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MODULES OVER THE PLANAR GALILEAN CONFORMAL
ALGEBRA ARISING FROM FREE MODULES OF RANK ONE

JIN CHENG, DONGFANG GAO AND ZITING ZENG

The planar Galilean conformal algebra G introduced by Bagchi-Gopakumar
and Aizawa is an infinite-dimensional extension of the finite-dimensional
Galilean conformal algebra in (2+1)-dimensional space-time. In this paper,
we give a complete classification of U/ (CL)-free modules of rank 1 and
U (h)-free modules of rank 1 over G, where §j is the Cartan subalgebra (a
nilpotent self-normalizing subalgebra) of G, CL, is a subalgebra of h. Also,
we determine the necessary and sufficient conditions for these modules to be
irreducible, and find the maximal proper submodules when these modules
are not irreducible.

1. Introduction

Infinite-dimensional Galilean conformal algebras were introduced by Bagchi and
Gopakumar [2009] in order to construct a systematic nonrelativistic limit of the
AdS/CFT conjecture (see [Maldacena 1998]). Some physicists believe that AdS/CFT
correspondence would be better understood by exploring those algebras (see [Bagchi
et al. 2010; Martelli and Tachikawa 2010]). Moreover, those algebras appear in the
context of Galilean electrodynamics (see [Bagchi et al. 2014; Festuccia et al. 2016])
and may play an important role in Navier—Stokes equations (see [Bhattacharyya et al.
2009; Fouxon and Oz 2008; Fouxon and Oz 2009; Gusyatnikova and Yumaguzhin
1989]). These reasons make the infinite-dimensional Galilean conformal algebras
attract more and more attention from mathematicians and physicists. In particular,
the infinite-dimensional Galilean conformal algebra in (14-1)-dimensional space-
time is the centerless W-algebra W (2, 2); it has been studied in [Bagchi et al.
2010; Chen and Guo 2017; Zhang and Dong 2009]. This algebra is related to
the BMS/GCA correspondence (see [Bagchi 2010]), the tensionless limit of string
theory (see [Bagchi 2013]) and statistical mechanics (see [Henkel et al. 2012]).
The infinite-dimensional Galilean conformal algebra G in (2+1)-dimensional
space-time, named the planar Galilean conformal algebra by Aizawa [2013], is an
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infinite-dimensional Lie algebra with a basis {L,, H,, I,, J, | n € Z} and the Lie
brackets are defined by

(L, Lpl= 0 —m)Lyyp, (L, Hyl =nHyqs,
(1-1) (L, In]=(n—m) Ly ip, (L, Jnl=n—m)Jpin,
[Hm’ In] = Im+na [Hm» Jn] = _Jm—i-n,

(Hp, Hyl = [, I =, Tl =, Ju]=0 forallm,neZ,

which is the main object in this paper. This algebra is also the special case of
[Martelli and Tachikawa 2010]. As we know, many infinite-dimensional Lie al-
gebras in mathematics and physics are related to finite-dimensional semisimple
Lie algebras. For example, the Virasoro algebra contains infinitely many sl (C)
as its subalgebras. For the Lie algebra G, there are two interesting features: it
contains the Witt algebra as a subalgebra, and it is associated with the Galilean
algebra, which is a nonsemisimple Lie algebra. Those would suggest that such an
infinite-dimensional algebra is important and its representation theory is different
from semisimple counterparts. So far there are a few of results about structures
and representations of G. The universal central extension G of G was determined in
[Gao et al. 2016]. The highest weight representations and coadjoint representations
of G were investigated in [Aizawa 2013; Aizawa and Kimura 2011], Whittaker
modules and restricted modules over G were studied in [Chen and Yao 2023; Chen
et al. 2022; Gao and Gao 2022].

Recently, a family of nonweight modules over G, called U/ (h)-free modules,
has attracted more attention from mathematicians, where h = span{Lg, Hp} is a
nilpotent self-normalizing subalgebra, called the Cartan subalgebra of G. The
notion of ¢/ (h)-free modules was first introduced by Nilsson [2015] for the simple
Lie algebra sl 1(C). At the same time, these modules were introduced in a very
different approach in [Tan and Zhao 2015]. Later, U/ (h)-free modules for many
important infinite-dimensional Lie algebras were determined, for example, the
Virasoro algebra in [Lu and Zhao 2014], the Witt algebra in [Tan and Zhao 2015],
affine Kac—Moody algebras in [Cai et al. 2020]. In the present paper, we will
study this family of modules over G and G. These lead to many new examples of
irreducible modules over G and G.

The paper is organized as follows. In Section 2, we recall the source of the
infinite-dimensional Galilean conformal algebras. Then we review the planar
Galilean conformal algebra G and G. We show that the /(CL)-free modules of
rank 1 and U/ (h)-free modules of rank 1 over G coincide with &/ (CLg)-free modules
of rank 1 and ¢ (h)-free modules of rank 1 over G respectively; see Corollary 2.3.
Lastly, we collect some results about U/ (CL)-free modules over some Lie algebras
related to the Witt algebra for later use. In Section 3, we get all U (CLg)-free
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modules of rank 1 over G, and the necessary and sufficient conditions for these
modules to be irreducible are determined; see Theorem 3.2. We also determine
the isomorphism classes of these modules; see Theorem 3.3. In Section 4, we
obtain the main results of this paper. More precisely, we determine that there are
three families of U/ (h)-free modules of rank 1 over G, where f) = span{Lg, Hp}
is the Cartan subalgebra of G; see Theorem 4.12. Also, we give the necessary
and sufficient conditions for these modules to be irreducible, and find the maximal
proper submodules when these modules are not irreducible; see Theorems 4.13, 4.14
and 4.15. Furthermore, we determine the isomorphism classes of these modules;
see Theorem 4.17. Consequently, we give a complete classification of U/ (h)-free
modules of rank 1 over G and G.

Throughout this paper, we denote by Z, Z,, N, C and C* the set of integers,
nonnegative integers, positive integers, complex numbers and nonzero complex
numbers respectively. All vector spaces and algebras are over C. We denote by U{/(g)
the universal enveloping algebra for a Lie algebra g.

