G. The proof of item (2) in property & (k +1). In the last part, we assume that
ug € H***+D+1(Q) satisfies the k-order compatibility conditions. Furthermore,
suppose that there hold true the following properties C (k):

e foranyi €{0,1,...,k},
v; € CO([O, T], H2<k+l)+l_2(i+l)(9)) ﬂLZ([O, T], H2(k+1)—2i (Q))

and 85w e L2([0, T1, L2(Q));
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e foranyi €{0,1,...,k+ 1}, we have
u; € CO([O, T], H2(k+1)—2i (Q)) N LZ([O’ T], H2(k+1)+1—2i (Q))

Next, we turn to proving item (2) of property 7 (k + 1).
First of all, taking almost the same argument as in Lemma 5.8, we can show:

Proposition 5.11. Foranyi €{0,1,...,k},
3, Fi € L*([0, T, H* 72 ().

Next, we can also prove the following proposition, which is analogous to the
main theorem in Section 4:

Proposition 5.12. Assume that ug € H**TV+1(Q) satisfies the k-order compatibil-
ity conditions. If the properties C (k) hold true, then we have

uer1 € CO([0, T1, H' () N L*([0, T1, H*()).

Proof. 1t follows from the Galerkin approximation equation (5-10) that w}' := d,w"
satisfies

dw; —aAw; = Py (—y Vyw" — ﬂj(u)Aw” + L (w", u) + Fr(n)).

Then, taking —Aw}' as a test function to this equation, we obtain

19 n)2 n
2aththl dx—l—oz/glAw,ldx
- y/ (8 (v- V™), Aw,")dx-l—,B/ (@, (J (W) Aw"), Aw!) dx
Q Q

= [ 0L w), Awfydx = [ (0 Felw), Awf) dx
=M+ M+ M5+ M,.

By direct calculations, we show the estimates of M|—M as follows:
M| < Clyl [ (8011w |+ ol V" D] Aw]| dx
< Caly PUarvI 0" Iz + Callvlaly P [ |V P dx+ S [ 1aw] P dx,
() = 181 [ (3, @) Aw”, Aw]) dx

o
< Cal Pl 0" G2 + 5 [ AW P dx,
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M3 =| [ 0L, ), Awy) dx
Q
< Co [ (V] PIVuP + uPVw" Va4 Vi P V" ) dx
Q
+Ca/9(|w;’|2|w|4+ lug |2l P | Vu|* 4 [V, 2 Vu*w" %) dx
+ca|/3|2/9<|w;’|2|Au|2+|u,|2|w"|2|Au|2+|Aut|2|w"|2>dx
o 2
+§/Q|Aw;’| dx
< Call+ O ( [ Jur? dx ) +Calulls [ [VwiPdx+ [ |aw; 2 ax,
Q Q 8Ja
where
@) = w5 w13, (lull3, + 1D < C(T).
The last term satisfies the estimate

Ml < C@IaFillfz + 5 [ Jaw]P dx.

Hence, we conclude that
9
at

It follows

/Q|wa|2dx +an|Awf| dx < Cy,a,ﬁ,T/QWw;’de + Coll9 Fil2.

T
sup (19w I3 e [ [ [Aw] P dxdi < C(TL IV 00,
0<t<T 0 /&

since [|0; Fx |17, € L'([0, T]).
Now, it remains to show there exists a uniform bound of ||V}’ ||%13. By using the
fact v; € CO([0, T], H*~%+1) with 0 < i <k, we can show

IV < CIVilgs gy < C ol gy)-
Hence, without loss of generality we can assume that w;' converges weakly to
g1 € L([0, T1, H'(Q)) N L*([0, T1, H*(Q)).
It follows that
dug+1 € L2([0, T1, LX(Q))

by applying the equation of u;,; and the fact 3, Fy € L>([0, T, L>(R2)). Then,
Lemma 2.4 gives
w1 € CO([0, T], H' (). O

Consequently, taking the estimates in Propositions 5.10-5.12 into consideration,
and adopting almost the same argument as in the proof of Proposition 5.10, we can
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see that it is not difficult to show
" € Loo([o’ T1. Hz(k+1)—2i+1(9)) ﬂLZ([O, 7. Hz(k+1)—2i+2(9))
for any 0 <i <k + 1. Hence, Lemma 2.4 implies that for any i € {0, ..., k},
u; € CO[0, T, H2*k+D=2i+1 Q).

Therefore, the second term (2) in property 7 (k + 1) is proved.
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