2. Notation and preliminaries

In this section, we recall the infinite-dimensional Galilean conformal algebras and
collect some known results about U/ (C L¢)-free modules over the Lie algebras related
to the Witt algebra.

2A. From Galilean algebras to infinite-dimensional Galilean conformal algebras.
In this subsection, we recall the background in which the infinite-dimensional
Galilean conformal algebras arise. See [Bagchi and Gopakumar 2009] for more
details. First, it is well-known that Galilean algebra G(d, 1) in Galilean space-time
R%! arises as a contraction of the Poincaré algebra ISO(d, 1). The expressions for
the Poincaré generators (u,v=20,1,...,d)

J;w:_(xp,av_xva,u,)v Puzapu

give us the Galilean vector field generators {J;;, P;, B;, H | i,j =1,2,...,d},
where

(2-1) Jij=—(xi0; —x;0;), P =0,

B; = Joi =10, H = Py=—0.
and ¢, x; are variables. They obey the commutation relations
[ijs Jrs] = 8irJjs + SisJrj +8jr Jsi + 85 Jir,
[H, Bi]=—F;,
(2-2) [Jij, Br-]= —(Bié;r — B;di),
[Jij, P1=—(Pidj — Pjdir),
[Jij, Hl=[H, P;]=[B;, Pj]1=[B;, Bj]=[F;, P;]=0.
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Consequently, we obtain the Galilean algebra
G(d, 1) = span{Jl-j, P,', Bi, H | i, j = 1, 2, ey d}

with the commutation relations (2-2).
To obtain the Galilean conformal algebra, we need additional generators

(D,K,K;|i=1,2,...,d},

where

d d
23) D= —< Y xid: +t8,>, K= —( 3 21x;0; +t23t>, K; =1%;.

i=1 i=1
Thus we get that Galilean conformal algebra in (d+1)-dimensional space-time is
spanned by {J;;, P;, B;, H,D, K, K; | i, j =1,2,...,d} with the commutation
relations (2-2) and

[Jij, K, 1=—(K;é; — K;&,), [K,Bil=K,, [K, P;]=2B;,
[HvKi]=_2’Bia [D’Ki]=_Ki’ [D7Pi]=Pia
[DaH]:H’ [H’K]:_Q'D’ [DaK]:_K$

[Jij, D1=[Jij, K1=I[D, Bi]=I[K, K;]1=[K;, K;] =[K;, Bj]]=[K;, P;]=0.

It is clear that Galilean conformal algebra contains Galilean algebra as a subalgebra.
We denote
LED = H, LO — D, LED — K,

M =p. MO =8, M=K,

Then Galilean conformal algebra in (d4-1)-dimensional space-time is spanned by
(Jij, LO, M™ |i,j=1,2,...,d,n =0, %1} with the commutation relations

[L(WI), L(”)] = (m— n)L(m-‘rn), [L(m), Mi(n)] — (m — n)Mi(m—',-n)’
[Jij, M]Em)] — _(Ml(m)sjk _ MJ(-m)(Sik), [Jijy L(n)] — [Ml(m), M](n)] _ O,
where m,n =0, £1,i,j=1,2,...,d. In fact, we can define the vector fields
Jij = —(xi0; —x;9;),
d
L™ = —(n 41" Y xid — 175,
i=1

M =+,

where n =0, £1,i,j =1,2,...,d. These are exactly the vector fields in (2-1)
and (2-3), so they generate the Galilean conformal algebra.
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Now we have a very natural extension, for arbitrary n € Z, define
T = —1"(x;9; — x;0;).
L™ =—(n+ " i x;0p — 1",
Mi(n) — t(n+1)3i, =

where i, j =1, 2,...,d. Therefore, we obtain the infinite-dimensional Galilean
conformal algebra GCA in (d+1)-dimensional space-time,

GCA =span{J", L™ M" |neZ i j=12....4d},
satisfying the commutation relations

(L™, L™] = (m —n)L"™,

*Yrs

[Ji(]{”n) _](n)] — 3”]](?1+n) + 8is Jr(](n+n) +5jr JY(;?1+n) +8js Ji(rm+n)’
[L(m), Jl(]n)] — _n]i(;l’l"rl’l), [L(m), Ml(n)] — (m _ n)Mi(ern),
757, M = =@M — 8y M "), ™, M= 0.

In this paper, we mainly investigate the infinite-dimensional Galilean conformal
algebra in (241)-dimensional space-time, which is called the planar Galilean
conformal algebra by Aizawa [2013].

2B. Planar Galilean conformal algebra. From Section 2A, the planar Galilean
conformal algebra is spanned by {Jl(;), LM, Mi(") |neZ,i =1,2}. We denote this
algebra by G, then G is an infinite-dimensional Lie algebra with the commutation

relations
[L(m)’ L(”)] =(m— n)L("H'"), [L(m), Jl(;)] — _njl(gn+n),
[L(’"), M1(n)] — (m — n)Ml('"+"), [L(m)’ Mén)] = (m— n)M2(m+">,
57, MM = My, 7, MM = —m"
[Jl(gl)’ Jg)] = [Ml(m)’ Ml(n)] = [Mém), Mén)] = [Ml(m), Mé")] =0 forallm,neZ.

For convenience, we would like to simplify the notation (see [Chen et al. 2022]).
Let

L,=-L", H,=~—1J%,
L=M"+J/=1M", J,=M" —V/=1M{" forallneZ

Then it is easy to check that {L,, Hy, I, J, | n € Z} satisfy the commutation
relations (1-1). Now, we may describe the definition of the planar Galilean conformal
algebra as follows.
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Definition 2.1. The planar Galilean conformal algebra G is an infinite-dimensional
Lie algebra with a basis {L,, H,, I, J,, | n € Z} subject to the commutation relations

(1-1).
Note that the Lie subalgebra 1 spanned by {I,,,, J,, | m € Z} is a commutative
ideal of G. Furthermore, G contains the following interesting subalgebras.

(1) h=span{Ly, Hp} is a nilpotent self-normalizing subalgebra, called the Cartan
subalgebra of G.

(2) V =span{L,, | m € Z} is the centerless Virasoro algebra, i.e., the Witt algebra.

(3) L=span{L,,, H, | m € Z} is the Heisenberg—Virasoro algebra with the one-
dimensional center.

4) W =span{L,,, I, | m € Z} is the centerless W (2, 2) algebra.
(5) W=span{L,,, J,, | m € Z} is the centerless W (2, 2) algebra.

Recall that (see [Gao et al. 2016]) the universal central extension G of the planar
Galilean conformal algebra G is an infinite-dimensional Lie algebra with a basis
{L,, Hy, I,, Ju, c1, €2, c3 | n € Z} subject to the commutation relations

[Lin, Ln]l= (1 — m)Lygn + 75 (m> —m)8minoc1,
[Lins Hil = nHpin +m*Spinoc2,  [Hy, Hil =m8pin 063,
(2-4) [Lin, In] = (n — m) Ly s, [Lin, Jul = (1 —m) Jnin,
[(H, 1] = Ln, [Hn, Jn] = — I,
(L, L1 =1Jm, Jul=1n, Ju]=0 forallm,neZ.

Denote £’ = span{L,,, Hy, ¢|, ¢2, ¢3 | m € Z}, which is a subalgebra of G. From
Theorem 3 in [Chen and Guo 2017] and Theorem 3.1 in [Han et al. 2017] we get
the following lemma.

Lemma 2.2. (1) Suppose M is an L -module such that it is a U(CLg)-free module
of rank 1. Then cyM = ¢c;M = ¢3M = 0.

(2) Suppose M' is an L'-module such that it is a U (h)-free module of rank 1. Then
C]M’ = CzM/ = C3M/ =0.
So, we have the following corollary.

Corollary 2.3. (1) Let M be a U(G)-module such that M, when considered as
a U(CLy)-module, is free of rank 1. Then cyM = coM = ¢3sM = 0. Thus
U(CLy)-free modules of rank 1 over G coincide with U(CLg)-free modules of
rank 1 over G.

(2) Let M' be a U(G)-module such that M', when considered as a U(H)-module,
is free of rank 1. Then c;M’ = coM' = ¢3M' = 0. Thus U(bh)-free modules of
rank 1 over G coincide with U(h)-free modules of rank 1 over G.



PLANAR GALILEAN CONFORMAL ALGEBRA 233

Therefore, we mainly classify U (CLg)-free modules of rank 1 and U (h)-free
modules of rank 1 over G in the following sections.

Now, we conclude this section by recalling ¢/ (CLg)-free modules of rank 1 over
algebras V, £ and W (2, 2), respectively. For any A € C*, « € C, it is not hard to
see that the polynomial algebra C[L¢] has a V-module structure with the following
actions

Ln(f(Lo)) =2"(Lo+ma) f(Lo—m), Ym € Z, f(Lo) € C[Lol.

Denote this module by Q2 (A, @). Thanks to [Lu and Zhao 2014], we know that
Q (A, o) isirreducible if and only if o # 0, and 2 (A, 0) has an irreducible submodule
Lo2(A, 0) with codimension 1. Note that (A, @) can be easily viewed as a
W (resp. W')-module by defining 1,,(Q2 (A, «)) = 0 (resp. J,(2(\, @)) = 0) for
all n € Z, and the resulting module is denoted by 2 (A, o)V (resp. 2(A, a)W/).
Moreover, we have the following lemmas.

Lemma 2.4 (cf. [Tan and Zhao 2015, Theorem 3]). Let V be a V-module. Assume
that V can be viewed as a U(CLg)-module is free of rank 1. Then V = Q (A, «) for
some € C*, a € C.

Lemma 2.5 (cf. [Chen and Guo 2017, Theorem 3)). Let V be a W (resp. W')-
module. Assume that V can be viewed as a U(CLg)-module is free of rank 1. Then
V=QM, a) (resp. Q(A, a)"V') for some 1 € C*, a € C.

For 1 € C*, «, B € C, thanks to [Chen and Guo 2017], we see that the polynomial
algebra C[Lo] is an £-module with the actions

Ly (f(Lo)) =A"(Lo+ma)f(Lo—m),
Hy (f(Lo)) = BA" f(Lo—m) forallmeZ, f(Lo) € C[Lo].
We denote by Q2(X, «, 8) this module. From [Chen and Guo 2017], we also know

that Q2 (A, «, B) is irreducible if and only if (¢, 8) # (0, 0), and 2(X, 0, 0) has an
irreducible submodule L2 (A, 0, 0) with codimension 1. Furthermore:

Lemma 2.6 (cf. [Chen and Guo 2017, Theorem 2]). Let V be an L-module. Assume
that V can be viewed as a U(CLy)-module is free of rank 1. Then V = Q (A, «, B)
for some . € C*, a, B € C.

(2-5)

3. U(CLy)-free modules over G

In this section, we determine the G-module structures on U/ (CLy). We give the
necessary and sufficient conditions for these modules to be irreducible. Also, we
find the maximal proper submodules and get the irreducible quotient modules when
these modules are not irreducible. Moreover, we determine the isomorphism classes
of these modules.
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Note that /7 is a commutative ideal of G. Thus for any A € C*, a, B € C, by (2-5)
it is easy to see that the polynomial algebra C[Lg] equips with a G-module structure
via the actions

L (f(Lo)) = A" (Lo +ma) f(Lo—m),
(3-1) Hy (f (Lo)) = BA™ f(Lo —m),
I (f(Lo)) = Jm(f(Lo)) =0 forallmeZ, f(Lo) € C[Lol.

We denote this module by A(X, «, B).
Now we show that {A(A, «, B) | A € C*, a, B € C} exhaust all U/(CL)-free
modules of rank 1 over G up to isomorphism.

Lemma 3.1. Let V be a U(CLg)-free module of rank 1 over G. We identify V with
Cl[Lo] as vector spaces.

M 1,(V)=J,(V)=0 forallm € 7.
(2) There exist . € C*, «, B € C such that

L, (f(Lo)) =A"(Lo+ma)f(Lo—m),
Hy(f(Lo)) = BA" f(Lo—m) forall f(Lo) eV, meZ.
Proof. (1) It is clear that V may be viewed as a U/ (CLg)-free module of rank 1

over W, since W is a subalgebra containing V of G. By Lemma 2.5, we have
1,,(V) =0 for all m € Z. Similarly, we may get J,,(V) =0 for all m € Z.

(2) We view V as a U(CLg)-free module of rank 1 over £. Then the conclusions
are clear by Lemma 2.6. (]

Theorem 3.2. Let V be a U(CLg)-free module of rank 1 over the Lie algebra G.

(1) There exist . € C*, o, B € C such that V = A(A, a, B) as G-modules.

(2) V is anirreducible G-module if and only if V = A(A, a, B) for some A € C*,
a, B € Cwith (v, B) # (0, 0).

3) If V is isomorphic to A(A, 0, 0) for some ) € C*, then V has an irreducible
submodule LyV with codimension 1.

Proof. (1) is clear from Lemma 3.1 and (3-1).
(2) and (3) follow from the irreducibility of £-module Q (A, «, B). O
From (3-1) and [Chen and Guo 2017] we can get the following theorem.

Theorem 3.3. Let A, ) € C*, o, ', B, B € C. Then A(A, @, B) and A\, o', B')
are isomorphic as G-modules if and only if » =\, a =o', B = .
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4. U(h)-free modules over G

In this section, we obtain all ¢ (h)-free modules of rank 1 over G. The necessary and
sufficient conditions for these modules to be irreducible are determined. We also
investigate the maximal proper submodules and the irreducible quotient modules
when these modules are not irreducible. Furthermore, we determine the isomorphism
classes of these modules. These conclusions are the main results of this paper.

4A. U(b)-free modules over G. In this subsection, we determine the G-module
structures on U (), where ) = span{Lg, Hp} is the Cartan subalgebra of G.

For any A € C*,§ € C[Hp], denote by T (%, §) = C[Hy, Lo] the polynomial
algebra over C. It is clear that T'(A, §) is isomorphic to /() as vector spaces. First,
we consider the £-module structures on 7' (X, &), where £ = span{L,,, H,, | m € Z}.
It is not hard to see that we may give T (A, §) an £-module structure via the actions

@1 L (f (Ho, Lo)) =" f (Ho, Lo—m)(Lo+m3),
Hy (f (Ho, Lo)) = A" Ho f (Ho, Lo—m) forallm € Z, f(Ho, Lo) €T (%,9).

Note that HyT (A, 8) is always a proper £-submodule of T'(X, §). Denote the
quotient module 7 (X, 8 =T, 8)/HoT (A, 8) = C[Lg], where § is the constant
term of 8. It is easy to see that the actions of £ on T'(A, §) are

L (f(Lo)) =A™ f (Lo —m)(Lo+md),
Ho(f(Lp)) =0 forallmeZ, f(Lo)eT(,3).

Furthermore, we have the following lemma.

Lemmad4.1. (1) T(X,$) is an irreducible L-module if and only if § # 0.

(2) If 8 = 0, then T (A, 8) has an irreducible L-submodule LoT (A, 8) with co-
dimension 1.

Proof. This directly follows from the irreducibility of £-module €2 (A, 5, 0), which
was introduced in Section 2B. |

By Theorem 3.1 in [Han et al. 2017], we have the following theorem.

Theorem 4.2. Let M be a U(L)-module such that M, when considered as a U(h)-
module, is free of rank 1. Then M = T (A, 8) for some ). € C*, § € C[Hy].

Next, we investigate the G-module structures on U (). We first define three fam-
ilies of G-modules “Q2(A, §, 0, 0), Q(A, n1, o1, 0) and Q(A, 12, 0, 02)” as follows:



236 JIN CHENG, DONGFANG GAO AND ZITING ZENG

Definition 4.3. (1) For any A € C*, § € C[Hy], the polynomial algebra C[ Hy, Lg]
can be endowed with a G-module structure via the actions
L, (f(Ho, Lo)) =A" f(Hy, Lo—m)(Lo+m$),
(4-2) H,(f(Ho, Lo)) =A"Hy f(Ho, Lo—m),
1,,(C[Hy, Lo]) = J,,(C[Hp, Lo]) =0 forall m € Z, f(Hy, Lo) € C[Hy, Lo].

We denote this module by (A, 8, 0, 0).
(2) For any A € C*, n; € C, 01(# 0) € C[Hp], the polynomial algebra C[Hy, Lo]
has a G-module structure with the actions
L (f(Ho, Lo) = A" f (Ho, Lo —m)(Lo — mHo +mn),
Hy (f (Ho, Lo) = A" Ho f (Ho, Lo —m),
Ln(f (Ho, Lo) = A" 01 f(Ho— 1, Lo —m),
Jn(C[Hy, Lo) =0 forallm e Z, f(Hy, Lo) € C[Hy, Lo].

(4-3)

This module is denoted by Q (A, 11, o1, 0).
(3) For any A € C*, n; € C, 02(# 0) € C[Hy], the polynomial algebra C[Hy, L]
becomes a G-module under the following actions
Ly (f (Ho, Lo) =A™ f (Ho, Lo —m)(Lo +mHo +mny),
Hy (f (Ho, Lo) = A" Ho f (Ho, Lo —m),
1, (C[Ho, Lo) =0,

I (f (Ho, Lo) = A" 02 f(Ho+ 1, Lo — m),
forallm e Z, f(H(), L()) € C[Ho, Lo].

(4-4)

Denote this module by Q2 (A, 12, 0, 02).

Remark 4.4. (1) Itis clear that Q2 (4, §, 0, 0) is a G-module by (4-1), since 17 is
an ideal of G. By direct computations we can verify that (X, 1y, o1, 0) and
Q (X, 72,0, o) are G-modules.

(2) These three families of G-modules in Definition 4.3, when considered as
U(h)-modules, are all free of rank 1.

In the rest of this subsection, we will show that the three families of G-modules
in Definition 4.3 exhaust all ¢/ (h)-free modules of rank 1 over G up to isomorphism.
We break the arguments into the following several lemmas.

From now on, throughout this subsection, N always denotes the I/ (h)-free module
of rank 1 over G. We identify N with C[Hy, L] as vector spaces. Moreover, it is
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clear that we can view N as a U (h)-free module of rank 1 over L. Therefore, by
Theorem 4.2 there exist A € C*, §(Hy) € C[ Hy] such that

L (f(Ho, Lo)) = A" f(Hy, Lo —m)(Lo +mé(Hp)),

45
) (F (Ho, Lo)) = A Ho f (Ho, Lo—m) forallm € Z, f(Ho, Lo) € N.

Lemma 4.5. The actions of G on N are completely determined by L,,(1), H,, (1),
I,(1), J,(1) forallm e 7.
Proof. For any f(Hp, Lo) € N, using the commutation relations of G we see that

L (f(Ho, Lo)) = f(Ho, Lo —m) Ly (1),

Hy, (f (Ho, Lo)) = f(Ho, Lo —m)Hy (1),

In(f(Ho, Lo)) = f(Ho— 1, Lo —m) 1, (1),

Ju(f(Hy, Lo)) = f(Hy+ 1, Lo —m)J,, (1) forallmeZ.

So Lemma 4.5 is clear. O

From Lemma 4.5, we only need to determine the actions of L,,, Hy,, I,;, J, on 1
forallm € 7.

Lemma 4.6. Assume that there exist k,l € Z such that I (1) = J;(1) = 0. Then
I,(N)=J,(N)=0 forallm e 7.

Proof. For any i, j € Z, we have
L(H{L)) = (Hy— 1) I, L) = (Hy — 1) (Lo — k)’ [, (1) =0,
Ji(H{LY) = (Ho + 1)' iL) = (Ho+ 1) (Lo — 1) J;(1) = 0.

Thus I (N) = J;(N) = 0. Using the defining relations of G we see that I,,(N)
Ju(N)=0forallm e Z.

o

Lemma 4.7. Suppose that 1,,(1) is nonzero for any m € Z. Denote Ip(1) =
?io c()i(Ho)Lf), where qo € 7, coi (Hy) € C[Hp) fori =0,1, ..., qo.

(1) In (4-5), 6(Hy) =aHy+ B, for somea € Z>_1, B € C.
(2) degp,(In(1)) =a+ 1 =qo and

I,(1) = A”’co(a+1)(H0)L8‘+1 + (lower — degree terms in Lg) forallm € Z.
(3) If a > 0, then for any m € Z*, the coefficient of Ly in I, (1) is
mA™ (o0 + 1)coq+1) (Ho) (e Ho + B — 30).

@) Ifa=>0,thena =1.
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Proof. (1) For any n € Z*, denote
qn ;
In(l) = Z Cni(HO)L s
i=0
where g, € Z,, c,i(Hy) € C[Hy] and ¢y, (Hp) # 0. For any m € Z, we compute
(n—m) Ly, (1)
=[Ly, In](l) = Lmln(l)_Ian(l)

qn .
=" Lucai(Ho)Li—1, (A" (Lo+m3(Hy)))
i=0

qn .
=) cni (Ho)(Lo—m)' Lm(l)_()\m (LO_n+m5(HO_1)))In(1)
i=0

dn . dn ,
=) cni (Ho)(Lo—m)' A" (Lo+m8(Hp))— Y A" (Lo—n+m8(Ho—1))cni (Ho) Ly,
i=0 i=0

[In . (In .
=A"(Lo+md(Ho)) 3 cni (Ho) (Lo—m)' =A™ (Lo—n+md(Ho—1)) 3 cpi (Ho) L.
i=0 i=0

In the last equality, the coefficients of Lg” and L(q)”_1 are respectively
(4-6) A" Cng, (Ho) (m8(Ho) —mqy, +n —mé8(Hy — 1))
and

4-7)  m*qu)" cng, (Ho) (% (g0 — 1) — 8 (Hp))
+ A" Cn(ga—1) (Ho) (m8(Ho) — m8(Hy — 1) — mgy, +m +n).

Taking m = n, from equality (4-6) we deduce
1" ng, (Ho) (8(Ho) — gn +1—8(Ho — 1)) = 0.

which implies that § (Hy) = « Hy+ 8 and ¢, = « + 1 for some «, 8 € C. Note that
gn €Z4,thusa e Z-_1, B e C.

(2) From (1), we see that the equality (4-6) becomes
A" eng, (Ho) (n —m).
Thus for any m (£ n) € Z, we have deg; (Im+n(1)) =qn =+ 1 and

(4-8) Lnn(1) = A" cpg, (Ho)LE" + (lower — degree terms in Ly).
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Taking m = —n, we see that g9 = g, = a + 1, coqy(Ho) = A" cpg, (Hp). Using
equality (4-8) we see that for any m(# 2n) € Z,
deg; (In()) =a+1,
I,(1) = )J"co(oﬂrl)(HO)L‘(’)‘+l + (lower — degree terms in L),

(4-9)

If we substitute »n” for n in the beginning, where n’(# n) is nonzero, then we can
similarly deduce that (4-9) holds for any m # 2n’. Therefore, the equality (4-9)
holds for any m € Z.

(3) Using (1) we see that equality (4-7) reads

m* )" Cng, (Ho) (3 (gn — 1) — 8 (Ho)) + 1" cu(q,—1) (Ho).
Taking m = n(#£ 0), we get
(4-10) cma (Ho) = Cm(gy—1)(Ho) = M@mCmyg, (Ho) (§(Ho) — %(qm —1)).
So (3) is clear from (2) and equality (4-10).

(4) For m,n € Z*, we may denote

oa+1 . a+1 ;
In(l) == Z an(H())L], Im(l) == Z le(HO)L()’
j=0 =0

where Cnj (H()), le(H()) € C[H()] and Cn(a+1)(H0), Cm(a+1)(H0) ;ﬁ 0. We compute

1 .
= Licw(Ho)Lh — Y Incnj(Ho)L))

a+1 o+
=0 j=0

a+1a+1 , !
= > > cuj(Ho)em (Hy— D)LY (Lo — n)
j=0 =0
a+1a+1 o
— Y Y cnj(Ho— Demi(Ho) (Lo —m)! Ly,.
j=01=0

In the last equality, the coefficients of LSO‘H and L%"‘H are respectively

(4-11) Cn(a+1) (Ho)Cma+1)(Hy — 1) — cpa+1y(Ho — 1) cm@+1) (Hp),
and
(4-12) Cnia+1) (Ho)Cm(a+1)(Hp — D) (=n)(a + 1)

+ Cna(HO)Cm(a+l)(H0 -+ Cn(a+1)(H0)Cma(H0 -1
— (Cnas1y(Ho = Dema+1) (Ho) (—m) (a + 1)
+ na(Ho — Dema+1) (Ho) + Cnat1)(Ho — Deme (Hop)).
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Using (2) and (3) we see that (4-11) and (4-12) read as

A" o1y (Ho) o1y (Ho — 1) — A coqr1y (Ho — 1co+1) (Ho)

and
(n—m) (e + 1) (e — DA cot1) (Ho)Co+1)(Ho — 1),

which implies
(n —m)(a + 1)(a@ = DA o1y (Ho) o+ 1) (Ho — 1) = 0
for any m, n € Z*. Thus @ = 1. This completes the proof. ([

Proposition 4.8. Suppose that 1,,,(1) is nonzero for any m € Z. Then I,,(1) € C[Hp]
forallm e 7.

Proof. 1t is sufficient to show that « = —1 by Lemma 4.7. Now we assume that
o > 0. Then « =1 by Lemma 4.7. Denote

Io(1) = coa(Ho) L3 + co1 (Ho) Lo + coo(Ho),

where C()Q(H()), Co1 (H()), C()()(H()) € C[H()] with C()z(H()) 75 0. Then by Lemma 4.7
we may write

11 (1) = heor (Ho) L + 20 (Ho + B — 1)co2(Ho) Lo + c10(Ho)
for some c1o(Hy) € C[Hy]. We compute

Li(1) =[Hy, lo](1) = Hi1p(1) — IpH (1)
= Hi(co2(Ho) LG + co1 (Ho) Lo + coo(Ho)) — Io(AHo)
= (coa(Ho) (Lo — 1)* + co1 (Ho) (Lo — 1) + coo(Ho) ) (AHo)
— A(Ho — 1)(coa(Ho) L§ + co1 (Ho) Lo + coo(Hp))
= Acop (Ho) LG + A (—2Hocoa(Ho) + co1 (Ho)) Lo
+ A(Hocoz2 (Ho) — Hoco1 (Ho) + coo(Hp)),
L (1) = [y, L11(1) = IoL1 (1) — LyIo(1)
= Ip(A(Lo+ Ho+ B)) — L1(co2 (Ho) L§ + co1 (Ho) Lo + coo (Ho) )
= (A(Lo+ Ho— 1+ B))(co2(Ho) L§ + co1(Ho) Lo +coo(Ho))
— (co2(Ho) (Lo — 1)* + co1 (Ho) (Lo — 1) + coo(Ho)) (M(Lo + Ho + B))
= heoa(Ho) LG + 22 (Ho + B — 3)co2(Ho) Lo
— A((co2(Ho) — co1 (Ho))(Ho + B) + coo(Ho)).
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Then by comparing the coefficients of Ly and the constant terms, we obtain
(=2Hocox (Ho)+co1 (Ho)) = 24 (Ho+B—7) co2(Ho),
A (Hocoz (Ho)— Hoco1 (Ho)+coo(Ho) ) = —((coz(Ho) —co1 (Ho)) (Ho+B)+coo (Ho)).
Thus we deduce
@13 co1 (Ho) = (4Ho + 2 — 1)co2(Hop),
coo(Ho) = (2Ho + B)(2Ho + B — 1)co2 (Ho).

Finally, we consider

(4-14)  0=[hL, Ll(1) =L lo(1)—IoL1 (1)
= (co2(Ho—1)(Lo—1)*+co1 (Ho—1) (Lo—1)+coo(Ho—1))
x (hcoa(Ho) L§+21(Ho+B—1)coo(Ho) Lo+c10(Hp))
—(rco2(Ho—1) L§+2A(Ho—1+B—3 ) coa (Ho—1) Lo+c10(Ho—1))
x (co2 (Ho) L+-cot (Ho) Lo+coo(Ho) ).
In the equality (4-14), the coefficient of Lg is

(4-15) A(co2(Ho)co1 (Ho — 1) — co2 (Ho — o1 (Hp)).
Substituting (4-13) into (4-15), we get
—4hrco2(Ho)coa(Hp — 1) =0,
which implies cgy(Hp) = 0. This is a contradiction, completing |

Proposition 4.9. Suppose that J,,(1) is nonzero for anym € Z. Then J,, (1) € C[Hy]
forallm e Z.

Proof. The proof is similar to that of Lemma 4.7 and Proposition 4.8. ]
Lemma 4.10. Foranym € Z, 1,,(1) = A" Ip(1), J,, (1) = A" Jo(1) € C[Hp].
Proof. For any m, n € Z, using Proposition 4.8 and equality (4-5) we see that

Linn (1) = [Hy, I](1) = Hy 1, (1) — I, Hy (1)
= Hy () 1,(1) — I,(A™ Ho) = A" Hol,, (1) — A" (Ho — 1) I, (1)
=A"1,(1).
Taking n =0, we get I,,(1) = A" Ip(1) for m € Z. Similarly, we may get J,,,(1) =
A" Jo(1) form € 7. U
Lemma 4.11. (1) If Iy(1) #0, then § = —Hy + 1’ for some n’ € C.
(2) If Jo(1) #0, then § = Hy+ 1" for some " € C.
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Proof. (1) For any m, n € Z, using Proposition 4.8 and equality (4-5) we compute
(n_m)lm-i-n(l) = [Lm’ In](l) = Lmln(l) _Ian(l)
=Ln(D)1,(1) = 1,(A" (Lo+m3(Ho)))
= A"(Lo+md(Ho)) 1, (1) =A™ (Lo—n) I, (1) —mA" 8 (Ho— 1)1, (1)
=" (m(8(Ho)—8(Ho—1))+n) L, (1),
which yields (n —m) = (m(8(Ho) — 8(Ho— 1)) +n) by Lemma 4.10 and Io(1) #0.
Thus 8§ (Hy) — §(Hy — 1) = —1, which forces § (Hy) = —Hy + n’ for some n’ € C.
(2) Proved similarly to (1). O

Now we state the main results of this subsection.

Theorem 4.12. Let N be a U(G)-module such that N, when considered as a U(h)-
module, is free of rank 1.

(a) There exist .. € C*, 8 € C[Hy] such that L1(1) = A(Lo+6), Hi(1) = L H,.
(b) If Ip(1) = Jop(1) =0, then N = Q(, 8, 0, 0) as U(G)-modules.

(c) If In(1) # 0, Jo(1) = 0, then § = —Hy + n’ for some n’ € C, and N =
Q(\, 1, 01, 0) as U(G)-modules, where o1 = Iy(1) € C[Hp].

@) If In(1) = 0, Jo(1) # O, then § = Hy + n" for some n”" € C, and N =
Q(A, 1", 0,07) as U(G)-modules, where o7 = Jy(1) € C[Hy].

(e) The case Iy(1) # 0, Jo(1) # 0 does not exist.
Proof. (a) follows from equality (4-5).
(b) follows from Lemmas 4.5, 4.6 and equalities (4-2), (4-5).
(c) and (d) follow from Lemmas 4.5, 4.6, 4.10, 4.11 and equalities (4-3), (4-4), (4-5).

(e) follows from Lemma 4.11. ]

4B. Irreducibility of U (b)-free modules over G. In Section 4A, we determined
all 2 (h)-free modules of rank 1 over G. These modules have three families
Q(1,6,0,0), Q(4A,n,o1,0) and Q(A, 72,0, 02) (see Definition 4.3). Here we
will give the necessary and sufficient conditions for these modules to be irreducible.
Furthermore, we find the maximal proper submodules and obtain irreducible quotient
modules when these modules are not irreducible.

Theorem 4.13. Ler . € C*, § € C[Hy]. 8 denotes the constant term of é.

(1) @, 46,0,0) always has a proper G-submodule HyS2 (A, 8, 0, 0). Denote the
quotient module 21(X, 6,0,0) =Q(, 6,0,0)/Ho2(A, 5,0, 0).

(2) Q1(1,8,0,0) is an irreducible G-module if and only if § # 0.
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3) Qi1(1,4,0,0) has an irreducible G-submodule Ly21 (A, §, 0, 0) with codimen-
sion 1 when § = 0. Consequently, the quotient module

Q1(2,6,0,0)/Lo21(1, 6,0,0)
is irreducible.

Proof. These directly follow from the properties of £-module 7' (A, §), which were
described in Lemma 4.1. O

Theorem 4.14. Let .. € C*, n1 € C, 0,(#£0) € C[Hp].
(1) X, ny, o1, 0) is an irreducible G-module if and only if o1 € C*.

(2) If oy = Hy + B, where 8 € C, then Q (X, 11, 01, 0) has a proper G-submodule
o01R2(X, n1, 01, 0). Moreover, denote the quotient module

Qi(A, n1,01,0) =Q(A, n1,01,0) /012X, n1, 01, 0) = C[Lo].

(1) Q1(A, n1, 01, 0) is irreducible if and only if (n1, B) # (0, 0).
(i) 1A, n1, 01, 0) has an irreducible G-submodule Ly21 (A, n1, o1, 0) with
codimension 1 when (n1, 8) = (0, 0). Consequently,

Q1(&, n1,01,0)/Lo21 (X, 01, 01, 0)
is irreducible.
(3) Ifdeg(o1) =n > 1, we may write
01 =C011012 "+ * Oln,

where 01, = Hy+8;, Bi €C, ceC*, fori=1,2,...,n. Theno; 2\, n1, 01, 0)
is a proper G-submodule of Q (M, n1,01,0) fori =1,2,...,n. Furthermore,
denote the quotient module

Q1 (A, n1,01,0) =Q(A, n1,01,0)/01;2(A, n1, 01, 0).

1) 1; (A, n1, 01, 0) is irreducible if and only if (n1, B;i) # (0, 0).
(1) 21; (A, n1, o1, 0) has an irreducible G-submodule Ly<21; (A, n1, o1, 0) with
codimension 1 when (n1, 8;) = (0, 0). Consequently,

Q1 (A, n1,01,0) /Lo (A, n1, 01, 0)
is irreducible.

Proof. (1) (=). Let Q(X, n1,01,0) be an irreducible G-module. Assume that
degy, (01) > 1. It is easy to see that 012 (4, 11, 01, 0) is a proper G-submodule of
Q (XA, n1, 01, 0), which contradicts that Q (A, 1, o1, 0) is irreducible.
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(«=). Suppose o1 € C*. For arbitrary nonzero f(Hy, Lo) € Q(A, n1, o1, 0), we write
q .
f(Ho, Lo) =Y a;(Ho)L{,
j=0
where g € 7, a;(Hy) € C[Hyl,a,(Hp) # 0. Let (f(Ho, Lo)) denote the G-

submodule of 2 (A, n1, o1, 0) generated by f(Hp, Lo).
If ¢ > 0, we compute

Hy(f(Ho, Lo)) — AHo f(Ho, Lo)
q , q .
=AHy Y a;(Ho)(Lo—1)) —AHy )" a;j(Hy)L}
j=0 j=0
= —qAHoaq(Ho)Lg_] + (lower — degree terms in Lg).

Denote

fi1(Ho, Lo) = Hi(f(Ho, Lo)) — AHo f (Ho, Lo) € (f(Hop, Lo))

with deg; (f1(Ho, Lo)) = g — 1. Therefore, without loss of generality, we may
assume that deg; (f Ho, Lo) = g = 0. Then we write

P ‘
f(Ho, Lo) = )_ ¢;iHj,
i=0
where pe 7, c¢; € C withc, #0.
If p=0, then (f(Hy, Lo)) = (A, n1, 01, 0) is clear. If p > 0, we deduce that

11 (f (Ho, Lo)) — Aoy f(Ho, Lo)
P . p .
= )»0’1 Z Ci(H() — l)l — )\O’] Z C,'H(l)
i=0 i=0
= —A0o1pC)p Héj_l + (lower — degree terms in Hp).
Thus we can get 1 € (f(Hy, Lo)), which implies (f(Hy, Lo)) = Q(A, n1, o1, 0).
Hence Q2 (A, n1, 01, 0) is irreducible.

(2) First, it is trivial to see that 01S2(A, 0y, 01, 0) is a proper G-submodule of
Q(, n1, 01, 0). From equality (4-3), we see that the actions of G on the quotient
module (A, n1, o1, 0) are

L (f(Lo)) = A" f(Lo—m)(Lo+mpB+mmn),
Hyu (f (Lo)) = —A"Bf (Lo —m),
L,(Q1(X, n1,01,0) = J,(R21(A, n1,01,0) =0 forallm e Z.
Then (i), (ii) follow from irreducibility of £-module 2 (A, 8 4+ 11, —B), which was
introduced in Section 2B.

(3) Itis clear that 01;Q2(X, 11, 01, 0) is a proper G-submodule of (4, 1y, o1, 0).
The remaining parts are similar to (2). (]
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Theorem 4.15. Let .. € C*, ny € C, 02(£ 0) € C[Hp].
(1) Q(A, n2, 0, 07) is an irreducible G-module if and only if o5 € C*.
(2) If oy = Hy+ y, where y € C, then Q2 (A, n2, 0, 00) has a proper G-submodule
022 (A, 12, 0, 02). Moreover, denote the quotient module
Q2(A, m2,0,02) = Q(A, 12,0, 02) /022 (X, m2, 0, 02) = C[Lo].

(1) Q2(A, n2, 0, 07) is irreducible if and only if (n2, y) # (0, 0).
(1) 22(A, 12,0, 02) has an irreducible G-submodule Ly2, (A, 12, 0, 02) with
codimension 1 when (12, y) = (0, 0). Consequently,
Q3(%, 172, 0,02)/LoS22(%, m2, 0, 02)
is irreducible.
(3) Ifdeg(on) =n > 1, we may write
02 =c'021022 - - - O,
where 02; = Hy+y;, y; €C, ' € C*, fori=1,2, ...,n. Then 02;2(A,12,0,07)
is a proper G-submodule of Q0 (A, 12,0, 02) fori = 1,2, ..., n. Furthermore,
denote Q2 (A, 12,0, 02) = Q2(A, 12,0, 02)/02; (A, 12,0, 02).
(1) 29 (A, 2,0, 0n) is irreducible if and only if (2, y;) # (0, 0).
(11) 29 (A, 12, 0, 02) has an irreducible G-submodule LyS25; (A, 12, 0, 07) with
codimension 1 when (n2, y;) = (0, 0). Consequently,
Qi (A, 12,0, 02)/LoS22i (A, n2, 0, 02)
is irreducible.
Proof. The proof is similar to that of Theorem 4.14. (I

Remark 4.16. By Theorems 3.2, 4.13, 4.14 and 4.15, we may get many new
irreducible modules over the planar Galilean conformal algebra G.

4C. Isomorphism classes of U (h)-free modules over G. In Section 4A, we showed
that three families of modules 2 (A, 8, 0,0), Q(A, ny, 01,0) and (A, 12, 0, 07)
exhaust all ¢/ (h)-free modules of rank 1 over G. Now we determine the isomorphism
classes of these modules.

Theorem 4.17. Let A, 2/ € C*, 8,8 € C[Hyl, n1, 1y, n2, ny € C, 01,0(, 02,05 €
C[Ho]\ {0}.

1) 2(,8,0,00=Q(0,8,0,0) ifand only if A =1 ,86 =46

(2) QA m,01,0)=QA, 0}, 0/,0) ifand only if = X', m =n}, 01 = 0].

(3) A, 1m,0,02) =Q, n5,0,0,) ifand only if A = X', 2 = 15, 02 = 03.

4) Any two of Q2(4, 6,0, 0), Q(A, n1, 01, 0), L, n2, 0, 02) are not isomorphic.
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Proof. (1) The “sufficiency” is trivial. We only need to show the “necessity”.
Suppose

0:2(,68,0,0— Q0. 8,0,0)
is a G-module isomorphism.
Claim 1. ¢(1) € C[Hp].

Assume that (1) = Z?:o a,-(Ho)Lg, where g > 0, a;(Hy) € C[Hp] for 0 <
i < g and a,(Hp) # 0. Since ¢ is a G-module isomorphism, we get Hi(¢(1)) =
o(H{ (1)) = ¢(AHy) = AHy(¢(1)). From equality (4-2) we obtain

q .
Hi(p(1))=2"Ho ) a;(Ho)(Lo—1)'
i=0

= A Hoay (Ho) LE + 3 Ho(—qa, (Ho) +ag 1 (Ho))LL ™
+ (lower — degree terms in Lg),

q .
AHo(p(1)) =AHy Y a;i(Ho)Lj
i=0

= AHpay (HO)Lg +AHpa, (H())Lg_1 + (lower —degree terms in Lg).
By comparing the coefficients of L? and LI ™', we deduce
A= )\,/, —)\./quaq(H()) =0.

But —1'q Hya, (Hp) = 0 is impossible. So ¢(1) € C[Hp]. Claim 1 is proved.

Now we may assume ¢ (1) = fzoch({, where peZ, ,c;eCfor0<j<p

and ¢, # 0. We consider the equality

Li(e(D) =¢(L1(1)) = @A (Lo +8)) = A(Lo +8)(p(1)).
It is clear that
Li(p() =2 o(1)(Lo+8),  A(Lo+8)(p(1) =2rp(1)(Lo+39),
which imply A =4/, 8 =§'.
(2) The “sufficiency” is clear. We only need to show the “necessity”. Suppose that
¢ QM m,01,00—> QA 0, 01,0

is a G-module isomorphism. Then ¢’ : Q(X, n1,01,0) = QX/, n}, 0{,0) is an
L-module isomorphism. From (1) and equalities (4-2), (4-3) it is not hard to see
that A = A’, n; = n and ¢'(1) € C[Hy].
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Set ¢'(1) =Y i _odiHY, where t € Z, dy € C for 0 <k <t and d; # 0. Note
that ¢’ (Ao1) = ¢’ (11(1)). We compute

t
@' (ho) = Ao (1) = Aoy 3 di HE,
k=0

@' (Ii(1) =L (¢'(1)) =\ o] kzo di(Ho — D*.

By comparing the coefficients of H] we obtain o1 = 0.
(3) is similar to (2).
(4) 1is trivial. O

Remark 4.18. We give a complete classification of I/ (CLg)-free modules of rank 1
and U (h)-free modules of rank 1 over G and G by Theorems 3.2, 3.3, 4.12, 4.17
and Corollary 2.3.
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